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Abstract: This paper examines mathematical methods of using the linear invariant (LI) transforms for the correction, reconstruction,
and modeling of experimental data—one-dimensional and multidimensional signals including images distorted during processing by
LI systems, which in the 1D case are the linear stationary or time-invariant systems. Methods enable data processing with a minimum
of initial information and computational resources; they are simple, require minimal resources for numerical calculations, and can be
effectively used to process data of large volumes. LI methods have virtually no restrictions on the class of processing functions, which
must be locally integrable in the domain under consideration. LI methods are effective and designed to solve some typical signal
processing problems often encountered in practice. This paper provides examples of the practical application of LI methods for signal
processing of electronic devices, time-of-flight neutron spectrometers, image processing, etc. Mathematical LI methods can improve the
quality of data processing and enhance the effective parameters of processing systems without solving complex scientific, technical, and
technological problems or creating expensive equipment.
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1. Introduction

Imperfection of processing systems leads to distortions in the
data they process. Hardware methods for reducing distortions deal
with complex scientific, technical, and technological problems, as
well as creating expensive equipment. Alternative mathematical
methods for restoring corrupted data [1-5] are not universal and
are not effective in all practical situations, so the development of
new methods is still in demand.

Direct inversion methods are ineffective when solving ill-
posed and ill-conditioned problems. Approximate methods, such
as regularization, iterative methods, wavelet analysis, and so on,
are usually used to solve these problems [6—12]. However, they are
slow, computationally intensive, and ineffective when processing
functions of very wide classes, such as discontinuous or general-
ized functions, which typically describe the transfer functions of
processing systems.

The mathematical linear invariant (LI) methods proposed
in this paper are intended for the correction, reconstruction, and
modeling of signals and images distorted during their processing
by LI systems, which are stationary or time-invariant in the one-
dimensional case [12, 13]. LI methods belong to the methods of
direct inversion. When solving a number of specific, but important
and frequently encountered in practice problems of signal process-
ing, they require a minimum of initial information, use minimal
computational resources, and are faster than spectral methods or
iterative techniques based on the solution of Toeplitz systems. For
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example, LI methods require less than O (nlogn) operations than
spectral methods typically require to reconstruct distorted digital
signals of size n, and this processing does not require auxiliary
matrices or additional data transformations. Being direct inver-
sion methods, LI methods practically do not limit the class of
reconstructed functions, which must be locally integrable in the
domain under consideration, and are suitable for processing both
continuous signals and discrete data.

LI transforms include linear operations and operations of
direct shifts, so they are closely related to the deconvolution by
the shift-and-subscribed schemes and step-by-step unfolding tech-
niques, which are the particular cases of the presented approach
in processing discrete signals.

LI transforms and main problems, which they can solve, are
considered in Section 2. The solution of the basic LI problem
of two shifted pulses superposition is considered in Section 3.
The typical tasks of signal processing, reduced to the basic LI
problem and frequently encountered in practice, are analyzed in
Section 4. Parameters of LI methods when processing digital sig-
nals are compared with other numerical methods of direct inversion
in Section 5. Practical examples of using LI methods are presented
in Section 6. The results are discussed in Section 7. Conclusions
and recommendations are also presented in the paper.

2. Linear Invariant Transforms

A functional system for processing one- and multidimen-
sional signals, including images, is LI (linear stationary or
time-invariant in the one-dimensional case) if its operation in the
domain x € D is characterized by a transfer function u (x) and its
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response w (x) (output signal) to an external action v (x) (input
signal) is described by a convolution-type equation:

W(X)—{r)(X)}=(u><V)(X)=fu(x—§)V(§)d§, ()
D

which we will call the LI system equation, or, for short, the LI
equation. Here, 7 (x) is the uncertainty of the LI equation. LI
Equation (1) follows from the convolution equation:

wo (x) = (ug X vg) (x)

for deterministic functions wy(x) = (W — Aw)(x), uy(x)
= (u — Au)(x)and vy(x) = (v — Av)(x) with noise and uncertain-
ties Aw(x), Av(x), and Au(x). Thus, the total uncertainty of LI
Equation (1) is:

N(x)=(Aw—uXAv—AuXv + Au X Av)(x)
=(Aw —uyg X Av—v X Au ) (x).

In various fields of science and technology, the transfer func-
tion u(x) is called the hardware function, the system function,
the impulse function, the distortion or superposition function, the
transformation or distortion kernel, etc.

