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Abstract: Data cubes are p-dimensional data structures (p ≥ 3). In most biological sciences, the key point of statistical data analysis is
the study of variability, focusing on its structure and components. The proposed strategy was based on principal component analysis
(PCA) and the idea of decomposing the total variability of a four-dimensional cube (p = 4) into variability between and within the
cube’s slices and hyper-slices. The aim of this study was to propose new insights into the dimensionality reduction of four-dimensional
cubes with independent slices and hyper-slices and equal or unequal number of experimental units per slice within each hyper-slice. As
an example, the simulated dataset “Basil” from the field of agriculture was used. The fourth dimension consisted of three irrigation
levels (hyper-slices). The third dimension consisted of five basil varieties (slices). The second dimension consisted of seven quantitative
traits-variables, and the first dimension consisted of different plants. The proposed strategy allowed for a detailed examination of the
effect of slices and hyper-slices on the overall data cube structure by highlighting the dominant influence of irrigation levels. Also, the
study highlighted the controversial case of the variability decomposition on unbalanced four-dimensional cubes. For future research,
various clustering strategies could be applied, in terms of the distance metric and the linkage method, either to the initial cubes or to
the PCA components’ scores from each variability data matrix. The proposed strategy could also be applied to data cubes with greater
imbalance, in terms of sample size, between slices, and hyper-slices.
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1. Introduction

In most scientific fields and experimental procedures, data
are represented as complex, multidimensional phenomena in the
form of data cubes. Specifically, data cubes are p-dimensional
data structures, where p ≥ 3 [1, 2]. p is determined by the number
of independent dimensions of the data, and it can be any posi-
tive integer greater than or equal to three (p ≥ 3), depending on
the data structure. Specifically, in a three-dimensional data cube
(p = 3), the 1st dimension consists of objects (e.g., different per-
sons, plants, or animals and, in general, different experimental
or sampling units). The 2nd dimension consists of dependent
or response variables (e.g., the quantitative characteristics of
objects). The 3rd dimension consists of the variable of slices, that
is, an independent, usually categorical, variable (e.g., different
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plants’ varieties, different experimental treatments, and, in the
field of agricultural experimentation, different blocks of experi-
mental plots or different locations or years of experimentation). If
an additional 4th dimension (hyper-slices) is added, that is another
independent variable (e.g., different irrigation levels, additional
experimental treatments, or other qualitative characteristics of the
units), the data cube will become four-dimensional (p = 4) and so
on [1].

Generally, data cubes appear under different structural
characteristics. In the majority of scientific fields, data cubes con-
sist of dependent slices (or else repeated measurements of the
same objects per slice) [3]. In this case, the most well-known
dimensionality reduction methods are Tucker and CP (CANDE-
COMP/PARAFAC) decomposition. These methods treat the data
cube as a tensor [3].

However, in most biological sciences and agricultural experi-
ments, data cubes consist of independent slices, where the objects
are different and either unequal or equal in number per slice [3].
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This study focused on four-dimensional data cubes with inde-
pendent slices and hyper-slices, where the objects were different
and either unequal or equal in number per slice within each
hyper-slice.

1.1. Mathematical background of balanced
four-dimensional data cubes

Regarding the mathematical background of a balanced
four-dimensional data cube with independent hyper-slices and
slices, and equal number of objects per slice and hyper-slice, let
X = [X11, X21,. . . , XK1, X12, X22,. . . , XK2,. . . , X1G, X2G,. . . ,
XKG] be a four-dimensional I × J × K × G data cube (p = 4),
with xijkg elements, where i = 1, 2, . . . , I, j = 1, 2, . . . , J, k =
1, 2, . . . , K, and g = 1, 2, . . . , G. The 1st dimension I denotes
the rows (experimental units or objects) of the cube, which are
different and equal in number per slice and hyper-slice. The 2nd

dimension J denotes the columns (traits or variables) of the cube.
The 3rd dimension K denotes the independent slices, while the 4th

dimension G denotes the independent hyper-slices of the cube.
Alternatively, the data cube X can be seen as a collec-

tion of either three-dimensional data cubes X  k, with dimensions
IK × J × G, or two-dimensional matrices Xkg, with dimensions
IKG × J, where each matrix represents a slice k within hyper-slice
g of a data cube.

The most classic way to manage such a balanced data
cube is to transform it into a two-dimensional data matrix
through vertical concatenation [4]. Specifically, data cube

X (I × J × K × G) is transformed into a “stacked” data matrix
X (IKG × J), with xijkg elements, where i = 1, 2, . . . , I, j = 1, 2,
. . . , J, k = 1, 2, . . . , K, and g = 1, 2, . . . , G (Figure 1).

1.2. Mathematical background of unbalanced
four-dimensional data cubes

Regarding the mathematical background of an unbalanced
four-dimensional data cube with independent hyper-slices and
slices, and unequal number of objects per slice and hyper-
slice, let D = [D11, D21, . . . , DK1, D12, D22, . . . , DK2,
. . . , D1G, D2G, . . . , DKG] be a generalized four-dimensional
nkg × J × K × G data cube (p = 4). Each two-dimensional slice
Dkg has dimensions nkg × J and contains dijkg elements, where
i = 1, 2, . . . , nkg, j = 1, 2, . . . , J, k = 1, 2, . . . , K and g = 1, 2, . . . ,
G. The 1st dimension nkg denotes the number of objects in the kth

slice within gth hyper-slice. The 2nd dimension J denotes the traits
of the cube. The 3rd dimension K denotes the independent slices,
while the 4th dimension G denotes the independent hyper-slices of
the cube.

The most common way to manage an unbalanced four-
dimensional data cube is to transform it into a two-dimensional
data matrix through vertical concatenation [4]. The generalized
data cube D (nkg × J × K × G) transformed into a stacked data
matrix D (N × J), with dijkg elements, where i = 1, 2, . . . , nkg,
j = 1, 2, . . . , J, k = 1, 2, . . . , K, and g = 1, 2, . . . , G. Also,
N = ∑G

g=1∑K
k=1 nkg is the total number of objects in the entire

Figure 1
Vertical concatenation of a balanced four-dimensional data cube X (I × J × K × G), with G independent hyper-slices, K independent

slices, J variables, and I different and equal number of objects per hyper-slice and slice, into a stacked data matrix X (IKG × J)

Pdf_Fol io:202



Journal of Data Science and Intelligent Systems Vol. 00 Iss. 00 2026

data cube, nk = ∑G
g=1 nkg is the number of objects in the kth slice

across all hyper-slices, and ng =∑K
k=1 nkg is the number of objects

in the gth hyper-slice across all slices (Figure 2).

1.3. Proposed methodological approaches

There are two basic methodological approaches for the anal-
ysis of data cubes with independent slices. The first is based on
analyzing a data cube as a two-dimensional mixed-type dataset
(with categorical and scale variables), in which the slices are con-
sidered additional (usually categorical) variables [5]. The second is
based on analyzing a data cube as a stacked data matrix, in which
the slices do not lose their conceptual and structural role [1].

Dimensionality reduction represents a valuable way of ana-
lyzing data cubes, providing a compressed representation of the
original dataset that is smaller in “volume” but retains critical and
informative content [6].

According to Kyrana et al. [5], the first methodological
approach involves several dimensionality reduction methods and
strategies. Specifically, one way is the application of principal
component analysis (PCA) [4, 7–9] and/or factor analysis (FA)
[7] to the quantitative variables of the dataset, as well as to the
pseudo-variables (dummy coded as 0–1) derived from the cate-
gorical variables (slices and hyper-slices). A second way is the
application of multiple correspondence analysis (MCA) [10, 11]
to the categorical variables, as well as to the quantitative vari-
ables after different categorization schemes. A third way is the

application of Non-Linear Categorical PCA with optimal scal-
ing (CATPCA) [7, 12, 13] either to the mixed-type data or to the
categorical variables, as well as to the quantitative variables after
different categorization and coding schemes. Another way is the
application of Factor Analysis for Mixed Data (FAMD) [14–17]
to the mixed-type dataset.

According to Kyrana et al. [1], the second methodological
approach also involves several dimensionality reduction strate-
gies, which are applied to three-dimensional data cubes (p = 3)
with independent slices. Specifically, these strategies are applied to
the stacked data matrix after vertical concatenation. Some strate-
gies are based on the total variability decomposition of the cube
into between-slices variability and within-slices variability. Some
other strategies either ignore the effect of slices [18] or take it into
account on the overall data cube structure [4, 18], while other
strategies initially ignore the effect of slices and add it at a second
level, based on the French School of Data Analysis [19].

All these strategies can also be applied to four-dimensional
data cubes (p = 4) with independent slices and hyper-slices and
so on. However, the variability decomposition strategies differ and
are more complicated. Specifically, in the case of balanced four-
dimensional data cubes, the methodology is still the same as in the
cases of balanced and unbalanced three-dimensional data cubes.
On the other hand, in the case of unbalanced four-dimensional
data cubes, the methodology constitutes a controversial scientific
issue.

Therefore, this study was based on the second method-
ological approach by proposing an alternative dimensionality

Figure 2
Vertical concatenation of an unbalanced four-dimensional data cube D (nkg × J × K × G), with G independent hyper-slices,
K independent slices, J variables, and nkg different and unequal number of objects per hyper-slice and slice, into a stacked

data matrix D (N × J)
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reduction strategy for four-dimensional data cubes with inde-
pendent slices and hyper-slices and equal or unequal number of
experimental units per slice within each hyper-slice.

It is worth noting that there are also some well-known dimen-
sionality reduction methods, such as simultaneous components
analysis (SCA) [20], multi-group PCA [18, 21], and common PCA
[18, 21]. However, these methods are appropriate for multi-group
datasets, while their application depends on the objectives of the
study, the scientific field, and the structure and composition of
the observed data. Therefore, it is wiser and more important to
apply different analysis strategies (many of which combine classi-
cal analysis methods) in order to increase the range of applications
of each method and extract more useful results [1, 5].

The proposed strategy was based on PCA, as it is one of
the most well-known linear dimensionality reduction methods
of data analysis [8]. Also, many methods are generalizations [3,
21] and/or extensions of PCA [18, 21]. For example, in the case
of non-linear data, Kernel PCA (KPCA) transforms the data
using a non-linear transformation (“kernel trick”), projecting it
into a high-dimensional space where linearity may hold, and
then applies PCA to the “new” transformed variable space [22].
Furthermore, according to Kyrana et al. [5], PCA outperforms
other well-known methods (FA, MCA, CATPCA, and FAMD)
in terms of the combination of satisfactory reduction of math-
ematical dimensions, faster execution time of results in Python
(regardless of the analysis strategy), and its applicability across
three different statistical software programs (Python, R, and IBM
SPSS Statistics), thus allowing the application of most analysis
strategies. Additionally, in the field of agriculture, PCA is an
important tool for exploratory data analysis (i.e., the detection of
patterns, clusters, extreme values, etc.) through visualizations, in
order to identify the key characteristics of a dataset [23, 24]. Also,
both PCA and the proposed dimensionality reduction strategy
constitute a preprocessing stage for machine learning algorithms
[25–28]. Particularly, they constitute feature extraction techniques
that contribute to the understanding of data and the interpreta-
tion of the results obtained, so that useful conclusions and valid
predictions can be extracted, and correct decisions can be made
by researchers [25–29].

1.4. Related work

In biological sciences, and especially in agriculture, the “key
point” of statistical data analysis is the study of variability, focus-
ing on its structure and components [30]. To study the structure
and components of variability, some researchers apply analysis
of variance (ANOVA) and/or multivariate ANOVA (MANOVA),
which examines differences in mean values between slices and
hyper-slices across dependent quantitative variables, as well as
their interactions. MANOVA provides valuable information on
how the slices and hyper-slices differ across variables, focusing
on the comparison of mean values and the detection of overall
multivariate differences [31–34].

In international scientific literature, several studies generally
follow a similar methodology [35–39]. For example, de Haan et al.
[38] focus on the ANOVA-PCA method, that is, the application
of ANOVA and then PCA to all variability data matrices, in order
to improve the interpretation of ANOVA results and compare
main effects. In Reference [39], the focus is on ANOVA with SCA
(ASCA), that is, the application of ANOVA and then PCA to the
variability data matrices of the main effects and not the variability
data matrices of the residuals.

