
Received: 2 November 2025 Revised: 19 January 2026 Accepted: 24 February 2026 Published online: 24 June 2026

RESEARCH ARTICLE

Plithogenic Fuzzy Soft Expert Set and

Plithogenic Fuzzy Rough Set with

Upside-Down Logic

Journal of Data Science and Intelligent Systems
2026, Vol. XX(XX) 1–19

DOI: 10.47852/bonviewJDSIS62028065

Takaaki Fujita1,*

1Independent Researcher, Japan

Abstract: In 1965, Zadeh introduced the notion of a fuzzy set, which has supported decades of successful applications across diverse domains
involving vagueness and uncertainty. Fuzzy sets have since been extended in many directions using a variety of concepts. Representative
examples include fuzzy soft expert sets, fuzzy T -rough sets, and plithogenic sets. Fuzzy soft expert sets associate a fuzzy subset with each
parameter–expert–opinion triple, thereby assigning graded membership values to decision alternatives. Fuzzy T -rough sets approximate
fuzzy subsets through T -similarity relations, producing lower and upper bounds that formalize uncertainty. Plithogenic sets describe ele-
ments via attribute-dependent memberships together with a contradiction mapping between attribute values. Upside-Down Logic models
structured context changes under which truth and falsity are interchanged, reversing evaluations while maintaining internal consistency
across contexts. To the best of our knowledge, a unified framework that explicitly fuses the plithogenic fuzzy-set perspective with fuzzy soft
expert sets and fuzzy T -rough sets has not yet been established. To address this gap, this paper revisits the Plithogenic Fuzzy Soft Expert
Set, the Plithogenic Fuzzy Rough Set, and the classical fuzzy set, and examines how Upside-Down Logic can be incorporated into these
settings to capture real-world reversal phenomena.
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1. Introduction

1.1. Plithogenic set

Classical (crisp) set theory is not designed to represent ambi-
guity or partial truth. In 1965, Zadeh introduced the notion of a
fuzzy set, which has supported decades of successful applications
across diverse domains involving vagueness and uncertainty [1].
In 1986, Atanassov proposed intuitionistic fuzzy sets, where each
element carries both membership and non-membership degrees and
the residual “hesitation” captures representational uncertainty [2–4].
Later, Smarandache developed neutrosophic sets as a further exten-
sion; neutrosophic variants have since become influential in many
fields [5]. Other related concepts are also known, such as picture
fuzzy sets [6, 7], hesitant fuzzy sets [8, 9], quadripartitioned neutro-
sophic sets [10, 11], and spherical fuzzy sets [12, 13]. In parallel,
other frameworks such as rough sets and soft sets were introduced
and have found broad use, including in decision-making [14–16].
Fuzzy sets and neutrosophic sets have been widely studied, and
numerous papers have been published on them across many fields,
including decision science [17–20].

A plithogenic set [21, 22] represents elements through mem-
bership driven by explicit attributes together with a contradiction
mapping between attribute values. This mechanism subsumes and
extends earlier multi-valued frameworks, including fuzzy [1], vague
[23], intuitionistic [4], hesitant fuzzy [24], and neutrosophic sets
[25, 26]. In effect, a plithogenic set, akin to many-valued logics,

*Corresponding author: Takaaki Fujita, Independent Researcher, Japan.
Email: Takaaki.fujita060@gmail.com

allows the analyst to specify arbitrary uncertainty parameters and
to explicitly encode mutual opposition among attribute values
(e.g., conflicting expert opinions). Important subclasses include the
plithogenic fuzzy set [27–31], the plithogenic intuitionistic fuzzy
set [32], and the plithogenic neutrosophic set [33–37]. As with
fuzzy sets, these plithogenic variants have been applied to decision-
making and related tasks [38–41]. Moreover, as further general-
izations, the concepts of Uncertain Sets and Functorial Sets have
also been studied [42]. For reference, Table 1 presents a concise
comparison between a fuzzy set and a plithogenic fuzzy set.