Introducing the LI convolution operator . defined by the
generating function s(x): & f(x) = (s X f)(x), LI Equation (1)
can be represented in operator form:

Uv(x)=w(x)—{n)},
or, using Borel’s convolution theorem, in spectral form:
W(w) —{AN (w)} = U(w) V(w),

where U(w) = FT|% )] = FT[u(x)] is the spectrum (Fourier
transform) of a function u (x) or operator % .

The convolution is linear: (af+B8g) X h = a(fxh) +
B (gxh), commutative: (fxXg) = (g X f), and associative
fx(gxh) = (fxg) xh[12, 13], so the LI operators . of
sequential applications .7 = .%,....%,.#] or linear combinations
& = ). a;.7; of LI operators .; are also the LI operators.

Applying LI operator . on both sides of the LI equation
and using the mentioned convolution properties, we obtain the LI
transform (LIT) equation:

Iw(x) —{IN(x)}=(sXuxv)(x) )
— (Fux ) () = (WX 7)), )

which in the spectral domain is:

S(w) W(w) —{S (@) A ()} = U(w) S(w) V(w)
=[S(w) U(@)] V(w) = U(w) [S(w) V(w)].

The error of signal processing by using the LI transforms
directly depends on the uncertainty of the LIT equation and the
applied LI transforms .:

I (x) = (sxXn)(x),

which in the spectral domain is S(w). 4" (w).
According to the LIT Equation (2), the following problems
can be solved using LI transformations:

1) Reconstruct the LI system response .’w (x) to the input signal
v (x) using the LI system output w (x) and input v (x) signals
if the transfer function is unknown.

02

2) Simulate the response .#’w (x) of LI systems with the transfer
function .%u(x) to the same input signal using the response
w(x) of the LI system with transfer function u(x) for any
unknown input signals.

3) Simulate the response .%5.7;w (x) of the LI system the with
transfer function . u (x) to the input signal ., v (x) using the
response w (x) of LI systems with the transfer function u (x)
to the input signal v(x) for any transfer functions u(x) and
input signals v (x).

Representing multidimensional functions f(x) in discrete
form: f = Zi1i2~ Jiyis... Oijiy. .., where &;,;, is the Kro-
necker delta function, which differs from 0 and is equal to 1 only

on the i;i;...-th partition of the domain D, for LI transforms
g(x) = 7f(x) = (s X f)(x) in discrete form, we have:

g= Z gﬂﬂﬂlz...am”’ﬂz...

mymy. ..

= X X

iyin. .. j1j2. .-

(©)

Siliz. . fjljz .. 5i1+j1,i2+j2,. o

Substituting i, = my, — j; or jr = my — i; into (3) for the
element g, n,. .., We obtain:

Emymy. .. = ) Z sn’l]—j],n‘lz—jz,...ff|j2...
J1J2- - -

= z Siliz‘..fml—[l,mz—i2,...'
ifip. ..

In the one-dimensional case: [ = 3.fid;, g =
Z,-stivﬁ”ja and g, = stm—jfj = Z,‘Sifm—[-

The LI transforms in the spectral domain satisfy the
equation: G(w) = S(w)F(w), so the discrete spectra of the
signals are related as:

G

ifip... = Si]iz...Filiz. Lo

which in the one-dimensional case is G; = S;F;.

The convolution of functions corresponds to the direct prod-
uct of their spectra, so numerical calculations in the spectral
domain are usually much faster than in the spatial domain. How-
ever, in practice, signals are usually considered in limited regions,
outside of which they are unknown, and if these signals are
nonzero and nonperiodic in external regions, then their spectra,
depending on the Fourier integral over the entire space, cannot be
determined. This circumstance limits the scope of application of
spectral methods in practice and makes calculations in the spatial
domain, which we will use further, relevant and in demand.

3. Basic LI Problem

LI methods are effective and designed to solve typical signal
processing problems that can be reduced to the superposition of
two shifted pulses, which we call the basic LI problem. Let us
first consider the solution of the basic LI problem in the one-
dimensional case.