In addition, there are studies that propose improvements to
the ASCA method. For example, in Reference [40], the focus is
on the weighted-effect ANOVA SCA for unbalanced data and its
comparison with the ASCA and ASCA+ methods.

However, these studies primarily focus on the context of
ANOVA (or MANOVA), without addressing different analysis
strategies or providing an in-depth examination and comparison
of the underlying structures of variability components. Further-
more, they concentrate exclusively on multivariate datasets rather
than on data cubes. Generally, MANOVA is unable to study
the total variability of a data cube in depth [1, 7]. In con-
trast, the proposed strategy provided a deeper understanding
of the components and structure of variability through lower-
dimensional representations resulting from the application of the
PCA method. In addition, the proposed strategy can be used as
a complement to MANOVA.

1.5. Aims of the study

The aim of this study was to propose new insights into the
dimensionality reduction of both balanced and unbalanced four-
dimensional data cubes, with independent slices and hyper-slices.
The proposed strategy focused more deeply on the data cubes’
variability structure and components. Specifically, the proposed
strategy was based on the idea of decomposing the total variabil-
ity of the data cube into between hyper-slices variability, between
slices variability, variability of interaction between hyper-slices
and slices, and within slices and hyper-slices variability.

This study also highlighted the controversial case of the
variability decomposition on unbalanced four-dimensional data
cubes.

Furthermore, according to the relevant international litera-
ture [31–34, 41], the mathematical expressions of the variability
data matrices (i.e., matrices where their elements in rows and
columns are ready for the application of PCA or other dimension-
ality reduction methods) are not presented explicitly, analytically,
and/or comprehensively, resulting in “gaps” for readers who do
not have specialized knowledge on the subject. This study aimed
to fill these “gaps” with an explicit and analytical presentation of
the relevant mathematical expressions.

It is worth noting that the steps and methods of the proposed
strategy, as well as the simulated datasets used, were illustrative.
They aimed to demonstrate the methodological approach rather
than provide a biological interpretation of the results. Therefore,
researchers can choose the strategy’s steps and methods that align
better with the objectives of their study and the observed data.

1.6. Mathematical background of variability
decomposition on balanced four-dimensional data
cubes

Based on Williams’s study [41], for balanced four-
dimensional data cubes, it is true that:

Total variability = Between hyper-slices variability+Between slices variability + I nteraction between
hyper-slices and slices variability+Within hyper-slices and slices variability

(1)

Let X (IKG × J) be a balanced stacked data matrix with dif-
ferent objects per slice and hyper-slice, with xijkg elements, where
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i = 1, 2, . . . , I, j = 1, 2, . . . , J, k = 1, 2, . . . , K, and g = 1, 2, . . . ,
G. Equation (1) is expressed mathematically as follows:

XT = XG + XK + XKG + XW or Xt= Xg + Xk + Xkg + Xw

Also, xikg =
⎡⎢⎢⎢⎢⎣
xi1kg

xi2kg⋮
xiJkg

⎤⎥⎥⎥⎥⎦J×1

is the J-dimensional vector of vari-

ables for the object i in the kth slice within gth hyper-slice, x.k. =
1

IG
∑G

g=1∑I
i=1 xikg = ⎡⎢⎢⎢⎢⎣

x.1k.
x.2k.⋮
x.Jk.

⎤⎥⎥⎥⎥⎦J×1

is the J-dimensional vector of

means for the kth slice, x..g = 1

IK
∑K

k=1∑I
i=1 xikg = ⎡⎢⎢⎢⎢⎣

x.1.g
x.2.g⋮
x.J.g

⎤⎥⎥⎥⎥⎦J×1
is the J-dimensional vector of means for the gth hyper-slice,

x.kg = 1

I
∑I

i=1 xikg = ⎡⎢⎢⎢⎢⎣
x.1kg
x.2kg⋮
x.Jkg

⎤⎥⎥⎥⎥⎦J×1

is the J-dimensional vector

of means for the kth slice within the gth hyper-slice, and x... =
1

IKG
∑G

g=1∑K
k=1∑I

i=1 xikg = ⎡⎢⎢⎢⎢⎣
x.1..
x.2..⋮
x.J..

⎤⎥⎥⎥⎥⎦J×1

is the J-dimensional

vector of means for the stacked data matrix X.
Then, it is true that the J × J sum of squares and cross-

products (SSCP) matrix of the total variability is defined as Xt

= ∑G
g=1∑K

k=1∑I
i=1(xikg − x...)(xikg − x...)T. The J × J SSCP

matrix of the variability between hyper-slices is defined as Xg

= IK∑G
g=1(x..g − x...)(x..g − x...)T. The J × J SSCP matrix of

the variability between slices is defined as Xk = IG∑K
k=1(x.k. −

x...)(x.k. − x...)T. The J × J SSCP matrix of the variability of
interaction between hyper-slices and slices is defined as Xkg =

I∑G
g=1∑K

k=1 (x.kg − x..g − x.k. + x. . . ) (x.kg−x..g−x.k.+x...)T.
The J × J SSCP matrix of the variability within hyper-slices and
slices is defined as Xw = ∑G

g=1∑K
k=1∑I

i=1(xikg − x.kg)(xikg −
x.kg)T.

Furthermore, it is true that the IKG × J data matrix of the
total variability is defined as XT = X− 1IKGx

T..., where, for exam-
ple, 1n is the n-vector of ones. The IKG × J data matrix of the

between hyper-slices variability is defined as XG =
⎡⎢⎢⎢⎢⎢⎣

1IKx
T..1

1IKx
T..2⋮

1IKx
T..G

⎤⎥⎥⎥⎥⎥⎦
−

1IKGx
T.... The IKG × J data matrix of the between slices

variability is defined as XK = repmat

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎢⎣

1Ix
T.1.

1Ix
T.2.⋮

1Ix
T.K.

⎤⎥⎥⎥⎥⎥⎦
, G

⎞⎟⎟⎟⎟⎠
− 1IKGx

T...,

where the function repmat(XK,G) repeats the matrix XK vertically
G times. The IKG × J variability data matrix of the interaction

between hyper-slices and slices is defined as XKG =
⎡⎢⎢⎢⎢⎢⎣

1Ix
T.11

1Ix
T.21⋮

1Ix
T.KG

⎤⎥⎥⎥⎥⎥⎦
−

⎡⎢⎢⎢⎢⎢⎣

1IKx
T..1

1IKx
T..2⋮

1IKx
T..G

⎤⎥⎥⎥⎥⎥⎦
−repmat

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎢⎣

1Ix
T.1.

1Ix
T.2.⋮

1Ix
T.K.

⎤⎥⎥⎥⎥⎥⎦
, G

⎞⎟⎟⎟⎟⎠
+ 1IKGx

T.... The IKG × J data

matrix of the within hyper-slices and slices variability is defined

as XW = X −
⎡⎢⎢⎢⎢⎢⎣

1Ix
T.11

1Ix
T.21⋮

1Ix
T.KG

⎤⎥⎥⎥⎥⎥⎦
.

It is worth noting that given an SSCP matrix (e.g., the total
variability SSCP matrix Xt), the covariance matrix is defined as
C = 1

IK−1
Xt, while the correlation matrix (input matrix in PCA) is

defined as R = S−1/2C S−1/2, where S = diag(c11, c22, . . . , cJJ)
and cJJ is the variance of the variable j.

1.7. Theoretical background of variability
decomposition on unbalanced four-dimensional data
cubes

According to Williams [41], in the case of unbalanced data
cubes (for p = 4), the decomposition of variability is more com-
plex and should be treated as a distinct case rather than as a
special case of balanced data. Particularly, in the case of unbal-
anced data, Equation (1) no longer exists because the main effects
(components of variability) of hyper-slices, slices, and interactions
are not independent, as they overlap.

In Reference [41], the author suggests two methods for
analyzing unbalanced data cubes. The first approach involves
converting the unbalanced data cube into a balanced data
cube by randomly removing observations from redundant slices
and/or hyper-slices or by adding estimated observations to incom-
plete slices and/or hyper-slices using unweighted or weighted
means.

The second approach involves the direct analysis of the
unbalanced stacked data matrix through various approaches. In
the methodological framework of ANOVA (or MANOVA), there
are three basic approaches to calculating the sum of squares
(SS), which appear in the international literature under various
names.

The first approach is usually called “Type I” and is recom-
mended when either the hyper-slices or the slices of the data cube
are of conceptual or scientific interest to researchers. More specif-
ically, this approach adjusts each main effect of the hyper-slices
or slices for the one that precedes it in terms of significance,
according to the researcher. In other words, either the variable of
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hyper-slices or the variable of slices is added sequentially to the
model, while the results obtained depend on the order in which
the terms are entered into the model [42]. Consequently, mul-
tiple sequential analyses are required so that each term can be
placed last in the model and adjusted for the others [42]. How-
ever, this approach is not suitable in the case of unbalanced
four-dimensional data cubes due to its hierarchical nature.

The second approach is usually called “Type II” and is rec-
ommended when the interaction is not of statistical, conceptual,
or scientific interest and is therefore disregarded, while the focus
is independently on the hyper-slices and slices, which are adjusted
for each other. This approach does not use parameter restric-
tions, meaning that alternative approaches to the model produce
identical results [42]. This approach is also not appropriate in
the case of unbalanced four-dimensional data cubes, as it ignores
the interaction between hyper-slices and slices, which is consid-
ered crucial both in most agricultural experiments [43] and in
the in-depth study of the structure and components of the cube
variability.

The third approach is usually called “Type III” and is
recommended when the focus is on both interaction and indepen-
dently on hyper-slices and slices, which are adjusted for each other.
For example, the SS for the variable of hyper-slices is calculated
on the assumption that the variable of slices and their interac-
tion have already been included in the model. This approach uses

the following parameter restrictions [42]: ∑G
g=1 (d

′..g − d
′
. . . ) =

0, ∑K
k=1 (d

′.k. − d
′
. . . ) = 0, ∑K

k=1 (d.kg − d
′.k. − d

′..g + d
′
. . . ) =

0, ∀g and ∑G
g=1 (d.kg − d

′.k. − d
′..g + d

′
. . . ) = 0, ∀k. where d..g ′

is the vector of unweighted marginal means of the hyper-slices,

d.k. ′ is the vector of unweighted marginal means of the slices,

d. . .
′
is the vector of unweighted marginal means of the stacked

data matrix D, and d.kg is the vector of weighted means for the
kth slice within the gth hyper-slice.

It is worth noting that there is one more approach called
“Type IV,” which is a generalization of “Type III” and is used in
cases where there are missing values and treatments in the datasets.
If there are no missing values and treatments, the two methods
(“Type III” and “Type IV”) produce the same results [42].

However, there is no clear answer in international scientific
literature as to which of these methodological approaches is the
most appropriate, as opinions differ. More specifically, several
studies argue that the ideal approach for unbalanced data is the
Type III methodological approach [42]. For this reason, most
software programs (e.g., IBM SPSS Statistics, SAS, etc.) perform
analyses using the “Type III” method as the default [42, 44].

On the other hand, there are researchers who argue that the
“Type III” approach does not correspond to interesting hypothe-
ses [42, 44]. Although the “Type III” methodological approach
seems reasonable, it is essentially unfounded, as it leads to para-
doxes [42, 44]. An additional limitation of this approach is the
method of calculating the SS. Particularly, after an extensive study
of the international scientific literature, as well as the guide pro-
vided by the IBM SPSS Statistics software, it appears that there is
no explicit mathematical formulation for calculating the SS. This
fact is also confirmed by LaMotte [44].

In the context of variability decomposition on unbalanced
four-dimensional data cubes, the “Type III” approach was not
considered appropriate for the objectives of the present study.
Specifically, the main objective of this study was the investiga-
tion of the variability structure and variability components of the

data cubes through directly interpretable SSCP matrices based on
the actual weighted means of the observed data. Therefore, the
proposed methodology focused on descriptive variability decom-
position and on the interpretation of the data cubes’ variability
components.

In contrast, the SSCP matrices of the “Type III” approach
are projection-based quantities derived from differences between
full and reduced general linear models [44]. Consequently, “Type
III” SSCP matrices cannot generally be expressed as weighted
cross-products of deviations of the raw observations from the
weighted means of the slices and hyper-slices.