1.2. Fuzzy Soft Expert Set and Fuzzy Rough Set

A Soft Expert Set models decision processes by associating,
for each triple composed of a parameter, an expert, and an opinion,
a subset of the universe [43–45]. A Fuzzy Soft Expert Set further
refines this framework by assigning to every such triple a fuzzy sub-
set, thus expressing the graded membership of each element in the
universe [46, 47]. A Fuzzy Rough Set provides approximations of
fuzzy concepts using similarity-based lower and upper operators,
thereby representing uncertainty through graded indiscernibility
relations and producing optimistic (upper) and pessimistic (lower)
membership bounds [48–50]. Related frameworks, such as the
Neutrosophic Soft Expert Set [51–53] and the Neutrosophic Rough
Set [54–56], have also been proposed and are actively studied for
applications in decision science and related fields. For reference,
Table 2 provides a concise comparison between a fuzzy set and a
fuzzy soft expert set. Also, Table 3 presents a comparison between
a fuzzy set and a fuzzy rough set.
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Table 1
Concise comparison between a fuzzy set and a plithogenic fuzzy set

Aspect Fuzzy set Plithogenic fuzzy set

Basic object A single membership function on a universe U . Attribute-conditioned memberships on U together
with a contradiction map on attribute values.

Membership specification µ : U → [0,1]. µ( · | a) : U → [0,1] for each attribute value a ∈ Pv;
equivalently pd f : U×Pv→ [0,1].

Extra structure None beyond µ . A contradiction function c : Pv×Pv→ [0,1] (typically
c(a,a) = 0 and c(a,b) = c(b,a)).

Interpretation µ(x) quantifies the degree to which x belongs to
the set.

µ(x | a) quantifies membership under attribute value
a; c(a,b) quantifies incompatibility between attribute
values.

Special-case relation Base model. If Pv = {a∗} and c(a∗,a∗)= 0, then pd f (x,a∗) reduces
to an ordinary fuzzy membership µ(x).

1.3. Upside-Down Logic

In brief, Upside-Down Logic formalizes contextual transfor-
mations under which the truth and falsity of lemmas are inverted,
thereby modeling ambiguity and reversals in reasoning systems
[57]. For instance, in political discourse, harmful policies may be
publicly framed as beneficial, effectively inverting truth values and
inducing widespread doubt about facts and trust [58].

1.4. Our contributions

Research on plithogenic sets, fuzzy sets, their plithogenic
fuzzy extensions, and Upside-Down Logic is important, yet the
combined methodological landscape remains comparatively under-
developed. Moreover, many traditional fuzzy approaches implicitly
rely on fixed criteria and stable membership grades; as a result, they
are often ill-suited to settings with multiple experts, shifting con-
texts, and reversal phenomena, which can reduce interpretability,
robustness, and practical decision support.

To address these limitations, this paper makes the following
contributions:

1) We examine the Plithogenic Fuzzy Soft Expert Set, the
Plithogenic Fuzzy Rough Set, and the classical Fuzzy Set, and
place them in a unified, attribute-driven framework that explicitly
incorporates contradiction among attribute values.

2) We analyze how Upside-Down Logic interacts with these mod-
els, and we characterize when and how contextual inversions
of truth and falsity propagate through membership assignments,
hesitation/indeterminacy, and contradiction mappings.

We further discuss the modeling advantages for problems involving
complex or domain-specific uncertainty, and argue that the proposed
viewpoint supports more faithful representation and more reliable
reasoning in decision-oriented applications. For reference, Table 4
summarizes key differences between a fuzzy soft expert set and a
Plithogenic Fuzzy Soft Expert Set, while Table 5 compares a fuzzy
rough set with a Plithogenic Fuzzy Rough Set.

By unifying plithogenic, soft-expert, and rough-set view-
points, our contributions enable contradiction-aware, context-
sensitive uncertainty modeling. This yields more interpretable
multi-perspective aggregation, principled lower/upper bounds under
similarity, and systematic handling of evaluation reversals via
Upside-Down Logic, improving robustness and fidelity in decision-
oriented reasoning.