Basic LI problem (superposition of two shifted one-
dimensional signals). Reconstruct on the interval x € (—o0, L)
the LI system response w(x) from the impulse v(x), using the
response w (x) from two input pulses v (x) shifted relative to each
other by a distance (or time) 7' > 0: vy (x) = ggv(x)—q;v(x=T),
where ¢, q; # 0 are some coefficients and wq (x) = vy (x) = 0 at
x<0.
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# Representing the input signal vy (x) as a convolution:
vo(x) = (¢ X v)(x), where ¢(x) = ¢¢d(x) — ¢18(x—T), and
using the commutativity and associativity of the convolution,
we obtain wy (x) = (uX vy) (x) = (u X (g X v)) (x) = (g X w) (x).
Applying consequently LIT ., with the generating function
s(x) = 8() + a7 8(x = 281, a = q1/q0, k = 1K, to
the function g(x), we get g (x) = Sk L19(x) = qod (x) —
q0a2K5 (x —2%T) . Then, according to (2), .#w (x) = (L¢ X w)
x) = gow(x) — qoasz(x — 2KT). Thus, when 25T > L, in
K = [log, (L/T)] + 1 steps on the interval x € (—oo, L), we have
w(x) = Swy(x)/qq (see Figure 1).

In the presence of uncertainty 7 (x) in the initial equation, the
reconstruction error is different in different intervals. According to
(2), the reconstruction error 7, (x) on the interval [2K=1 7,25 7] is

equal to ;. (x) = LYk -+ .11 (x), so its norm can be estimated
490
as:

k .
gl < 12l (1 " Zaz’). @
40 i=1

When |qo| > |g1] and, consequently, |a| < 1, the error increase
1Mk = ni—1ll = @®* on the interval [2K=1T, 2% T rapidly decreases,
and when |gg| < |¢1] and |a| > 1, on the contrary, it rapidly
increases (see Table 1).

Thus, we can reconstruct the response of an unknown LI
system to a single pulse on the interval x € (—oo,L) from
its response to two pulses separated by a distance 7 in K
= [log,(L/T)] + lin steps (or even less if at some step k < K the

Figure 1
Reconstruction in overlapping of two one-dimensional signals

q(x)

wo(x) = (q * w)(x)

30 40 50
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Table 1
The error increase ||, — n,_11] = a®" on the interval [2¥71T, 2% T at the k-th iteration step
kK\a 0.5 0.9 1.1 1.5
1 0.25 0.81 1.21 2.25
3 3.9¢e-3 4.3e-1 2.14 25.6
5 2.3e-10 3.4e-2 21.1 4.3e5
7 2.9e-39 1.4e-6 1.9e5 3.5e22
9 7.5e-155 3.7e-24 1.6e21 1.4e90
error increase ||n; — Nx—;|l = «®* shown in Table 1 is small and ~ 4- Typical LI Problems

can be neglected).
For digital signals of length 7, one needs

Nzki1 (11—2"‘1171)<nK=n<[log2 (%)]+1) (5

operations for numerical signal recovery, which is even less than
the spectral methods usually require. Here, n = [L/A] + 1 and
m = [T/A] + 1, where A is a partition step.

LI methods are efficient and designed to solve specific, typ-
ical signal processing problems. When solving many of these
problems, the number of required operations can be even smaller
than when solving the basic problem of LI methods considered
here (see Sections 4 and 5 for details).

Multidimensional signals. The solution to the basic prob-
lem in the case of multidimensional signals is similar to that of
one-dimensional, but the functions are considered in the domain
x = {x;} € D Cc R”", and the plane-parallel shift without rotations
is given by a vector T = {T;} in space R".

Figure 2 illustrates a process of reconstruction of two super-
imposed two-dimensional images. The algorithm and processing
programs are described in Section 5.

In the multidimensional case, not all displacements are LI
transforms. For example, the plane-parallel shifts in Cartesian
coordinates are the LI transforms in the plane of displacement,
while in polar coordinates, the rotations are the LI transforms.
Combinations of plane-parallel shifts and rotations are not the
LI transforms in both coordinates, and in general, for such
distortions, the problem cannot be solved by LI methods.

We will call signal processing problems typical if they can be
reduced to the basic LI problem using some auxiliary LI trans-
formations. In this section, we consider some typical LI problems
frequently encountered in practice. For simplicity, we analyze one-
dimensional cases, which, as shown in the previous section, can
be easily extended to multidimensional cases.

Problem 1 (rectangular pulse). Reconstruct on the interval
X € (—o0, L) the response w(x) of the LI system to a rectangular
pulse v(x) of duration 7 (v(x) = 1 for x € [0, 7] and »(x) = 0
otherwise), if there is known the response of this system wy (x)
(wp(x) = 0 for x < 0) to the input rectangular pulse v (x) of
duration Ty > T (vg(x) = 1 for x € [0,T,] and vy(x) = 0
otherwise).