An additional alternative methodological approach is that
of separate univariate analyses, known as the Unadjusted Main
Effects method [41]. This method is similar to classical ANOVA
and is analogous to the balanced data cube approach. More
specifically, the only difference with the balanced data cube
approach lies in the coefficients of weights (number of objects)
of the combinations between hyper-slices and slices that differ.
This method directly calculates the main effects of hyper-slices and
slices without adjusting one for the other. This makes it ideal for
in-depth study of the variability of unbalanced four-dimensional
data cubes.

1.8. Mathematical background of variability
decomposition on unbalanced four-dimensional data
cubes

In this study, the most ideal methodological approach is the
method of Unadjusted Main Effects, which is adapted to the
multivariate nature of the stacked data matrices (combination of
multiple univariate analyses).

Let D be an unbalanced stacked data matrix with different
objects per slice and hyper-slice, with dimensions N × J and dijkg
elements, where i = 1, 2, . . . , nkg, j = 1, 2, . . . , J, k = 1, 2, . . . ,

K, g = 1, 2, . . . , G, N = ∑G
g=1∑K

k=1 nkg, nk = ∑G
g=1 nkg, and

ng = ∑K
k=1 nkg.

Also, dikg =
⎡⎢⎢⎢⎢⎣
di1kg

di2kg⋮
diJkg

⎤⎥⎥⎥⎥⎦J×1

is the J-dimensional vector of vari-

ables for the object i in the kth slice within gth hyper-slice, d.k. =
1

nk
∑G

g=1∑nkg
i=1 dikg = ⎡⎢⎢⎢⎢⎢⎣

d.1k.
d.2k.⋮
d.Jk.

⎤⎥⎥⎥⎥⎥⎦J×1

is the J-dimensional vector of

weighted means for the kth slice, d..g = 1

ng
∑K

k=1∑nkg
i=1 dikg =

⎡⎢⎢⎢⎢⎢⎣

d.1.g
d.2.g⋮
d.J.g

⎤⎥⎥⎥⎥⎥⎦J×1

is the J-dimensional vector of weighted means for

the gth hyper-slice, d.kg = 1

nkg
∑nkg

i=1 dikg = ⎡⎢⎢⎢⎢⎢⎣

d.1kg
d.2kg⋮
d.Jkg

⎤⎥⎥⎥⎥⎥⎦J×1

is the J-
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dimensional vector of weighted means for the kth slice within

the gth hyper-slice, d... = 1

N
∑G

g=1∑K
k=1∑nkg

i=1 dikg = ⎡⎢⎢⎢⎢⎢⎣

d.1..
d.2..⋮
d.J..

⎤⎥⎥⎥⎥⎥⎦J×1
is the J-dimensional vector of weighted means for the stacked

data matrix D, d
′.k. = 1

G
∑G

g=1 d.kg is the J-dimensional vector

of unweighted means of d.kg for the kth slice within each hyper-

slice (or else the marginal means of slices), d
′..g = 1

K
∑K

k=1 d.kg is

the J-dimensional vector of unweighted means of d.kg for the gth

hyper-slice within each slice (or else the marginal means of hyper-

slices), and d
′
. . . = 1

KG
∑G

g=1∑K
k=1 d.kg is the J-dimensional

vector of total unweighted means of d.kg (or else the marginal
means of the stacked data matrix D).

Then, it is true that the J × J SSCP matrix of total variabil-
ity is defined as Dt = ∑G

g=1∑K
k=1∑nkg

i=1(dikg − d...)(dikg − d...)T.
The J × J SSCP matrix of the variability between hyper-slices

is defined as Dg = ∑G
g=1 ng (d..g − d. . . ) (d..g − d. . . )T. The J× J SSCP matrix of the variability between slices is defined as

Dk = ∑K
k=1 nk (d.k. − d. . . ) (d.k. − d. . . )T. The J × J SSCP

matrix of the variability of interaction between hyper-slices and

slices is defined as Dkg = ∑G
g=1∑K

k=1 nkg(d.kg − d
′.k. − d

′..g +
d
′
. . . )(d.kg − d

′.k. − d
′..g + d

′
. . . )T. The J × J SSCP matrix of

the variability within hyper-slices and slices is defined as Dw =∑G
g=1∑K

k=1∑nkg
i=1 (dikg − d.kg) (dikg − d.kg)T.

Furthermore, it is true that the N × J data matrix of the

total variability is defined as DT = D − 1Nd
T..., where 1N is the

N-vector of ones. The N × J data matrix of the between hyper-

slices variability is defined as DG =
⎡⎢⎢⎢⎢⎢⎢⎣

1ngd
T..1

1ngd
T..2⋮

1ngd
T..G

⎤⎥⎥⎥⎥⎥⎥⎦
− 1Nd

T.... The

N × J data matrix of the between slices variability is defined

as DK = repmat

⎛⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎣

1nkd
T.1.

1nkd
T.2.⋮

1nkd
T.K.

⎤⎥⎥⎥⎥⎥⎥⎦
, G

⎞⎟⎟⎟⎟⎟⎠
− 1Nd

T..., where the function

repmat(DK,G) repeats the matrix DK vertically G times. The
N × J variability data matrix of the interaction between hyper-

slices and slices is defined as DKG =
⎡⎢⎢⎢⎢⎢⎢⎣

1nkgd
T..11

1nkgd
T..21⋮

1nkgd
T..KG

⎤⎥⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎢⎣

1ngd
′T..1

1ngd
′T..2⋮

1ngd
′T..G

⎤⎥⎥⎥⎥⎥⎥⎦
−

repmat

⎛⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎣

1nkd
′T.1.

1nkd
′T.2.⋮

1nkd
′T.K.

⎤⎥⎥⎥⎥⎥⎥⎦
, G

⎞⎟⎟⎟⎟⎟⎠
+ 1Nd

′T... . The N × J data matrix of

the within hyper-slices and slices variability is defined as DW =
D −

⎡⎢⎢⎢⎢⎢⎢⎣

1nkgd
T.11

1nkgd
T.21⋮

1nkgd
T.KG

⎤⎥⎥⎥⎥⎥⎥⎦
.

For comparison purposes, the mathematical formulas [44]
of SSCP matrices for the “Type III” approach are presented in
Appendix A.

2. Materials and Methods

2.1. Datasets

The proposed strategy was implemented using the initial agri-
cultural dataset named “Basil” (stacked data matrix Y), which
covers basil plants cultivated and studied at the Aristotle Univer-
sity of Thessaloniki Farm between 2015 and 2017 [45]. Data from
the 2016–2017 growing seasons at Stage III of plant development
were selected for analysis. The sample consisted of 60 basil plants,
seven quantitative characteristics of the plants, three irrigation
levels, and five basil varieties.

In order to achieve imbalance between the slices and
hyper-slices of the cube and to increase the volume of the
dataset, the initial dataset was simulated using Python code
(Appendix B). The simulation algorithm for the “Basil” dataset
was as follows:

Step 1: Calculate the mean values of the variables per slice
within each hyper-slice of the initial stacked data matrix Y.

Step 2: Calculate the standard deviations of the variables per
slice within each hyper-slice of the initial stacked data matrix Y.

Step 3: Calculate the correlation matrices between the vari-
ables per slice within each hyper-slice of the initial stacked data
matrix Y.

Step 4: Simulate two new datasets X (“Basil-Sim 1”) and D
(“Basil-Sim 2”), larger in volume, with equal and unequal number
of basil plants per slice within each hyper-slice, with specific mean
values, standard deviations, and correlations of characteristics
per slice within each hyper-slice, approximating the Multinormal
distribution.

The first dataset (“Basil-Sim 1”) was considered as a bal-
anced four-dimensional data cube X with dimensions 500 × 7× 5 × 3 and with independent slices and hyper-slices. The data
cube X was transformed into a stacked data matrix X (7,500 ×
7) through vertical concatenation. The 1st dimension consisted of
an equal number of different basil plants per slice (I = 500). The
2nd dimension consisted of the same seven continuous variables
(traits) per slice (J = 7). Particularly, these were the measurements
of Height (cm), Weight (gr), Leaf Area Index (LAI) (m2/m2), Leaf
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Temperature (labeled as Leaf Temp) (°C), Photosynthesis (μmol
CO2 m-2 s-1), Water Use Efficiency (WUE) (gr/L), and Water
Potential (MPa). The 3rd dimension was a categorical variable
denoting five slices (K = 5) corresponding to five basil varieties
(Mrs Burns [labeled as Burns], Cinnamon, Sweet, Red Rubin
[labeled as Rend], Thai). The 4th dimension was a categorical vari-
able denoting three hyper-slices (G = 3) corresponding to three
irrigation levels (40%, 70%, 100%). Also, the number of basil
plants in the gth hyper-slice across all slices was IG = 1,500, while
the number of basil plants in the kth slice across all hyper-slices
was IK = 2,500.

The second dataset (“Basil-Sim 2”) was considered as an
unbalanced four-dimensional data cube D with dimensions nkg ×
7 × 5 × 3 and with independent slices and hyper-slices. The data
cube D was transformed into a stacked data matrix D (7,300 ×
7) through vertical concatenation. The 1st dimension consisted of
unequal number of different basil plants per slice (n11 = n22 =
400 and the rest nkg = 500, n1. = n2. = 1,400 and the rest nk. =
1,500, n.1 = n.2 = 2,400 and n.3 = 2,500). The 2nd dimension con-
sisted of the same seven continuous traits (Height, Weight, LAI,
Leaf Temp, Photosynthesis, WUE, and Water Potential) per slice
(J = 7). The 3rd dimension consisted of five slices (K = 5) corre-
sponding to five basil varieties (Burns, Cinnamon, Sweet, Rend,
Thai) and the 4th dimension consisted of three hyper-slices (G =
3) corresponding to three irrigation levels (40%, 70%, 100%).

2.2. Strategy

The steps of the proposed strategy were the following:
Step 1: Select the strategy for decomposing the total

variability of unbalanced stacked data matrices.
Step 1.1: Convert the unbalanced stacked data matrix D into

a balanced stacked data matrix X’ by adding the corresponding
unweighted mean values to the observation-deficient slices and/or
hyper-slices.

Step 1.2: Apply the Unadjusted Main Effects method to the
unbalanced stacked data matrix D.

Step 2: Construct the data matrix XT or DT or X’T with the
total variability of the data cube.

Step 3: Construct the data matrix XG or DG or X’G with the
variability between hyper-slices.

Step 4: Construct the data matrix XK or DK or X’K with the
variability between slices.

Step 5: Construct the data matrix XKG or DKG or X’KG with
the variability of the interaction between hyper-slices and slices.

Step 6: Construct the data matrix XW or DW or X’W with
the variability within hyper-slices and slices of the cube.

Step 7: Apply PCA to the correlation matrices RT, RG, RK,
RKG, and RW of the variability matrices XT or DT or X’T, XG or
DG or X’G, XK or DK or X’K, XKG or DKG or X’KG, and XW or
DW or X’W.

Step 8: Visually compare the structure of the components
of variability in terms of variables, using the PCA loading
diagrams.

2.3. Method and software

The proposed strategy was based on PCA without rotation
[7]. Alternatively, singular value decomposition or FA on the
appropriate data matrix (i.e., the correlation matrix) could be used
[20]. When data lies on non-Euclidean spaces, other dimension-
ality reduction methods can be used, such as KPCA [22]. For

the purposes of interpretation and visualization, only the first
two principal components were selected. R v4.3.2 was used for
statistical analysis, while Python v3.10 via the Anaconda plat-
form and Jupyter Notebook v6.4.5 were used for the dataset
simulations.

3. Results

The results of the proposed strategy were presented below.
The detailed PCA results for each four-dimensional data cube
were presented in Appendix C (PCA loadings and communali-
ties are presented in Tables C1–C3, the corresponding explained
variance percentages are presented in Tables C4–C6, and the
corresponding scree and score plots are presented in Figures
C1–C10), while the R code for applying PCA to each variabil-
ity data matrix was presented in Appendix D. Figure 3 (a)–(e)
present the results of the balanced stacked data matrix X(7,500 ×
7) (“Basil-Sim 1”). Specifically, Figure 3(a) presents the results of
the XT data matrix of the total variability, Figure 3(b) presents
the results of the XG data matrix of the variability between hyper-
slices, Figure 3(c) presents the results of XK data matrix of the
variability between slices, Figure 3(d) presents the results of XKG
variability data matrix of interaction, and Figure 3(e) presents the
results of XW data matrix of the variability within the hyper-slices
and slices.