1.5. Structure of this paper

This subsection outlines the organization of the paper.
Section 2 provides the preliminaries, where we define and explain
the relevant concepts that are already established in the literature.
Section 3 presents the main results and discusses the Plithogenic

Table 2
Concise comparison between a fuzzy set and a fuzzy soft expert set

Aspect Fuzzy set Fuzzy soft expert set (FSES)

Underlying data A universe U . A universe U together with parameters E, experts X ,
and opinions O.

Indexing None. Indexed by triples α = (e,x,o) ∈ A⊆ E×X×O.

Membership specification µ : U → [0,1]. µα : U → [0,1] for each α ∈ A; equivalently µ : A×
U → [0,1].

Interpretation µ(u) is the degree that u belongs to the fuzzy set. µ(α,u) is the degree that u is accepted under the
parameter–expert–opinion triple α .

Output object One fuzzy subset of U . A family of fuzzy subsets of U , one per active triple
α ∈ A.

Special-case relation Base model. If A = {α0} is a singleton, then an FSES reduces to a
single fuzzy set µα0 on U .
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Table 3
Concise comparison between a fuzzy set and a fuzzy rough set

Aspect Fuzzy set Fuzzy rough set (FRS)

Underlying data Universe X . Approximation space (X ,R) with a fuzzy relation R :
X×X → [0,1] (often a similarity).

Input object Membership k : X → [0,1]. Membership k : X → [0,1] (same input).

Core idea Represents graded membership directly. Approximates k via granulation induced by R.

Output One fuzzy set k. Two fuzzy sets: lower LRk and upper URk approxi-
mations.

Interpretation k(x): degree that x belongs. LRk(x): conservative support; URk(x): possible sup-
port under R.

Special case Base model. If R(x,y) = 1 iff x = y, then LRk =URk = k.

Fuzzy Soft Set, the Plithogenic Fuzzy Soft Expert Set, and the
Plithogenic Fuzzy T -Rough Set. Section 4 concludes the paper.

2. Preliminaries

This section gathers the background notions and notation
required for the main results. Unless explicitly stated otherwise,
every set that appears is assumed to be finite.

2.1. Upside-Down Logic

We formalize Upside-Down Logic: under suitable contextual
transformations, truth and falsity of lemmas are interchanged, pro-
viding a framework to capture reversals and contextual ambiguity
in reasoning systems [57–61].

Definition 1 (Logical System) [62] A logical system is a structure

M = (P,V ,v),

where P is the set of lemmas (formulas) in a formal language L ,
V is a set of truth values (e.g., {True,False} in the classical case),
and v : P→ V is a valuation assigning to each lemma a truth value.
Optionally, M may specify a set of axioms A ⊆P and a collection
of inference rules I .

Notation 1 Given a set of lemmas P and a family of contexts C ,
we write

T : P×C −→ {True, False, Indeterminate}

for the context-sensitive truth assignment that evaluates each
lemma–context pair. We also fix a formal language L and a logical
system M = (P,V ,v) as above.

Definition 2 (Upside-Down Logic [57, 58]) An Upside-Down
Logic is obtained from a logical system M by equipping it with a
transformation U acting on lemmas and/or on contexts, thereby pro-
ducing a system M ′ such that for every lemma A ∈P and context
C :

1) (Truth→ Falsity) If v(A) = True in C , then v
(
U(A)

)
= False in

U(C ).

2) (Falsity→ Truth) If v(A) = False in C , then v
(
U(A)

)
= True in

U(C ).

Moreover, U is required to be well posed and internally consistent
within M ′.

Example 1 (Parking Regulations During a Special Event) Consider
a lemma A: “Street S parking is permitted now.” Let a context be the
tuple C = (legal_hours = 1, event = e) with e∈ {0,1}, where e = 0
denotes a normal day and e = 1 a special event day with temporary
restrictions. Define the valuation

v(A,C ) := 1− e ∈ {True = 1, False = 0}.