Applying the auxiliary LI transform .7, : & (x) — d(x —
T) to the LI equation wy(x) = (uXvy)(x) and taking into
account that .#yvg (x) = v(x) — v(x — Ty), we obtain #yw (x)
= (ux Hyvg) (x) = w(x) — w(x — Ty) (see Figure 3(a)), which
is the basic problem of superposition of two shifted pulses. The
uncertainty of the problem will be 7 (x) for 0 < x < T, and
nx)—n(x-=T) for x > T. If T > L, function vy (x) on
the interval x € (—oo, L) is stepwise and only one auxiliary LI
transformation .% is required for reconstruction.

The reconstruction error is minimal when the zeros of
the spectra V(w) = 2sin(w7/2)/(wT/2) and Vy(w) = 2
sin(wT(/2)/ (wTy/2) of signals v(x) and v, (x) coincide, that is,
when Ty = mT, m = 1,2.... In the case of discrete signals where
T is the sampling step, the result is the discrete transfer function
of the LI system (see Figure 3 (a)).

Problem 2 (trapezoidal impulse). From the known on the
interval x € (—oo0,L) the response of the LI system wy (x)

Figure 2
Reconstruction in overlapping of two images
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Figure 3
Auxiliary transformations in processing (a) rectangular and (b) trapezoidal signals

(a)
‘4 Vo (x)

w

AW (x) = (u * 1p) (%)

10 20
151 50170(.76') SOWO(x) W(X)
0 : : /\/ /\\1/ /’/‘v, b 4 a /’///A\\ w (uﬁ* 6) (.x/')
_oA:— 10 T 20 3|0\ \ B ' 470 \ 4
1]
® . vy(x) %Wo (x) = %(u * V) (x)
10 20 30 40 50
0-2 E / ‘ ,:"‘ "',: 1,; .:"'\ﬁf//\ | sy A 4 A & 4 W ;

(wo (x) = 0 at x < 0) to a trapezoidal input pulse v,(x) with equal
edges z (vo(x) = x/tat x € [0,¢], l at x € [t, Tyl and 1 —(x—T)/t
at x € [Ty, Ty + t] (see Figure 3(b)) reconstruct on this interval
the response w (x) of this LI system to:

a) the trapezoidal input pulse v (x) of shorter duration T <
To (T>1);

b) the rectangular pulse v(x) of duration # (v(x) =1 at x €
[0,¢] and 0 at x & [0, 7).

# a) Applying the auxiliary LI transformation %5 : & (x) —
8(x — T) to the LI equation wy(x) = (uXvy)(x) and taking
into account that #yvg (x) = v(x) — v(x — Ty), we obtain the
equation: rcl.Aywy (x) = (uX Fyvg) (x) = w(x) — w(x —Tp),
which is the basic problem of superposition of two shifted pulses.
The uncertainty of the problem is 7 (x) at 0 < x < T and 7 (x) —
n(x — T)at x > T. The reconstruction error is minimal when the
spectral zeros of signals vy (x) and v(x) coincide, that is, when
T0=m T,Wl= 1,2

b) Applying the auxiliary LI transform of differentiation
S ¢ dldx to the LI equation wy (x) = (u X vy) (x), we obtain
the equation: Hywy (x) = (u X Hyvg) (x) = w(x) — w(x —Tp)
(see Figure 3(b)), which is the basic LI problem with uncertainty
dn(x)/dx. According to the Fourier transform, the spectrum
of this uncertainty increases with frequency FT [dn(x)/dx]
= —IwFT[n(x)]. The signal processing error decreases with
increasing pulse 7y and edge ¢ durations and is minimal when
t > L, which corresponds to a function v(x) linearly increasing
on the interval x € [0, L].