On the other hand, Figure 4 (a)–(e) present the results of the
unbalanced stacked data matrix D(7,300 × 7) (“Basil-Sim 2”). Par-
ticularly, Figure 4(a) presents the results of the DT data matrix of
the total variability, Figure 4(b) presents the results of the DG data
matrix of the variability between hyper-slices, Figure 4(c) presents
the results of DK data matrix of the variability between slices,
Figure 4(d) presents the results of DKG variability data matrix of
interaction, and Figure 4(e) presents the results of DW data matrix
of the variability within the hyper-slices and slices.

Furthermore, Figure 5 (a)–(e) present the results of the
balanced stacked data matrix X’(7,500 × 7) (“Basil-Sim 2”).
Specifically, Figure 5(a) presents the results of the X’T data matrix
of the total variability, Figure 5(b) presents the results of the X’G
data matrix of the variability between hyper-slices, Figure 5(c)
presents the results of X’K data matrix of the variability between
slices, Figure 5(d) presents the results of X’KG variability data
matrix of interaction, and Figure 5(e) presents the results of X’W
data matrix of the variability within the hyper-slices and slices.

For comparison purposes, the application of the “Type
III” approach on the unbalanced four-dimensional data cube D
(“Basil-Sim 2”) is presented in Appendix E (the PCA loading
diagram from each source of variability is presented in Figure
E1, PCA loadings and communalities are presented in Table E1,
the corresponding explained variance percentages are presented
in Table E2, and the corresponding scree and score plots are
presented in Figures E2–E6).

4. Discussion

The results of data cubes X, D, and X’ were common due to
the analogous variability decomposition strategy that was followed
between balanced and unbalanced data cubes. Furthermore, their
common structure indicated the existence of a small imbalance
between the data cubes.

In addition, the results of the unbalanced data cube D were
common between the methodological approach of Unadjusted
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Figure 3
PCA loading diagram from: (a) the XT data matrix of the total variability; (b) the XG data matrix of the variability between

hyper-slices; (c) the XK data matrix of the variability between slices; (d) the XKG variability data matrix of interaction; and (e) the XW
data matrix of the variability within hyper-slices and slices. The first two principal components (Dim 1 and Dim 2) define the axes

along with their respective proportion of explained variance. Directional vectors indicate the loading values for each variable, including
Height, Weight, Leaf Area Index (LAI), Leaf Temperature (Leaf Temp), Photosynthesis, Water Use Efficiency (WUE), and Water

Potential (generated in R)
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Figure 4
PCA loading diagram from: (a) the DT data matrix of the total variability; (b) the DG data matrix of the variability between

hyper-slices; (c) the DK data matrix of the variability between slices; (d) the DKG variability data matrix of interaction; and (e) the DW
data matrix of the variability within hyper-slices and slices. The first two principal components (Dim 1 and Dim 2) define the axes

along with their respective proportion of explained variance. Directional vectors indicate the loading values for each variable, including
Height, Weight, Leaf Area Index (LAI), Leaf Temperature (Leaf Temp), Photosynthesis, Water Use Efficiency (WUE), and Water

Potential (generated in R)
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Figure 5
PCA loading diagram from: (a) the X’T data matrix of the total variability; (b) the X’G data matrix of the variability between

hyper-slices; (c) the X’K data matrix of the variability between slices; (d) the X’KG variability data matrix of interaction; and (e) the
X’W data matrix of the variability within hyper-slices and slices. The first two principal components (Dim 1 and Dim 2) define the axes
along with their respective proportion of explained variance. Directional vectors indicate the loading values for each variable, including

Height, Weight, Leaf Area Index (LAI), Leaf Temperature (Leaf Temp), Photosynthesis, Water Use Efficiency (WUE), and Water
Potential (generated in R)
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Main Effects and the “Type III” approach (see Appendix E)
due to the small imbalance of slices and hyper-slices. Therefore,
the adjustments performed by the “Type III” approach were
very small. However, the fact that the PCA results, and espe-
cially the variability structures of the PCA loading plots, were
common for this particular data cube does not mean that the
two methodological approaches are equivalent. As mentioned in
Section 1.7, the “Type III” approach employs projection-based
mathematical procedures and adjusted effects in order to decom-
pose the total variability of an unbalanced four-dimensional data
cube. Therefore, the resulting variability components represent
adjusted sources of variation rather than variability structures
derived directly from the observed data.

In contrast, the Unadjusted Main Effects approach resembles
the classical ANOVA framework and allows the study of vari-
ability structures and components based directly on the observed
data. For these reasons, the Unadjusted Main Effects method
was considered the most appropriate methodological approach for
the objectives of the present study, namely, the study of variabil-
ity structures and components in unbalanced four-dimensional
data cubes. Therefore, the discussion that follows corresponds to
the unbalanced data cubes analyzed using the Unadjusted Main
Effects method.

Regarding the data cubes X, D, and X’, the total variance
percentages explained by the first two principal components for
the data matrices XT, XG, XK, XKG, and XW were 68.01%, 100%,
96.03%, 71.99%, and 56.92%, respectively. The total variance per-
centages explained by the first two principal components for the
data matrices DT, DG, DK, DKG, and DW were 67.92%, 100%,
95.80%, 71.68%, and 56.75%, respectively. The total variance per-
centages explained by the first two principal components for the
data matrices X’T, X’G, X’K, X’KG, and X’W were 68.41%, 100%,
96.06%, 71%, and 57.03%, respectively.

As for the correlations between the variables, the data matri-
ces XT and XK and X’T and X’K, as well as the data matrices
DT and DK, had a common structure. In contrast, the remaining
data matrices presented a different structure. As for the contri-
bution of the variables to the first two principal components, all
data matrices presented a different structure.

In other words, the total variability of the cube and the vari-
ability between slices (basil varieties) of the cube shared a common
structure. In contrast, the variability between hyper-slices (irriga-
tion levels), the variability of interaction, and the variability within
hyper-slices and slices presented a different structure.

Regarding the biological interpretation of the results, the
study of total variability showed that the first principal compo-
nent represented the biological growth and hydrological status
of basil plants. Specifically, high positive loadings were observed
for height, weight, LAI, WUE, and water potential. On the
other hand, the second principal component represented phys-
iological parameters related to the crop microclimate, with a
negative loading for leaf temperature and a positive loading for
photosynthesis.

The study of variability between hyper-slices revealed a sub-
stantial effect of irrigation levels, as they affected all parameters
positively or negatively. Specifically, high positive loadings were
observed for height, weight, LAI, and photosynthesis, while high
negative loadings were observed for leaf temperature, WUE,
and water potential. These results indicated that higher irrigation
levels enhanced basil plant growth and photosynthetic activ-
ity [46], while reducing WUE (possibly due to excessive water

consumption) [47] and decreasing leaf temperature (possibly due
to increased transpiration) [48].

The study of variability between slices showed that the five
basil plant varieties differ mainly in their biological develop-
ment and hydrological status, both of which showed high positive
loadings in the first principal component. In contrast, photo-
synthesis showed a high negative loading in the first principal
component. Height contributed slightly to differentiation among
varieties through the second principal component, although it was
not a dominant criterion of separation.

The study of variability of interaction between hyper-slices
and slices revealed a substantial interaction effect between vari-
eties and irrigation levels, as each variety responded differently
to various irrigation levels. The first principal component repre-
sented the biological growth of basil plants, with height, weight,
and LAI showing positive loadings, while leaf temperature and
WUE showed negative loadings. On the other hand, the second
principal component represented physiological characteristics of
basil plants, such as photosynthesis (negative loading) and water
potential (positive loading).

The study of variability within hyper-slices and slices revealed
substantial internal variability within each irrigation level and
basil variety. Particularly, WUE and basil plant weight showed
substantial variability within the same slice. However, this
variability might also be due to exogenous factors, such as dif-
ferences in microclimate, experimental errors, and measurement
errors [49].

Based on the above, the proposed strategy allowed for a
detailed examination of the effect of hyper-slices and slices on
the overall structure of the three data cubes by highlighting the
dominant influence of hyper-slices (irrigation levels) on the vari-
ability of the data cube. Furthermore, the proposed strategy
provided important and interesting information about the compo-
nents and structure of variability through visualizations in lower
dimensions. The proposed strategy could also be applied in addi-
tion to the MANOVA method, providing in-depth information
about the variability of data cubes. Therefore, it was considered
more important and safer to study the structure of the vari-
ability of a data cube in depth in order to extract important
information about the effect and contribution of its slices and
hyper-slices.

It is worth noting that the dimensionality reduction strategies
for three-dimensional data cubes proposed by Kyrana et al. [1] can
also be applied to four-dimensional data cubes. However, the vari-
ability decomposition strategy for unbalanced four-dimensional
data cubes remains controversial, raising methodological and
interpretive interest.

Moreover, to the best of the authors’ knowledge, there are
no comparative studies between balanced and unbalanced data
cubes using the same dataset, with respect to the ways of decom-
posing the total variability. Consequently, the controversial case
of unbalanced data cubes with p ≥ 4 remains unaddressed. In
other methodological approaches, the conceptual and structural
role of the slices and/or hyper-slices of the cube, as well as their
interaction, is not taken into account. It is worth noting that inves-
tigating the effect of the slices and/or hyper-slices on the overall
data cube structure is of “vital” importance, as this could lead to
simpler or more complex practical strategies for managing and
analyzing the cube.

The present study provided a detailed presentation of the
mathematical expressions of the variability data matrices. The row
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and column elements of the variability data matrices are ready
for the direct application of either PCA or another alternative
dimensionality reduction method.

In terms of limitations, this study applied a specific dimen-
sionality reduction strategy to particular and indicative simulated
datasets. More specifically, the steps involved in this strategy
and the dimensionality reduction method used depend on the
objectives of each study and the observed data. Furthermore,
the proposed dimensionality reduction strategy assumes linear
relationships between the variables. Also, the R and Python pro-
gramming languages, which were used for data analysis and
simulation, have limitations regarding their versions and the writ-
ten code. In addition, a specific method and strategy for the
total variability decomposition were selected for the controversial
case of the unbalanced four-dimensional data cubes. Therefore,
caution should be exercised when generalizing the results and con-
clusions derived from the numerical data, analysis strategy, and
software used in this study.

For future research, it is recommended that various cluster-
ing strategies be applied, in terms of the distance metric and the
linkage method, either to the initial data cubes or to the PCA
components’ scores from each data variability matrix. Further-
more, the proposed dimensionality reduction strategy could be
applied to data cubes with greater imbalance, in terms of sample
size (number of objects), between slices and hyper-slices.