Introduce a context transformation U that toggles the event flag:

U(C ) := (legal_hours = 1, event = 1− e).

Then
v
(
A,U(C )

)
= 1− (1− e) = e = 1− v(A,C ),

so truth and falsity are swapped. Equivalently, the negated lemma
¬A flips oppositely:

v(¬A,C ) = e, v
(
¬A,U(C )

)
= 1− e.

The map U is well posed (indeed an involution: U(U(C )) = C ),
hence this conforms to the definition of Upside-Down Logic.

Table 4
Concise comparison between a Fuzzy Soft Expert Set (FSES) and a Plithogenic Fuzzy Soft Expert Set (PFSES)

Aspect FSES PFSES

Underlying data U,E,X ,O, A⊆ E×X×O. FSES data + Pv and pCF : Pv×Pv→ [0,1].

Membership µ : A×U → [0,1]. µ : A×U×Pv→ [0,1].

Interpretation µ(α,u): acceptance of u under α . µ(α,u | a): acceptance under α given a ∈ Pv.

Extra structure None. Contradiction among attribute values via pCF .

Special case Base model. If |Pv|= 1 and pCF = 0, PFSES reduces to FSES.
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Table 5
Concise comparison between a Fuzzy Rough Set (FRS) and a Plithogenic Fuzzy Soft Expert Set (PFRS)

Aspect FRS PFRS

Underlying space (X ,R), R : X×X → [0,1]. {Ra}a∈Pv + (Pv, pCF).

Input Fuzzy set k : X → [0,1]. pd f : X×Pv→ [0,1] (slices ka).

Approximations LRk,URk. Aggregate {LRa ka,URa ka}a∈Pv (often weighted by 1− c(a,b)).

Contradiction Not modeled. pCF modulates aggregation.

Output Lower/upper fuzzy sets on X . Aggregated lower/upper fuzzy sets on X (anchor-dependent).

Special case Base model. If |Pv|= 1 and pCF = 0, PFRS reduces to FRS.

Example 2 (Elevator Use Under Fire Alarm) Let B be the lemma:
“Using elevators is allowed.” Model a building context by C =
(alarm = a) with a ∈ {0,1}, where a = 0 means no emergency and
a = 1 indicates a fire alarm. Define the valuation

v(B,C ) := 1−a,

capturing the usual safety rule that elevators are disabled during a
fire alarm. Define U to toggle the alarm status:

U(C ) := (alarm = 1−a).

Then

v
(
B,U(C )

)
= 1− (1−a) = a = 1− v(B,C ),

so the truth value is inverted by the contextual transform.
Consequently, the opposite statement “Elevator use is not allowed”
becomes true exactly when B becomes false, and vice versa. Again
U is an involution, ensuring internal consistency in the transformed
system.

2.2. Plithogenic set

A plithogenic set [21, 63] represents elements via membership
driven by explicit attributes together with a contradiction mapping
between attribute values.

Definition 3 (Plithogenic Set [21, 63]) Let S be a universe and P⊆ S
a nonempty subset. A plithogenic set is a 5–tuple

PS = (P, v, Pv, pd f , pCF),

with the following ingredients:

1) v – a chosen attribute;

2) Pv – the value domain of v;

3) pd f : P×Pv→ [0,1]s – the degree of appurtenance (DAF);1

4) pCF : Pv×Pv→ [0,1]t – the degree of contradiction (DCF).

For every a,b ∈ Pv, the DCF satisfies

reflexivity: pCF(a,a) = 0, symmetry: pCF(a,b) = pCF(b,a).

Here s, t ∈ N are, respectively, the appurtenance and contradiction
dimensions.

1In the literature, DAF is modeled in several equivalent ways (e.g.,
powerset–valued or vector–valued). We adopt the standard [0,1]s form.

Definition 4 (Plithogenic Fuzzy Set (s = 1, t = 1)) [64]. A
plithogenic fuzzy set is a plithogenic set PS = (P,v,Pv, pd f , pCF)
in which

pd f : P×Pv→ [0,1], pCF : Pv×Pv→ [0,1].