Problem 3 (exponential pulses). From the LI system response
wo(x), x € (—o0,L), to the input exponential pulse v, (x)
(wog(x) =vp(x) =0at x <0):

a) vo(x) =exp(—x/B), B> 0, at x > 0, (see Figure 4(a))
b) vy (x) = exp(—x/B) —exp(—x/b), B> b > 0, when x > 0
(see Figure 4(b))

reconstruct the response w (x) to the impulse v(x) = vy(x)
at x € [0, 7] and 0 at x ¢ [0, 7.
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1) Applying the auxiliary LI transformation of shift and
subtraction ., : & (x) —exp(=T/B)d(x — T) to the func-
tion vy (x) we obtain .#yvg (x) = w(x), so according to
(2), Fowo(x) = WX FAre)(x) = (UXv)(x) = wx).
The solution error is equal 7 (x) at x < T and 7 (x) —
exp(—=T/B)n(x — T) at x > T. In the case of discrete sig-
nals with a sampling step 7, the reconstructed response
w(x) is equal to the discrete impulse response u(x) of the
LI system (see Figure 4(a)).

2) Applying auxiliary LI transformations .#: & (x) — exp
(=T/B)6(x—T) and .#|: A[ & (x) —exp(—=T/b) 6(x — 1]
A = [exp(—T/B) — exp(—T/b)]_l, to the function vy (x),
we obtain .. %yvo (x) = v(x), then according to (2), we
have 7. ywo (x) = (X AFve) (x) = (uxv)(x) =
w(x). The solution error is equal n(x) at x < 7 and
A1 (x) at x > T. In the case of discrete signals with a
sampling step 7, the reconstructed response w (x) is equal
to the discrete impulse response u(x) of the LI system (see
Figure 4(b)).

Problem 4 (arbitrary discrete distortions). From the LI sys-

tem response of the wy(x), x € (—o0, L), to the input signal
n

vo(xt) = (g X v)(x), where q(x) = X,_, qi0 (x — k1), g9 #

0,7> 0, (wy(x) = vg(x) = 0 at x < 0) (see Figure 5) recon-
struct the response of this system to the pulse v (x) on the interval
X € (-0, L).

Applying to the function ¢g(x) the LI transforms of shift and
subtraction . = ., --- .S, where ., @ 8(x) — a;.6(x — kt),
ay = qz +1/490, k = 1..n, we successively set the coefficient q]; +1
in the function ¢~ (x) = % ---.%¢(x) to zero. At n-th itera-
tion step, when nt > L on the interval x € (—o0,L) we get
¢"(x) = Lq(x) = ¢o6(x). From here, according to (2),
S wp (x) = gow(x) and w(x) = S w (x) /qy. The solution error
on the interval x € [kt, kt + t] is 7 -+- /11 (x) /qp. In the case of
discrete signals with sampling step ¢, the reconstructed response
is the discrete impulse function of the LI system (see Figure 5).

An algorithm for numerical calculations using LI transfor-
mations can be implemented based on solving Problem 4 of
arbitrary discrete pulse superposition. The advantage of this algo-
rithm is that if the coefficient qi +1 is zero at the k-th iteration
step, then you can skip this step and move on to the next one,
which significantly reduces the calculation time. In the presence of
noise and uncertainties, the condition |q£ + 1| < ¢ can be checked,
where the coefficient ¢ depends on the noise level in the data,
which not only reduces the calculation time but also reduces the

Figure 4
Auxiliary transformations in processing exponential pulses
(a) 1 1
Vo (x) /_g]{Vo(x) = 5(u * vp)(x)
2 y' \'\\,\ = /’7\\'\,\ g
159 - S ) o

06

%Wo(x) = %(u * V) (x)

SoWwo(x) S18owo(x) = w(x)
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Figure 5
The reconstruction of signals with arbitrary discrete distortions

q(x) FWo(x)

error, because the uncertainties in the skipped iteration steps do
not add up.

For the signals in Figure 5, Problem 4 is ill-conditioned
(Igol < 1q:1)- Therefore, during numerical calculations, the sig-
nal amplitude increases rapidly at intermediate iteration steps,
but within the interval under consideration, it does not overflow,
which allows the reconstruction. However, with worse condition-
ing or over a longer reconstruction interval, the processing error
can become very large. This problem can often be solved using
auxiliary LI transformations.

Problem 5 (ill-conditioning). Let the LI system response
w(x) to a trapezoidal input pulse v(x) with exponential edges be
known on some interval (see Figure 6(a)). Reconstruct the discrete
transfer function u(x).