This study is considered to make a significant contribution
to both the international scientific community and literature due
to the alternative analysis strategy it proposes. This dimensional-
ity reduction strategy provides a creative tool for managing and
analyzing data, particularly when adapted to the objectives of
each study. This strategy also serves as an important and alterna-
tive tool for data preprocessing in machine learning. Essentially,
researchers can select the strategy and method that best align
with their observed data and the objectives of their study. In
other words, this study offers an alternative approach to man-
aging and analyzing data in the form of four-dimensional data
cubes.
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[43] Genç, S., & Mendeş, M. (2022). A biological perspective on
interpreting interaction effect. Turkish Journal of Veterinary
& Animal Sciences, 46(3), 535–542. https://doi.org/10.55730/
1300-0128.4224

[44] LaMotte, L. R. (2020). A formula for Type III sums of squares.
Communications in Statistics – Theory and Methods, 49(13),
3126–3136. https://doi.org/10.1080/03610926.2019.1586933

[45] Kalamartzis, I., Papakaloudis, P., & Dordas, C. (2023). Basil
(Ocimum basilicum) Landraces can be used in a water-
limited environment. Plants, 12(13), 2425. https://doi.org/10.
3390/plants12132425

[46] Zhang, H., Cao, H., Zhao, Z., Dou, Z., Liao, Z., Bai, Z., Li,
S., Fan, J., . . . Fan, J. (2025). Effects of irrigation interval and
irrigation level on growth, photosynthesis, fruit yield, quality,
and water-nitrogen use efficiency of drip-fertigated greenhouse
tomatoes (Solanum lycopersicum L.). Agronomy, 15(5), 1068.
https://doi.org/10.3390/agronomy15051068

[47] Okasha, A. M., Deraz, N., Elmetwalli, A. H., Elsayed, S.,
Falah, M. W., Farooque, A. A., & Yaseen, Z. M. (2022).
Effects of irrigation method and water flow rate on irriga-
tion performance, soil salinity, yield, and water productivity of
cauliflower. Agriculture, 12(8), 1164. https://doi.org/10.3390/
agriculture12081164

[48] Gräf, M., Immitzer, M., Hietz, P., & Stangl, R. (2021). Water-
stressed plants do not cool: Leaf surface temperature of living
wall plants under drought stress. Sustainability, 13(7), 3910.
https://doi.org/10.3390/su13073910

[49] Kemppinen, J., & Niittynen, P. (2022). Microclimate relation-
ships of intraspecific trait variation in sub-arctic plants. Oikos,
2022(12), e09507. https://doi.org/10.1111/oik.09507

How to Cite: Kyrana, Z., Papafilippou, N., Pratsinakis, E. D., Michaelidou, A.-
M., Dordas, C., Markos, A., & Menexes, G. C. (2026). Dimensionality Reduc-
tion Strategy on Four-Dimensional Data Cubes with Independent Slices and
Hyper-Slices Focusing on Variability Structure and Components. Journal of Data
Science and Intelligent Systems. https://doi.org/10.47852/bonviewJDSIS62028503

Pdf_Fol io:15 15

https://doi.org/10.3390/molecules27103304
https://doi.org/10.3389/frmbi.2025.1584516
https://doi.org/10.1002/cem.3384
https://doi.org/10.1002/cem.3384
https://doi.org/10.1016/j.foodchem.2021.130748
https://doi.org/10.1093/bioinformatics/btl572
https://doi.org/10.1093/bioinformatics/btl572
https://doi.org/10.1093/bioinformatics/bti476
https://doi.org/10.1093/bioinformatics/bti476
https://doi.org/10.3390/molecules26010066
https://doi.org/10.3390/molecules26010066
http://dx.doi.org/10.1207/s15327906mbr0701_4
http://dx.doi.org/10.1207/s15327906mbr0701_4
https://doi.org/10.1023/A:1023260610025
https://doi.org/10.1023/A:1023260610025
https://doi.org/10.55730/1300-0128.4224
https://doi.org/10.55730/1300-0128.4224
https://doi.org/10.1080/03610926.2019.1586933
https://doi.org/10.3390/plants12132425
https://doi.org/10.3390/plants12132425
https://doi.org/10.3390/agronomy15051068
https://doi.org/10.3390/agriculture12081164
https://doi.org/10.3390/agriculture12081164
https://doi.org/10.3390/su13073910
https://doi.org/10.1111/oik.09507
https://doi.org/10.47852/bonviewJDSIS62028503


Journal of Data Science and Intelligent Systems Vol. 00 Iss. 00 2026

Appendix A

The mathematical formulas of “Type III” SSCP matrices for unbalanced four-dimensional data cubes are presented below [44].
Let D be an unbalanced stacked data matrix with different objects per slice and hyper-slice, with dimensions N × J and di jkg

elements, where i = 1, 2, . . . , nkg, j = 1, 2, . . . , J, k = 1, 2, . . . , K, g = 1, 2, . . . , G, N = ∑G
g=1∑K

k=1 nkg, nk = ∑G
g=1 nkg

and ng = ∑K
k=1 nkg.

Also, dikg =
⎡⎢⎢⎢⎢⎣
di1kg

di2kg⋮
diJkg

⎤⎥⎥⎥⎥⎦J×1

is the J-dimensional vector of variables for the object i in the kth slice within gth hyper-slice,

𝒅... = 1

N
∑G

g=1∑K
k=1∑nkg

i=1 dikg = ⎡⎢⎢⎢⎢⎢⎣

d.1..
d.2..⋮
d.J..

⎤⎥⎥⎥⎥⎥⎦J×1

is the J-dimensional vector of weighted means for the stacked data matrix D,

d.kg = 1

nkg
∑nkg

i=1 dikg = ⎡⎢⎢⎢⎢⎢⎣

d.1kg
d.2kg⋮
d.Jkg

⎤⎥⎥⎥⎥⎥⎦J×1

is the J-dimensional vector of weighted means for the kth slice within the gth hyper-

slice, M̂ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

d
T.11
d
T.21⋮

d
T.K1

d
T.12⋮

d
T.KG

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
is the matrix of observed cell means, with dimensions KG × J (each row of M̂ is a J-dimensional

mean vector), and W = D−1
n = diag(11, 21, K1, 12, andKG should be indices of n) is the weight matrix, where Dn =

diag(11, 21, K1, 12, andKG should be indices of n) is the diagonal matrix of cell frequencies.
Regarding the SSCP matrix of hyper-slices, let CG be a full-rank (G − 1) × G contrast matrix and LG = CG ⊗ 1

K
1T
K the “Type

III” hypothesis matrix, with dimensions (G − 1) × KG, for the hyper-slice factor, where 1T
K is the 1 × K vector of ones and ⊗ denotes

the Kronecker product.
Regarding the SSCP matrix of slices, let CK be a full-rank (K − 1) × K contrast matrix and LK = 1

G
1T
G ⊗ CK the “Type III”

hypothesis matrix, with dimensions (K − 1) × KG, for the slice factor, where 1T
G is the 1 × G vector of ones.

Regarding the SSCP matrix of interaction between hyper-slices and slices, let LKG = CG ⊗ CK the “Type III” hypothesis matrix,
with dimensions (G − 1)(K − 1) × KG, for the interaction factor.

Then, it is true that the J × J SSCP matrix of the total variability is defined as Dt = ∑G
g=1∑K

k=1∑nkg
i=1(dikg − d...)(dikg − d...)T.

The J× J SSCP matrix of the variability between hyper-slices is defined as Dg = (LGM̂)T(LGWLT
G)−1(LGM̂). The J× J SSCP matrix

of the variability between slices is defined as Dk = (LKM̂)T(LKWLT
K)−1(LKM̂). The J×J SSCP matrix of the variability of interaction

between hyper-slices and slices is defined as Dkg = (LKGM̂)T(LKGWLT
KG)−1(LKGM̂). The J× J SSCP matrix of the variability within

hyper-slices and slices is defined as Dw = ∑G
g=1∑K

k=1∑nkg
i=1 (dikg − d.kg) (dikg − d.kg)T.

In other words, Dg = DT(PF − P−G)D, where D is the N × J response matrix (or else the stacked data matrix) and PF =
X(XTX)−XT is the projection matrix for the full model. Also, X is the N × q design matrix (where q = 1 + G + K + KG is he total
number of model parameters), (XTX)− denotes a generalized inverse, which is required because factorial design matrices are typically
rank-deficient, and P−G is the projection matrix for a restricted model containing all terms except the effect of hyper-slices. Similarly,
Dk = DT(PF − P−K)D, where P−K is the projection matrix after removing the effect of slices, while Dkg = DT(PF − P−KG)D, where
P−KG is the projection matrix after removing the effect of interaction.

These matrices are obtained from linear hypotheses in the general linear model. Therefore, in the case of unbalanced data cubes,
it is true that Dt ≠ Dg + Dk + Dkg + Dw, because hyper-slices and slices are non-orthogonal.
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Appendix B

The code for simulating the data in the Python programming language is shown below.