For x ∈ P and a ∈ Pv, write

µP(x | a) := pd f (x,a) ∈ [0,1],

the (single-component) fuzzy membership of x under attribute value
a. The contradiction between two attribute values is the scalar

c(a,b) := pCF(a,b) ∈ [0,1], c(a,a) = 0, c(a,b) = c(b,a).

Example 3 (Travel Destination Suitability with Contextual
Contradictions) Let the universe be the set of destinations

P = {Hokkaido (H), Okinawa (O), Kyoto (K)}.

Choose the single attribute v = “travel criterion” whose value
domain is

Pv = {WinterSports (W ), BeachSun (B), Culture (C)}.

The plithogenic fuzzy membership pd f : P×Pv→ [0,1] (abbrev.
µP(x | a)) encodes how well a place matches a criterion; the degree
of contradiction pCF : Pv×Pv→ [0,1] (abbrev. c(·, ·)) quantifies
pairwise tension between criteria. Take

µP(x | a) W B C
H 0.95 0.10 0.60
O 0.05 0.95 0.40
K 0.20 0.30 0.95

c(a,b) W B C
W 0 0.90 0.50
B 0.90 0 0.40
C 0.50 0.40 0

The DCF is reflexive and symmetric (c(a,a) = 0, c(a,b) = c(b,a)).
Here WinterSports and BeachSun strongly conflict (0.90), while
Culture has moderate tension with each. This structure captures that
Hokkaido is excellent for winter activities but poor for beaches,
Okinawa is the opposite, and Kyoto excels in culture.

2.3. Upside-Down Logic in plithogenic fuzzy set
with contradiction reset

We formalize an upside-down transformation for plithogenic
fuzzy sets in which membership grades are complemented when-
ever the contradiction with a chosen anchor exceeds a prescribed
threshold; immediately afterward, the involved contradiction is
forced to zero to stabilize the context [58].
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Definition 5 (Upside-down transform with contradiction reset for
a Plithogenic Fuzzy Set) [58] Let PS = (P,v,Pv, pd f , pCF) be a
plithogenic fuzzy set. Write

µP(x | a) := pd f (x,a) ∈ [0,1], c(a,b) := pCF(a,b) ∈ [0,1],

with c(a,a) = 0 and c(a,b) = c(b,a) for all a,b ∈ Pv. Fix an anchor
attribute b∈Pv and a threshold τ ∈ [0,1]. Define the activation locus

Aτ (b) := {a ∈ Pv : c(a,b) ≥ τ }.

The upside-down transform with contradiction reset produces a new
plithogenic fuzzy set

PSUb,τ := (P, v, Pv, pd fUb,τ , pCFUb,τ )

whose components are given, for every x ∈ P and a ∈ Pv, by

pd fUb,τ (x,a) :=

{
1−µP(x | a), if a ∈ Aτ (b),

µP(x | a), if a /∈ Aτ (b),

and the updated contradiction map pCFUb,τ : Pv × Pv → [0,1]
defined for all u,v ∈ Pv as

pCFUb,τ (u,v) :=

{
0, if {u,v}= {a,b} for some a ∈ Aτ (b),

pCF(u,v), otherwise.

Informally, whenever an attribute value a is flipped due to high
contradiction with the anchor b, the post–transform structure sets
the contradiction between a and b to 0, preventing immediate
reactivation at the same threshold.

Example 4 (Travel Destinations: Flip on Highly
Contradictory “Beach” vs. Anchor “WinterSports”) Let
P = {Hokkaido (H), Okinawa (O), Kyoto (K)} and let the single
attribute be v = “travel criterion” with value set Pv = {W,B,C}
for WinterSports, BeachSun, Culture. The plithogenic fuzzy mem-
bership pd f : P× Pv→ [0,1] (write µP(x | a)) and contradiction
c(a,b) are