If we represent the signals w(x) and v(x) in discrete form
and solve Problem 5 using the approach of Problem 4, the solu-
tion to the Problem 5 diverges at the end of the interval (see
Figure 6(a) and Table 1), and the relative error of the recon-
struction ||u, — u|| / ||u|| reaches 1.68 - 10°%. However, if we apply
the auxiliary LI transformation of differentiation . : d/dx to

the equation w(x) = (u X v) (x) and solve the equation .#,w (x)
= (ux Syv)(x) using the same method, we can obtain the
solution with the relative error 1.97 - 10~ % (see Figure 6(b)).

Problems similar to Problem 5 are frequently encountered
in practice, because real signals have nonzero edges and finite
rise times, so the element v, of their discrete representation
is usually smaller than the subsequent elements, leading to ill-
conditioning of the reconstruction problem (see Table 1 and
comments to Problem 4). Auxiliary differentiation operations
(including higher-order differentiation operations) used in solving
Problem 5 are not universal, and optimal auxiliary transforma-
tions may differ from these operations. For example, auxiliary
differentiation operations could also be used to solve typical prob-
lems 3a and 3b, but the transformations given in the solutions to
these problems are more efficient, as they allow problem 3a to be
solved in just one iteration, and problem 3b in two steps.

The typical tasks discussed here are frequently encountered
in practice, but they are not the only ones. There are many other
tasks that can be reduced to the basic LI problem using suitable
auxiliary LI transforms. For example, the test trials of processing

07
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Figure 6
Auxiliary transformations in solving ill-posed and ill-conditioned problems

Fw(x) =

v(x)

10 2

:—xv(x)

systems proposed in References [14] can also be considered as
auxiliary LI transformations that enhance the capabilities of signal
and image processing.

5. Comparison of Numerical Methods

The effectiveness in solving typical tasks of signal processing
by LI methods is due to the possibility of reducing these tasks
to the basic LI problem. From the estimates of the number of
operations required to numerically solve the basic LI problem
using LI methods given in Equation (5) of Section 3, one can
see that LI methods are faster not only than many direct meth-
ods but also than methods using signal processing in the spectral
domain.

This section compares the reconstruction time of solving
the basic LI problem for discrete 1D signals of various lengths
n by LI methods with some other methods of direct inversion.
Numerical calculations were made in the Maple 2017.3 Water-
loo Maple Inc. environment on an HP 255 G7 laptop with an
AMD Ryzen 3, 2.5 GHz processor, and we used for compar-
ison the optimized codes of direct inversion methods from the
standard Maple 2017.3 packages LinearSolve and LinearAlgebra.
These are Maple codes suitable for solving the linear system of
equations w = Sv with the Toeplitz matrix S, corresponding to

40

%(u * v)(x) U (x) # u(x)

1, (x) = u(x) ©

N )

%W(xj = (u * %v) (x)

the basic LI problem: the backward Gauss—Jordan (GJ) method
Vigl = (w,— - Z;:l s,-_jwj) /sg, i = 0..n ; the method of direct
matrix inversion (DMI) v = $~1w; and the lower-upper (LU)
and singular value decomposition (SVD) methods [15-20]. The
calculation time in seconds for discrete signals of various lengths
n are shown in Table 2.

The calculation time using the direct shift method is signifi-
cantly less than the calculation time using the presented methods.
For example, for a vector of length n = 6400, the recovery time
using the SVD method is 2707 times longer than using the LI
method.

LI methods are efficient and designed to solve specific, typ-
ical signal processing problems. When solving many of these
problems, the number of required operations can be even smaller
than when solving the basic LI method problem considered here.
For example, solving typical problem 3a requires only one iter-
ation step and, therefore, n operations when processing signals
of length n, while solving problem 3b requires two iteration steps
and 2n operations.

It should also be noted that another advantage of LI meth-
ods is that they require no additional arrays, matrices, or integral
transforms to perform calculations, which significantly saves com-
puting resources and allows processing the data of very large
volumes.

Table 2
The time (sec) to solve the basic LI problem at different signal lengths n
n LI GJ DMI LU SVD
200 0.015 0.032 0.140 0.297 0.250
400 0.047 0.094 0.578 0.891 1.125
800 0.062 0.266 2.375 2.750 4.375
1600 0.094 1.250 11.38 11.70 22.47
3200 0.266 6.109 53.656 55.234 133.4
6400 0.719 23.97 294.06 329.44 1946.5
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The program codes based on the numerical solution to Prob-
lem 4 of Section 4 and used in this study are publicly available in
the author’s domain of the GitHub library at https:/github.com/
novikov-borodin/Ist-data-proc.