# Library import for data processing
import pandas as pd
# Library import for numerical calculations
import numpy as np
# Library import for Multinormal Distribution
from scipy.stats import multivariate_normal
# Library import for calculating eigenvalues and eigenvectors
from scipy.linalg import eigh
# Set random seed for reproducibility
np.random.seed(42)
# Checking for the existence of positive semi-definite matrices
def is_positive_semi_definite(matrix):
eigenvalues = np.linalg.eigvals(matrix)
return np.all(eigenvalues >= -1e-8)
# Finding the nearest positive semi-definite matrix
def nearest_positive_semi_definite(matrix):
eigenvalues, eigenvectors = eigh(matrix)
eigenvalues[eigenvalues < 0] = 0
return eigenvectors @ np.diag(eigenvalues) @ eigenvectors.T
# Definition of vectors with the mean values per slice within each hyper-slice
mean_vectors = {‘
(Level ’1, ‘’Burns): np.array([65.10, 700.75, 3.30, 28.41, 6.24, 7.21, 3.61]),‘
(Level ’1, ‘’Cinnamon): np.array([53.15, 521.25, 2.14, 30.03, 7.46, 5.36, 3.66]),‘
(Level ’’1,’Sweet): np.array([64.10, 317.50, 1.47, 27.22, 9.49, 3.26, 2.83]),‘
(Level ’’’1,’’Rend): np.array([48.95, 192.25, 1.61, 27.24, 11.46, 1.98, 2.69]),‘
(Level ’’1,’Thai): np.array([30.90, 200.00, 0.77, 27.84, 8.68, 2.06, 2.67]),‘
(Level ’2, ‘’Burns): np.array([71.00, 858.50, 3.30, 29.24, 10.23, 5.44, 3.50]),‘
(Level ’2, ‘’Cinnamon): np.array([57.15, 601.25, 2.52, 28.60, 9.38, 3.81, 3.78]),‘
(Level ’’2,’Sweet): np.array([67.10, 350.75, 2.16, 26.75, 10.09, 2.22, 2.65]),‘
(Level ’’’2,’’Rend): np.array([50.10, 232.50, 1.49, 27.82, 10.88, 1.47, 2.82]),‘
(Level ’’2,’Thai): np.array([33.50, 270.50, 1.17, 27.16, 12.45, 1.71, 2.39]),‘
(Level ’3, ‘’Burns): np.array([84.20, 1071.50, 3.89, 26.35, 12.11, 4.90, 3.55]),‘
(Level ’3, ‘’Cinnamon): np.array([62.40, 766.75, 3.07, 28.53, 8.12, 3.51, 4.02]),‘
(Level ’’3,’Sweet): np.array([73.45, 324.00, 1.74, 27.27, 13.48, 1.48, 2.41]),‘
(Level ’’’3,’’Rend): np.array([54.10, 219.00, 1.89, 27.34, 12.71, 1.00, 2.50]),‘
(Level ’’3,’Thai): np.array([40.75, 219.33, 1.63, 27.61, 13.04, 1.00, 2.30])
}
# Definition of vectors with the standard deviations per slice within each hyper-slice
std_vectors = {‘
(Level ’1, ‘’Burns): np.array([3.04, 213.99, 1.24, 1.50, 2.16, 2.20, 0.32]),‘
(Level ’1, ‘’Cinnamon): np.array([5.13, 210.45, 0.52, 1.94, 1.74, 2.16, 0.62]),‘
(Level ’’1,’Sweet): np.array([5.26, 101.40, 0.79, 1.30, 1.51, 1.04, 0.58]),‘
(Level ’’’1,’’Rend): np.array([2.11, 53.11, 0.35, 1.37, 2.13, 0.55, 0.50]),‘
(Level ’’1,’Thai): np.array([4.11, 78.09, 0.39, 1.82, 1.55, 0.80, 0.36]),‘
(Level ’2, ‘’Burns): np.array([4.53, 108.71, 0.28, 0.49, 0.72, 0.69, 0.41]),‘
(Level ’2, ‘’Cinnamon): np.array([7.84, 103.38, 0.94, 1.12, 5.06, 0.65, 0.13]),‘
(Level ’’2,’Sweet): np.array([4.12, 98.21, 0.39, 0.65, 1.92, 0.62, 0.27]),‘
(Level ’’’2,’’Rend): np.array([1.91, 97.08, 0.53, 2.21, 1.49, 0.61, 0.52]),‘
(Level ’’2,’Thai): np.array([7.03, 35.30, 0.54, 2.04, 1.75, 0.22, 0.42]),‘
(Level ’3, ‘’Burns): np.array([6.58, 337.41, 0.38, 1.53, 3.76, 1.54, 0.28]),‘
(Level ’3, ‘’Cinnamon): np.array([10.06, 169.59, 0.91, 3.64, 2.82, 0.78, 0.52]),‘
(Level ’’3,’Sweet): np.array([3.19, 104.80, 0.54, 2.09, 3.02, 0.48, 0.31]),‘
(Level ’’’3,’’Rend): np.array([4.56, 55.60, 0.60, 2.12, 3.34, 0.25, 0.65]),‘
(Level ’’3,’Thai): np.array([10.46, 37.61, 1.00, 1.92, 2.87, 0.17, 0.65])
}
# Definition of correlation matrices per slice within each hyper-slice
correlation_matrices = {‘
(Level ’1, ‘’Burns): np.array([
[1.000, 0.871, 0.960, 0.052, -0.363, 0.871, 0.828],
[0.871, 1.000, 0.973, 0.034, -0.080, 1.000, 0.451],
[0.960, 0.973, 1.000, 0.063, -0.180, 0.973, 0.643],
[0.052, 0.034, 0.063, 1.000, 1.000, 0.034, 0.162],
[-0.363, -0.080, -0.180, 1.000, 1.000, -0.080, -0.775],
[0.871, 1.000, 0.973, 0.034, -0.080, 1.000, 0.451],
[0.828, 0.451, 0.643, 0.162, -0.775, 0.451, 1.000]
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]),‘
(Level ’1, ‘’Cinnamon): np.array([
[1.000, 0.976, 0.900, -0.831, -0.956, 0.976, 0.248],
[0.976, 1.000, 0.871, -0.795, -0.962, 1.000, 0.348],
[0.900, 0.871, 1.000, -0.511, -0.984, 0.871, -0.156],
[-0.831, -0.795, -0.511, 1.000, 0.601, -0.795, -0.627],
[-0.956, -0.962, -0.984, 0.601, 1.000, -0.962, 0.315],
[0.976, 1.000, 0.871, -0.795, -0.962, 1.000, 0.348],
[0.248, 0.348, -0.156, -0.627, 0.315, 0.348, 1.000]
]),‘
(Level ’1, ‘’Sweet): np.array([
[1.000, 0.213, 0.491, 0.660, 0.930, 0.213, 0.427],
[0.213, 1.000, 0.081, -0.232, -0.359, 1.000, -0.484],
[0.491, 0.081, 1.000, 0.897, 0.717, 0.081, 0.822],
[0.660, -0.232, 0.897, 1.000, 0.859, -0.232, 0.951],
[0.930, -0.359, 0.717, 0.859, 1.000, -0.359, 0.685],
[0.213, 1.000, 0.081, -0.232, -0.359, 1.000, -0.484],
[0.427, -0.484, 0.822, 0.951, 0.685, -0.484, 1.000]
]),‘
(Level ’1, ‘’Rend): np.array([
[1.000, -0.493, -0.035, 0.890, 0.857, -0.493, 0.933],
[-0.493, 1.000, -0.656, -0.388, -0.915, 1.000, -0.550],
[-0.035, -0.656, 1.000, -0.362, 0.855, -0.656, -0.170],
[0.890, -0.388, -0.362, 1.000, 0.927, -0.388, 0.980],
[0.857, -0.915, 0.855, 0.927, 1.000, -0.915, 0.964],
[-0.493, 1.000, -0.656, -0.388, -0.915, 1.000, -0.550],
[0.933, -0.550, -0.170, 0.980, 0.964, -0.550, 1.000]
]),‘
(Level ’1, ‘’Thai): np.array([
[1.000, 0.533, 0.375, 0.489, -0.340, 0.533, -0.018],
[0.533, 1.000, 0.372, 0.434, -0.933, 1.000, 0.276],
[0.375, 0.372, 1.000, -0.542, -0.987, 0.372, -0.789],
[0.489, 0.434, -0.542, 1.000, -0.043, 0.434, 0.858],
[-0.340, -0.933, -0.987, -0.043, 1.000, -0.933, 0.123],
[0.533, 1.000, 0.372, 0.434, -0.933, 1.000, 0.276],
[-0.018, 0.276, -0.789, 0.858, 0.123, 0.276, 1.000]
]),‘
(Level ’2, ‘’Burns): np.array([
[1.000, 0.948, 0.672, -0.587, -0.909, 0.948, -0.423],
[0.948, 1.000, 0.795, -0.803, -0.914, 1.000, -0.258],
[0.672, 0.795, 1.000, -0.655, -0.366, 0.795, -0.494],
[-0.587, -0.803, -0.655, 1.000, 0.992, -0.803, -0.280],
[-0.909, -0.914, -0.366, 0.992, 1.000, -0.914, 0.125],
[0.948, 1.000, 0.795, -0.803, -0.914, 1.000, -0.258],
[-0.423, -0.258, -0.494, -0.280, 0.125, -0.258, 1.000]
]),‘
(Level ’2, ‘’Cinnamon): np.array([
[1.000, 0.994, 0.217, 0.851, -0.598, 0.994, -0.596],
[0.994, 1.000, 0.299, 0.879, -0.591, 1.000, -0.505],
[0.217, 0.299, 1.000, 0.155, 0.937, 0.299, 0.460],
[0.851, 0.879, 0.155, 1.000, -0.956, 0.879, -0.249],
[-0.598, -0.591, 0.937, -0.956, 1.000, -0.591, 0.601],
[0.994, 1.000, 0.299, 0.879, -0.591, 1.000, -0.505],
[-0.596, -0.505, 0.460, -0.249, 0.601, -0.505, 1.000]
]),‘
(Level ’2, ‘’Sweet): np.array([
[1.000, 0.749, 0.654, 0.216, -0.719, 0.749, -0.606],
[0.749, 1.000, -0.006, 0.436, -0.996, 1.000, -0.794],
[0.654, -0.006, 1.000, -0.263, 0.183, -0.006, -0.078],
[0.216, 0.436, -0.263, 1.000, -0.989, 0.436, 0.195],
[-0.719, -0.996, 0.183, -0.989, 1.000, -0.996, 0.828],
[0.749, 1.000, -0.006, 0.436, -0.996, 1.000, -0.794],
[-0.606, -0.794, -0.078, 0.195, 0.828, -0.794, 1.000]
]),‘
(Level ’2, ‘’Rend): np.array([
[1.000, -0.639, -0.537, -0.218, 0.757, -0.639, -0.016],
[-0.639, 1.000, 0.277, 0.315, -0.847, 1.000, 0.435],
[-0.537, 0.277, 1.000, 0.894, 0.944, 0.277, 0.662],
[-0.218, 0.315, 0.894, 1.000, 0.644, 0.315, 0.921],
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[0.757, -0.847, 0.944, 0.644, 1.000, -0.847, 0.321],
[-0.639, 1.000, 0.277, 0.315, -0.847, 1.000, 0.435],
[-0.016, 0.435, 0.662, 0.921, 0.321, 0.435, 1.000]
]),‘
(Level ’2, ‘’Thai): np.array([
[1.000, 0.094, 0.876, 0.346, 0.281, 0.094, 0.283],
[0.094, 1.000, 0.176, 0.949, 0.841, 1.000, 0.923],
[0.876, 0.176, 1.000, 0.304, -0.137, 0.176, 0.177],
[0.346, 0.949, 0.304, 1.000, 0.976, 0.949, 0.987],
[0.281, 0.841, -0.137, 0.976, 1.000, 0.841, 0.986],
[0.094, 1.000, 0.176, 0.949, 0.841, 1.000, 0.923],
[0.283, 0.923, 0.177, 0.987, 0.986, 0.923, 1.000]
]),‘
(Level ’3, ‘’Burns): np.array([
[1.000, 0.733, 0.337, -0.940, -0.168, 0.733, -0.117],
[0.733, 1.000, -0.025, -0.723, 0.974, 1.000, -0.282],
[0.337, -0.025, 1.000, -0.584, -0.703, -0.025, 0.886],
[-0.940, -0.723, -0.584, 1.000, 0.977, -0.723, -0.196],
[-0.168, 0.974, -0.703, 0.977, 1.000, 0.974, -0.478],
[0.733, 1.000, -0.025, -0.723, 0.974, 1.000, -0.282],
[-0.117, -0.282, 0.886, -0.196, -0.478, -0.282, 1.000]
]),‘
(Level ’3, ‘’Cinnamon): np.array([
[1.000, 0.431, 0.678, -0.003, -0.136, 0.431, 0.304],
[0.431, 1.000, 0.652, -0.257, -0.947, 1.000, 0.844],
[0.678, 0.652, 1.000, 0.477, -0.732, 0.652, 0.192],
[-0.003, -0.257, 0.477, 1.000, 0.814, -0.257, -0.735],
[-0.136, -0.947, -0.732, 0.814, 1.000, -0.947, -0.942],
[0.431, 1.000, 0.652, -0.257, -0.947, 1.000, 0.844],
[0.304, 0.844, 0.192, -0.735, -0.942, 0.844, 1.000]
]),‘
(Level ’3, ‘’Sweet): np.array([
[1.000, 0.789, 0.981, -0.451, 0.373, 0.789, -0.679],
[0.789, 1.000, 0.873, -0.064, -0.273, 1.000, -0.429],
[0.981, 0.873, 1.000, -0.447, 0.228, 0.873, -0.715],
[-0.451, -0.064, -0.447, 1.000, -0.920, -0.064, 0.928],
[0.373, -0.273, 0.228, -0.920, 1.000, -0.273, -0.626],
[0.789, 1.000, 0.873, -0.064, -0.273, 1.000, -0.429],
[-0.679, -0.429, -0.715, 0.928, -0.626, -0.429, 1.000]
]),‘
(Level ’3, ‘’Rend): np.array([
[1.000, 0.691, -0.023, -0.312, 0.335, 0.691, -0.805],
[0.691, 1.000, -0.077, 0.429, -0.582, 1.000, -0.300],
[-0.023, -0.077, 1.000, -0.396, -0.648, -0.077, -0.485],
[-0.312, 0.429, -0.396, 1.000, -0.782, 0.429, 0.724],
[0.335, -0.582, -0.648, -0.782, 1.000, -0.582, -0.272],
[0.691, 1.000, -0.077, 0.429, -0.582, 1.000, -0.300],
[-0.805, -0.300, -0.485, 0.724, -0.272, -0.300, 1.000]
]),‘
(Level ’3, ‘’Thai): np.array([
[1.000, 0.054, 0.168, 0.980, 0.998, 0.054, 0.132],
[0.054, 1.000, -0.212, 0.229, 0.087, 1.000, 0.976],
[0.168, -0.212, 1.000, 0.040, 0.956, -0.212, 0.001],
[0.980, 0.229, 0.040, 1.000, 0.956, 0.229, 0.282],
[0.998, 0.087, 0.956, 0.956, 1.000, 0.087, 0.296],
[0.054, 1.000, -0.212, 0.229, 0.087, 1.000, 0.976],
[0.132, 0.976, 0.001, 0.282, 0.296, 0.976, 1.000]
])}
# Definition of correlation matrices as positive semi-definite
adjusted_correlation_matrices = {}
for key, corr_matrix in correlation_matrices.items():
if not is_positive_semi_definite(corr_matrix):
print(’’fAdjusting correlation matrix for {key} to be positive semi-definite’’.)
adjusted_corr_matrix = nearest_positive_semi_definite(corr_matrix)
adjusted_correlation_matrices[key] = adjusted_corr_matrix
else:
adjusted_correlation_matrices[key] = corr_matrix
# Calculation of covariance matrices
covariance_matrices = {}
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for key, corr_matrix in adjusted_correlation_matrices.items():
std_vector = std_vectors[key]
cov_matrix = np.diag(std_vector) @ corr_matrix @ np.diag(std_vector)
covariance_matrices[key] = cov_matrix
# Creation of data approximating the Multinormal Distribution and definition

of the number of objects, slices and hyper-slices
num_plants = 1500
num_irrigation_levels = 3
num_varieties = 5
plants_per_group = 500
data_list = []
for irrigation_level in range(1, num_irrigation_levels + 1):
for variety in ‘[’Burns, ‘’Cinnamon, ‘’Sweet, ‘’Rend, ‘’Thai]:
key = (’fLevel {irrigation_level’}, variety)
mean = mean_vectors[key]
cov_matrix = covariance_matrices[key]
mv_data = multivariate_normal.rvs(mean=mean, cov=cov_matrix, size=plants_per_group)
df = pd.DataFrame(mv_data, columns‘‘=[’’Height, ‘‘’’Weight, ‘‘’’LAI, ‘‘’’LeafTemp,