6. Examples of Using LI Methods

Solutions to typical tasks can be used for a wide variety of
LI systems. Figure 7 shows an example of simulating the output
signals of electronic devices—of a capacitive voltage divider.

Here, according to the solution to typical problem 2a, the
device’s response to a trapezoidal signal with a duration of 30 ns is
simulated from a response to a trapezoidal signal with a duration
of 120 ns. The original signals shown in Figure 7 were calculated
using the Micro-CAP 12.2.0.4 simulator of Spectrum Software;
the circuit diagram of the device was taken from the standard
library of this program. Simulating the signal of 30 ns duration
from the signal of 120 ns duration in the range from 0 to 500 ns
requires only three iterations by LI methods. The simulation error
1.8 - 1073% is primarily caused by numerical calculations, rather
than the error of the LI method itself. If the initial signals are
obtained experimentally, then analysis of the LI system, its circuit
diagram, and parasitic parameters of its elements are not required.
In addition, continuous signals can be processed in a similar
way.

Figure 8 shows an example of using the LI methods in data
processing of complex systems—correction of the spectra of the
time-of-flight (TOF) neutron spectrometer at the Institute for
Nuclear Research of the Russian Academy of Sciences [22]. The
input signal is a pulse of neutrons with different energies, initiated

in a neutron target by a short proton beam pulse from a lin-
ear accelerator (see Figure 8(a)). Neutrons with different energies
are separated in time as they fly to the target, where they inter-
act with the nuclei of the substance being studied, which emit y
quanta corresponding to the nuclear energy spectrum. As a result,
the y detector records the energy spectrum of the nuclei, which
serves as the output signal. The relationship between the input
and output signals satisfies the convolution Equation (1), mak-
ing the spectrometer an LI system. However, since the data are
obtained experimentally, consideration of the described complex
physical processes of signal conversion within the system is not
required, and only the experimental data (Figure 8(b)) are used
in processing (Figure 8(c)).

The spectrometer’s resolution directly depends on the proton
pulse duration and the length of the TOF baseline. However, gen-
erating extremely short proton pulses is challenging due to beam
stabilization issues, which led to various pulse distortions, such as
spectral line broadening in the first series of measurements (Set
1) or the appearance of after-pulses in the second series of mea-
surements (Set 2), as shown in Figure 8(a). Using the solution
to the basic LI problem, the after-pulse distortions in the second
series of measurements were successfully eliminated in just three
iterations, yielding the actual spectra being studied.

It is possible to improve the effective parameters of such
systems using LI methods without labor-intensive and costly
equipment upgrades and design modifications. For example,
the resolution of the considered neutron spectrometer directly
depends on the proton pulse duration, and to improve it, it is nec-
essary to minimize the pulse duration. But generating pulses with
short duration ¢ is one of the main problems in spectrometers

Figure 7
Modeling the response of a voltage divider
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Figure 8

Correction of experimental data from the TOF neutron spectrometer: (a) initial data, (b) structural diagram of the spectrometer, and
(c) the data correction process
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of this type, and in practice, due to various physical limita-
tions, the beam stabilization is only ensured with a pulse duration
T > t. However, it is possible to make measurements with a
pulse duration T and then, using the solution of typical tasks la
or 2a, simulate the spectrometer response to a pulse of shorter
duration ¢. Thus, both stable operation and improved resolution
can be ensured.

Figure 9 illustrates the processing of multidimensional data
using LI methods on the example of restoring a two-dimensional
color image W1j,i] of 90 x 100 pixels blurred uniformly horizon-
tally by 7' = 20 pixels (typical problem la). The elimination of
this distortion using the LI methods requires only four iterations:
one auxiliary shift-subtraction transformation ., : W, [j,i] =
W1j,i]l — W1j,i — 1], which reduces the task to the basic LI
problem, and three transformations ., : Wy [}, i] = Wi_ilj,i]l—
Wi_ilj,i — 25717], and k = 1.3. No additional arrays are
required for reconstruction.