‘‘’’Photosynthesis, ‘‘’’WUE, ‘‘’’WaterPotential])
df‘[’Irrigation_Level] = ’fLevel {irrigation_level’}
df‘[’Variety] = variety
data_list.append(df)
# Combination of all matrices
simulated_data = pd.concat(data_list, ignore_index=True)
# Saving simulated data as a.csv file
simulated_data.to_csv‘(simulated_4D.’csv, index=False)
print‘‘(Simulated dataset saved as ‘simulated_4D.’‘‘csv)
# Verification of the correlation matrices of the initial data with those of the simulated data
new_correlation_matrices = {}
for irrigation_level in range(1, num_irrigation_levels + 1):
for variety in ‘[’Burns, ‘’Cinnamon, ‘’Sweet, ‘’Rend, ‘’Thai]:
key = (’fLevel {irrigation_level’}, variety)
group_data = simulated_data[
(simulated_data‘[’Irrigation_Level] == ’fLevel {irrigation_level’}) &
(simulated_data‘[’Variety] == variety)
]
corr_matrix = group_data.iloc[:,:7].corr()
new_correlation_matrices[key] = corr_matrix
for key, corr_matrix in correlation_matrices.items():
print(’’fOriginal Correlation Matrix for {key’’}:)
print(corr_matrix)
print(’’fNew Correlation Matrix for {key’’}:)
print(new_correlation_matrices[key])
print‘‘(\’’n)
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Appendix C

The main PCA results (loadings, communalities, percentages of explained variance, scree plots, and score plots) for each four-
dimensional data cube are presented below.

Table C1
PCA loadings (only loadings with an absolute value greater than or equal to 0.450 are presented) and communalities of the first two
principal components (PC1 and PC2), for each variable (Height, Weight, Leaf Area Index [LAI], Leaf Temperature [Leaf Temp],

Photosynthesis, Water Use Efficiency [WUE], and Water Potential), of the balanced data cube X (“Basil-Sim 1”). Irrigation levels
correspond to the variable of hyper-slices, with three levels (40%, 70%, and 100%). Varieties correspond to the variable of slices,

with five levels (Burns, Cinnamon, Sweet, Rend, and Thai)

PCA loadings

Variability Variable PCI PC2 Communality

Height .711 .724

Weight .920 .875

LAI .836 .771
Total Leaf Temp –.660 .478

Photosynthesis .568 .460

WUE .877 .783
Water Potential .733 .670
Height .979 1.000

Weight .996 1.000

LAI .999 1.000
Leaf Temp –.973 1.000

Between hyper-slices
Photosynthesis .992 1.000

WUE –.981 1.000
Water Potential –.998 1.000
Height .685 .908

Weight .969 .961

LAI .947 .967
Leaf Temp .745 .990

Between slices Photosynthesis –.921 .946

WUE .969 .964
Water Potential .965 .986
Height .821 .900

Weight .908 .827

LAI .574 .480
Leaf Temp –.834 .707

Interaction Photosynthesis –.947 .907

WUE –.496 .475
Water Potential .649 .752
Height .682 .507

Weight .911 .855

Within hyper-slices and slices LAI .628 .486

Leaf Temp .777 .605

Photosynthesis .495 .274

WUE .920 .876
Water Potential .603 .382
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Figure C1
Scree plot of PCA for the total variability of data cubes X, D, and X’ (generated in SPSS)

Figure C2
Score plot of the first two principal components (PC1 and PC2) for the total variability of data cubes X, D, and X’ (generated in SPSS)

Figure C3
Scree plot of PCA for the between hyper-slices variability of data cubes X, D, and X’ (generated in SPSS)
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Table C2
PCA loadings (only loadings with an absolute value greater than or equal to 0.450 are presented) and communalities of the first two
principal components (PC1 and PC2), for each variable (Height, Weight, Leaf Area Index [LAI], Leaf Temperature [Leaf Temp],
Photosynthesis, Water Use Efficiency [WUE], and Water Potential), of the unbalanced data cube D (“Basil-Sim 2”). Irrigation
levels correspond to the variable of hyper-slices, with three levels (40%, 70%, and 100%). Varieties correspond to the variable of

slices, with five levels (Burns, Cinnamon, Sweet, Rend, and Thai)

PCA loadings

Variability Variable PCI PC2 Communality

Height .713 .732

Weight .921 .875

LAI .836 .770
Leaf Temp –.651 .462

Total

Photosynthesis .576 .462

WUE .876 .781
Water Potential .731 .672
Height .975 1.000

Weight .999 1.000

LAI .999 1.000
Leaf Temp –.970 1.000Between hyper-slices

Photosynthesis .997 1.000

WUE –.991 1.000
Water Potential –.963 1.000
Height .684 .901

Weight .964 .958

LAI .942 .967
Leaf Temp .741 .991

Between slices

Photosynthesis –.899 .935

WUE .971 .967
Water Potential .967 .987
Height .800 .897

Weight .909 .828

LAI .607 .478
Leaf Temp –.839 .708Interaction

Photosynthesis .956 .917

WUE –.457 .404
Water Potential –.628 .761
Height .680 .518

Weight .911 .852

LAI .610 .470
Within hyper-slices and slices

Leaf Temp .779 .610

Photosynthesis .502 .282

WUE .919 .874
Water Potential .593 .367
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Table C3
PCA loadings (only loadings with an absolute value greater than or equal to 0.450 are presented) and communalities of the first two
principal components (PC1 and PC2), for each variable (Height, Weight, Leaf Area Index [LAI], Leaf Temperature [Leaf Temp],

Photosynthesis, Water Use Efficiency [WUE], and Water Potential), of the balanced data cube X’ (“Basil-Sim 2”). Irrigation levels
correspond to the variable of hyper-slices, with three levels (40%, 70%, and 100%). Varieties correspond to the variable of slices,

with five levels (Burns, Cinnamon, Sweet, Rend, and Thai)

PCA loadings

Variability Variable PCI PC2 Communality

Height .718 .734

Weight .922 .878

LAI .839 .773
Leaf Temp –.667 .485Total

Photosynthesis .557 .453

WUE .880 .787
Water Potential .738 .678
Height .982 1.000

Weight .993 1.000

LAI 1.000 1.000
Leaf Temp –.971 1.000

Between hyper-slices

Photosynthesis .997 1.000

WUE –.996 1.000
Water Potential –.989 1.000
Height .683 .912

Weight .967 .959

LAI .947 .967
Leaf Temp .755 .990

Between slices

Photosynthesis –.912 .939

WUE .975 .969
Water Potential .972 .988
Height .772 .892

Weight .923 .852

LAI .629 .446
Leaf Temp –.853 .727

Interaction

Photosynthesis .969 .939

WUE –.468 .287
Water Potential –.700 .829
Height .700 .538

Weight .906 .840

LAI .619 .476
Within hyper-slices and slices

Leaf Temp .781 .613

Photosynthesis .496 .278

WUE .919 .869
Water Potential .606 .378
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Table C4
Percentages of variance explained by the first two principal components (PC1 and PC2) for the balanced data cube X

(“Basil-Sim 1”)

Variability Principal component % of variance % of total variance

Total PC1 50.53
PC2 17.48 68.01

Between hyper-slices PC1 97.76

PC2 2.24 100.00
Between slices PC1 79.28

PC2 16.75 96.03
interaction PC1 44.42

PC2 27.57 71.99
Within hyper-slices and slices PC1 36.92

PC2 20.00 56.92

Table C5
Percentages of variance explained by the first two principal components (PC1 and PC2) for the unbalanced data cube D

(“Basil-Sim 2”)

Variability Principal component % of variance % of total variance

Total PC1 50.35
PC2 17.57 67.92

Between hyper-slices PC1 96.96

PC2 3.04 100.00
Between slices PC1 78.38

PC2 17.42 95.80
Interaction PC1 44.59

PC2 27.09 71.68
Within hyper-slices and slices PC1 36.54

PC2 20.21 56.75

Table C6
Percentages of variance explained by the first two principal components (PC1 and PC2) for the balanced data cube X’

(“Basil-Sim 2”)

Variability Principal component % of Variance % of total variance

Total PC1 51.03
PC2 17.38 68.41

Between hyper-slices PC1 98.17

PC2 1.83 100.00
Between slices PC1 79.63

PC2 16.43 96.06
Interaction PC1 44.80

PC2 26.20 71.00
Within hyper-slices and slices PC1 36.91

PC2 20.12 57.03
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Figure C4
Score plot of the first two principal components (PC1 and PC2) for the between hyper-slices variability of data cubes X, D, and X’.

Irrigation levels correspond to the variable of hyper-slices, with three levels (40%, 70%, and 100%) (generated in SPSS)

Figure C5
Scree plot of PCA for the between slices variability of data cubes X, D, and X’ (generated in SPSS)
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Figure C6
Score plot of the first two principal components (PC1 and PC2) for the between slices variability of data cubes X, D, and X’. Varieties

correspond to the variable of slices, with five levels (Burns, Cinnamon, Sweet, Rend, and Thai) (generated in SPSS)

Figure C7
Scree plot of PCA for the interaction between hyper-slices and slices variability of data cubes X, D, and X’ (generated in SPSS)
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Figure C8
Score plot of the first two principal components (PC1 and PC2) for the interaction between hyper-slices and slices variability of data

cubes X, D, and X’. Irrigation levels correspond to the variable of hyper-slices, with three levels (40%, 70%, and 100%). Varieties
correspond to the variable of slices, with five levels (Burns, Cinnamon, Sweet, Rend, and Thai) (generated in SPSS)

Figure C9
Scree plot of PCA for the within hyper-slices and slices variability of data cubes X, D, and X’ (generated in SPSS)
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Figure C10
Score plot of the first two principal components (PC1 and PC2) for the within hyper-slices and slices variability of data cubes X, D,

and X’ (generated in SPSS)

Pdf_Fol io:29 29



Journal of Data Science and Intelligent Systems Vol. 00 Iss. 00 2026

Appendix D

The R code for applying PCA to each variability data matrix of the balanced data cubes is presented below.

# Import library for reading.xlsx files
library(readxl)
# Import libraries for data processing and management
library(dplyr)
library(tidyr)
library(purrr)
# Importing libraries for applying PCA using the ‘‘’’PCA command
library(factoextra)
library(FactoMineR)
# Import data from Excel
data = read_excel‘‘(C:/Users..././ Basil-Sim 1.’’xlsx)
# Defining symbols and preparing data
data = data %>%
rename(G = ‘Irrigation_Level‘,
K = Variety)
vars = c‘‘(’’Height, ‘‘’’Weight, ‘‘’’LAI, ‘‘’’LeafTemp, ‘‘’’Photosynthesis, ‘‘’’WUE, ‘‘’’WaterPotential)
X = data %>% select(all_of(vars)) %>% as.matrix()
I = data %>% count(G, K) %>% pull(n) %>% unique()
stopifnot(length(I) == 1)
I = I[1]
K_levels = sort(unique(data$K))
G_levels = sort(unique(data$G))
K = length(K_levels)
G = length(G_levels)
J = ncol(X)
# Finding the total means (...x)
global_mean = colMeans(X) # 1 x J
# Finding the data matrix of total variability (฀_฀)
X_T = X
X_T = X_T - matrix(rep(global_mean, each = nrow(X_T)), ncol = J, byrow = FALSE)
# Finding the means per hyper-slice (x..g)
X_bar_g = data %>%
group_by(G) %>%
summarise(across(all_of(vars), mean),.groups = ‘‘’’drop) %>%
arrange(G)
# Finding the data matrix of the between hyper-slices variability (฀_G)
X_G = as.matrix(X_bar_g[match(data$G, X_bar_g$G), -1]) # IKG x J
X_G = X_G - matrix(rep(global_mean, each = nrow(X_G)), ncol = J, byrow = FALSE)
# Finding the means per slice (x..k)
X_bar_k = data %>%
group_by(K) %>%
summarise(across(all_of(vars), mean),.groups = ‘‘’’drop) %>%
arrange(K)
# Finding the data matrix of the between slices variability (฀_K)
X_K = as.matrix(X_bar_k[match(data$K, X_bar_k$K), -1]) # IKG x J
X_K = X_K - matrix(rep(global_mean, each = nrow(X_K)), ncol = J, byrow = FALSE)
# Finding the means per slice within each hyper-slice (x.kg)
X_bar_kg = data %>%
group_by(G, K) %>%
summarise(across(all_of(vars), mean),.groups = ‘‘’’drop) %>%
arrange(G, K)
X_KG_raw = as.matrix(X_bar_kg[match(interaction(data$G, data$K),
interaction(X_bar_kg$G, X_bar_kg$K)), -c(1,2)])
# Finding the variability data matrix of interaction (฀_KG)
X_KG = X_KG_raw - as.matrix(X_bar_g[match(data$G, X_bar_g$G), -1]) - as.matrix(X_bar_k[match

(data$K, X_bar_k$K), -1]) + matrix(rep(global_mean, each = nrow(X_KG_raw)), ncol = J, byrow = FALSE)
# Finding the data matrix of the within hyper-slices and slices variability (฀_W)
X_W = X - X_KG_raw
# Finding of the SSCP matrices
SSCP_G = t(X_G) %*% X_G
SSCP_K = t(X_K) %*% X_K
SSCP_KG = t(X_KG) %*% X_KG
SSCP_W = t(X_W) %*% X_W
SSCP_T = t(X_T) %*% X_T
# Application of PCA to each variability data matrix (extraction of the first two principal
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components and the corresponding plot)
PCA(X_T, scale.unit = TRUE, ncp = 2, graph = TRUE)
PCA(X_G, scale.unit = TRUE, ncp = 2, graph = TRUE)
PCA(X_K, scale.unit = TRUE, ncp = 2, graph = TRUE)
PCA(X_KG, scale.unit = TRUE, ncp = 2, graph = TRUE)
PCA(X_W, scale.unit = TRUE, ncp = 2, graph = TRUE)
The R code for applying PCA to each variability data matrix of the unbalanced

data cube is presented below.
# Import data from Excel
data = read_excel‘‘(C:/Users..././ Basil-Sim 2.’’xlsx)
# Defining symbols and preparing data
data = data %>%
rename(G = ‘Irrigation_Level‘,
K = Variety)
vars = c‘‘(’’Height, ‘‘’’Weight, ‘‘’’LAI, ‘‘’’LeafTemp, ‘‘’’Photosynthesis,

‘‘’’WUE, ‘‘’’WaterPotential)
D = data %>% select(all_of(vars)) %>% as.matrix()
N = nrow(D)
G_levels = unique(data$G)
K_levels = unique(data$K)
G = length(G_levels)
K = length(K_levels)
J = ncol(D)
# Finding the total weighted means (...d)
global_mean_weighted = colSums(D) / N
# Finding the weighted means per hyper-slice (d..g)
D_bar_g = data %>%
group_by(G) %>%
summarise(across(all_of(vars), ~ sum(.) / n()),.groups = ‘‘’’drop) %>%
arrange(G)
# Finding the weighted means per slice (d..k)
D_bar_k = data %>%
group_by(K) %>%
summarise(across(all_of(vars), ~ sum(.) / n()),.groups = ‘‘’’drop) %>%
arrange(K)
# Finding the weighted means per slice within each hyper-slice (d.kg)
D_bar_kg = data %>%
group_by(G, K) %>%
summarise(across(all_of(vars), mean),.groups = ‘‘’’drop) %>%
arrange(G, K)
# Finding the unweighted means per hyper-slice (d..g฀)
D_bar_g_unweighted = D_bar_kg %>%
group_by(G) %>%
summarise(across(all_of(vars), mean),.groups = ‘‘’’drop)
# Finding the unweighted means per slice (d..k฀)
D_bar_k_unweighted = D_bar_kg %>%
group_by(K) %>%
summarise(across(all_of(vars), mean),.groups = ‘‘’’drop)
# Finding the total unweighted means (...d฀)
global_mean_unweighted = D_bar_kg %>%
summarise(across(all_of(vars), mean)) %>%
as.numeric()
# Finding the data matrix of total variability (D_฀)
D_T = D - matrix(global_mean_weighted, nrow = N, ncol = length(vars), byrow = TRUE)
# Finding the data matrix of the between hyper-slices variability (D_G)
D_G = matrix(0, nrow = N, ncol = length(vars))
for (g in 1:G) {
idx = which(data$G == G_levels[g])
D_G[idx,] = matrix(as.numeric(D_bar_g[g, -1]), nrow = length(idx), ncol = length(vars), byrow = TRUE) -
matrix(global_mean_weighted, nrow = length(idx), ncol = length(vars), byrow = TRUE)
}
# Finding the data matrix of the between slices variability (D_K)
D_K = matrix(0, nrow = N, ncol = length(vars))
for (k in 1:K) {
idx = which(data$K == K_levels[k])
group_means = as.numeric(D_bar_k[k, vars])
D_K[idx,] = matrix(group_means, nrow = length(idx), ncol = length(vars), byrow = TRUE) -
matrix(global_mean_weighted, nrow = length(idx), ncol = length(vars), byrow = TRUE)
}
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# Finding the variability data matrix of interaction (D_KG)
D_KG = matrix(0, nrow = N, ncol = length(vars))
for (i in 1:nrow(data)) {
g = which(G_levels == data$G[i])
k = which(K_levels == data$K[i])
kg_mean = as.numeric(D_bar_kg %>% filter(G == G_levels[g], K == K_levels[k]) %>% select(all_of(vars)))
g_mean = as.numeric(D_bar_g_unweighted %>% filter(G == G_levels[g]) %>% select(all_of(vars)))
k_mean = as.numeric(D_bar_k_unweighted %>% filter(K == K_levels[k]) %>% select(all_of(vars)))
D_KG[i,] = kg_mean - g_mean - k_mean + global_mean_unweighted
}
# Finding the data matrix of the within hyper-slices and slices variability (D_W)
D_bar_kg_matrix = matrix(0, nrow = N, ncol = length(vars))
for (i in 1:nrow(data)) {
g = which(G_levels == data$G[i])
k = which(K_levels == data$K[i])
D_bar_kg_matrix[i,] = as.numeric(D_bar_kg %>% filter(G == G_levels[g], K == K_levels[k])

%>% select(all_of(vars)))
}
D_W = D - D_bar_kg_matrix
# Defining the names of each column (variable) in each variability data matrix
colnames(D_T) = c‘‘(’’Height, ‘‘’’Weight, ‘‘’’LAI, ‘‘’’LeafTemp, ‘‘’’Photosynthesis,

‘‘’’WUE, ‘‘’’WaterPotential)
colnames(D_G) = c‘‘(’’Height, ‘‘’’Weight, ‘‘’’LAI, ‘‘’’LeafTemp, ‘‘’’Photosynthesis,

‘‘’’WUE, ‘‘’’WaterPotential)
colnames(D_K) = c‘‘(’’Height, ‘‘’’Weight, ‘‘’’LAI, ‘‘’’LeafTemp, ‘‘’’Photosynthesis,

‘‘’’WUE, ‘‘’’WaterPotential)
colnames(D_KG) = c‘‘(’’Height, ‘‘’’Weight, ‘‘’’LAI, ‘‘’’LeafTemp, ‘‘’’Photosynthesis,

‘‘’’WUE, ‘‘’’WaterPotential)
colnames(D_W) = c‘‘(’’Height, ‘‘’’Weight, ‘‘’’LAI, ‘‘’’LeafTemp, ‘‘’’Photosynthesis,

‘‘’’WUE, ‘‘’’WaterPotential)
# Finding of the SSCP matrices
SSCP_G = t(D_G) %*% D_G
SSCP_K = t(D_K) %*% D_K
SSCP_KG = t(D_KG) %*% D_KG
SSCP_W = t(D_W) %*% D_W
SSCP_T = t(D_T) %*% D_T
# Application of PCA to each variability data matrix (extraction of the first two

principal components and the corresponding plot)
PCA(D_T, scale.unit = TRUE, ncp = 2, graph = TRUE)
PCA(D_G, scale.unit = TRUE, ncp = 2, graph = TRUE)
PCA(D_K, scale.unit = TRUE, ncp = 2, graph = TRUE)
PCA(D_KG, scale.unit = TRUE, ncp = 2, graph = TRUE)
PCA(D_W, scale.unit = TRUE, ncp = 2, graph = TRUE)
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Appendix E

The PCA results of the unbalanced four-dimensional data cube (“Basil-Sim 2”), with the “Type III” approach, are presented below.

Figure E1
PCA loading diagram from: (a) the Dt SSCP matrix of the total variability; (b) the Dg SSCP matrix of the variability between

hyper-slices; (c) the Dk SSCP matrix of the variability between slices; (d) the Dkg SSCP matrix of the interaction between hyper-slices
and slices variability; and (e) the Dw SSCP matrix of the variability within hyper-slices and slices. The first two principal components

(Dim 1 and Dim 2) define the axes along with their respective proportion of explained variance. Directional vectors indicate the loading
values for each variable, including Height, Weight, Leaf Area Index (LAI), Leaf Temperature (Leaf Temp), Photosynthesis, Water

Use Efficiency (WUE), and Water Potential (generated in R)
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Table E1
PCA loadings (only loadings with an absolute value greater than or equal to 0.450 are presented) and communalities of the first two
principal components (PC1 and PC2), for each variable (Height, Weight, Leaf Area Index [LAI], Leaf Temperature [Leaf Temp],

Photosynthesis, Water Use Efficiency [WUE], and Water Potential), of the balanced data cube D (“Basil-Sim 2”). Irrigation levels
correspond to the variable of hyper-slices, with three levels (40%, 70%, and 100%). Varieties correspond to the variable of slices,

with five levels (Burns, Cinnamon, Sweet, Rend, and Thai)

PCA loadings

Variability Variable PCI PC2 Communality

Height .713 .732

Weight .921 .875

LAI .836 .770
Leaf Temp –.651 .462

Total

Photosynthesis .576 .462

WUE .876 .781
Water Potential .731 .672
Height .980 1.000

Weight .996 1.000

LAI .999 1.000
Leaf Temp –.974 1.000

Between hyper-slices

Photosynthesis .992 1.000

WUE –.982 1.000
Water Potential -.999 1.000
Height .691 .901

Weight .969 .958

LAI .947 .967
Leaf Temp .744 .991

Between slices

Photosynthesis –.924 .935

WUE .970 .967
Water Potential .966 .987
Height .805 .896

Weight .911 .831

LAI .604 .475
Leaf Temp –.841 .712

Interaction

Photosynthesis .955 .915

WUE –.468 .422
Water Potential –.644 .765
Height .680 .518

Weight .911 .852

LAI .610 .470
Within hyper-slices and slices

Leaf Temp .779 .610

Photosynthesis .502 .282

WUE .919 .874
Water Potential .593 .367
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Table E2
Percentages of variance explained by the first two principal components (PC1 and PC2) for the unbalanced data cube D

(“Basil-Sim 2”)

Variability Principal component % of variance % of total variance

Total PC1 50.36
PC2 17.57 67.93

Between hyper-slices PC1 97.76

PC2 2.23 99.99
Between slices PC1 79.26

PC2 16.71 95.97
Interaction PC1 44.61

PC2 27.04 71.65
Within hyper-slices and slices PC1 36.54

PC2 20.21 56.75

Figure E2
Scree plot of PCA for the total variability of the unbalanced data cube D (“Basil-Sim 2”) (generated in SPSS)
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Figure E3
Scree plot of PCA for the between hyper-slices variability of the unbalanced data cube D (“Basil-Sim 2”) (generated in SPSS)

Figure E4
Scree plot of PCA for the between slices variability of the unbalanced data cube D (“Basil-Sim 2”) (generated in SPSS)
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Figure E5
Scree plot of PCA for the interaction between hyper-slices and slices variability of the unbalanced data cube D (“Basil-Sim 2”)

(generated in SPSS)

Figure E6
Scree plot of PCA for the within hyper-slices and slices variability of the unbalanced data cube D (“Basil-Sim 2”) (generated in SPSS)
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