For comparison, Figure 9(b) shows the process of recon-
struction of the same image, but with arbitrary discrete blurring
qg(x) = ZZ=0 q16 (x — kt) (typical problem 4). In this case,
reconstruction needs 100 iterations with transformations
T Wi Uil = Wit Ui il = (g, /40) Wi—1 Ujs i — K1 ke = 1..100.
No additional arrays are also required. For simplicity of analysis,
Figure 9 considers cases of blurring with plane-parallel image
displacements along the horizontal axis, but, as was shown
earlier in Figure 2 of Section 3, reconstruction is possible with
blurring along arbitrary directions or other displacements that
can be described by LI transforms.
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LI transforms can solve many other signal processing prob-
lems. It is, for example, a problem of super-resolution [23-26].
Combining consequently z signals from a device with a resolu-
tion 7, shifted relative to each other by a step t = T/n with
coefficients g;, we can obtain the signal, which is a convolution
of the signal with resolution ¢ with a distortion function ¢ (x) =
ZZ=0 q16 (x — kt), qo # 0. Tt is most efficient to use for super-
resolution the distortion function of rectangular or exponential
type from typical problems la or 3a, for which processing can
be performed in a minimum number of iteration steps. Indeed,
it needs only one iteration if the distortion corresponds to an
exponential type.

LI methods have many other applications in quite different
fields. For example, in Reference [27], LI transforms were used for
modeling the irradiation zones of neoplasms during proton ther-
apy, and in References by Jordanov and Jordanova [28] and Liu
et al. [29], the unfolding technique correlated with the solution of
the typical problem 3 was used for the registration and separation
of digital pulse processing in high-intensity particle detectors.

7. Discussions

The main advantages of mathematical LI methods are that
they allow for the rapid and efficient solution of problems
involving reconstruction, correction, and modeling of experimen-
tal data, using minimal initial information and computational
resources. Indeed, LI methods are quite simple to implement
in numerical calculations and allow for significant savings in
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Figure 9
Reconstruction of color images with (a) uniform and (b) arbitrary blur

computing resources when processing large volumes of data, since
virtually no additional arrays other than the arrays of the signals
and images themselves are required for their processing.

These advantages are due to the selection of optimal LI trans-
formations and the reduction of their number, which has been
demonstrated in examples of typical signal and image processing
problems frequently encountered in practice. However, the typi-
cal problems considered in this paper are not the only ones. Many
other signal processing problems exist that can be reduced to the
basic LI problem using suitable auxiliary transformations. How-
ever, finding optimal auxiliary transformations is a complex task,
unique to each specific case. Such non-universality of LI methods
can be considered as their disadvantage.

8. Conclusions

The mathematical methods using LI transforms proposed in
this paper are designed for the correction, reconstruction, and
modeling of signals and images distorted during their process-
ing by linear stationary and invariant systems. LI methods enable
signal reconstruction and modeling with a minimum of initial
information about the signals and processing systems and are

applicable to the processing of both discrete and continuous sig-
nals, including multidimensional ones. LI methods belong to
methods of direct inversion and can process a very wide class
of functions, which must be locally integrable in the considered
domain. Thus, they enable to process generalized and discontin-
uous functions, spectrometer signals with narrow spectral lines,
high-contrast images with sharp boundaries, etc.

Unlike other methods of direct inversion, LI methods allow
to minimize processing errors by selecting optimal LI trans-
formations and reducing their number. Examples of using LI
methods for solving so-called typical tasks frequently encoun-
tered in practice as well as similar or reducible to them are
considered.

Among the disadvantages is that LI methods are not uni-
versal, because they are efficient and designed to solve specific,
typical signal processing problems. Some typical tasks considered
in this paper are frequently encountered in practice, but they are
not the only ones. There are many other tasks that can be reduced
to the basic LI problem using suitable auxiliary transformations.
Finding optimal auxiliary transformations can be challenging
and unique to each specific case, which is a direction for future
work.

11
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The proposed mathematical LI methods offer an affordable
alternative to hardware methods associated with solving complex
scientific and technical problems and creating expensive equip-
ment. LI methods have broad practical application potential for
improving the effective parameters of various equipment for signal
processing.

Recommendations

The main advantage of mathematical LI methods is that
they enable a minimum of initial information to solve the prob-
lems of reconstruction, correction, and modeling of experimental
data. Methods also enable to process signals and images related to
functions of a very wide class, including discontinuous functions.

Among the disadvantages is that LI methods are not uni-
versal, because they are efficient and designed to solve specific,
typical signal processing problems. Some typical tasks consid-
ered in this paper are frequently encountered in practice, but they
are not the only ones. There are many other tasks that can be
reduced to the basic LI problem using suitable auxiliary transfor-
mations. However, finding optimal auxiliary transformations can
be challenging and unique to each specific case.
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