µP(x | a) W B C
H 0.95 0.10 0.60
O 0.05 0.95 0.40
K 0.20 0.30 0.95

c(a,b) W B C
W 0 0.90 0.50
B 0.90 0 0.40
C 0.50 0.40 0

Choose anchor b =W and threshold τ = 0.8. Then

Aτ (W ) = {a ∈ Pv : c(a,W )≥ 0.8}= {B},

because c(B,W ) = 0.90 ≥ 0.8 while c(C,W ) = 0.50 < 0.8. By
Definition 5, we flip only the B-column (take complements) and
leave W and C unchanged:

pd fUW,0.8(x,a) W B C
H 0.95 1−0.10 = 0.90 0.60
O 0.05 1−0.95 = 0.05 0.40
K 0.20 1−0.30 = 0.70 0.95

The reset modifies the contradiction only on the unordered pair
{B,W}:

pCFUW,0.8(W,B) = pCFUW,0.8(B,W ) = 0,

all other pCFUW,0.8(a,b) = pCF(a,b).

Explicitly,

pCFUW,0.8(a,b) W B C
W 0 0 0.50
B 0 0 0.40
C 0.50 0.40 0

After the reset, the pair (B,W ) cannot be reactivated at the same
threshold τ = 0.8 since their contradiction has become 0.

Example 5 (Smartphones: Flip on “BatteryLife” Under
Anchor “Compactness”) Let P = {Model A(A), Model B(B),
Model C(C)} and let the attribute be v = “design criterion” with
Pv = {Q,L,S} for CameraQuality, BatteryLife, Compactness. Take

µP(x | a) Q L S

A 0.90 0.60 0.30
B 0.70 0.90 0.40
C 0.60 0.50 0.90

c(a,b) Q L S

Q 0 0.30 0.60
L 0.30 0 0.70
S 0.60 0.70 0

Choose anchor b = S and threshold τ = 0.65. Then

Aτ (S) = {a ∈ Pv : c(a,S)≥ 0.65}= {L},

since c(L,S) = 0.70≥ 0.65 while c(Q,S) = 0.60 < 0.65. Hence, we
flip only the L-column and keep Q,S unchanged:

pd fUS,0.65(x,a) Q L S
A 0.90 1−0.60 = 0.40 0.30
B 0.70 1−0.90 = 0.10 0.40
C 0.60 1−0.50 = 0.50 0.90

The contradiction reset zeroes exactly the pair {L,S}:

pCFUS,0.65(L,S) = pCFUS,0.65(S,L) = 0, others unchanged.

Thus
pCFUS,0.65(a,b) Q L S

Q 0 0.30 0.60
L 0.30 0 0
S 0.60 0 0

Consequently, (L,S) will not trigger another flip at the same τ =
0.65, ensuring contextual stability after the transformation.

3. Main Results

In this section, we present and explain the results of this paper.

3.1. Plithogenic Fuzzy Soft Set

A soft set represents parameterized families of subsets over a
universe, providing a flexible mathematical framework for modeling
uncertainty in decision-making [65–67]. Related concepts include
the HyperSoft Set [68–70] and the SuperHyperSoft Set [71–73]. A
fuzzy soft set assigns each parameter a fuzzy subset of a universe,
encoding approximate attribute-based membership degrees for ele-
ments [2, 74, 75]. A plithogenic fuzzy soft set maps parameter,
element, and attribute value to a degree, aggregating contradiction
functions to handle disagreements [64, 76].

Definition 6 (Fuzzy Soft Set) [2, 74, 75] Let U be a nonempty
universe and E a set of parameters. Write F (U) := {µ : U→ [0,1]}

5
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for the family of all fuzzy subsets of U . For a fixed subset A⊆ E, a
fuzzy soft set over U (with respect to A) is a pair

(ΓA,A), ΓA : A−→F (U), x 7−→ µx(·),

so that it can be represented as the collection

ΓA = {(x,µx) | x ∈ A, µx : U → [0,1]}.

For u∈U and x∈A, the value µx(u) is the degree to which u approx-
imately satisfies the parameter x. Equivalently, one may specify a
map Γ̃ : E →F (U) with Γ̃(x) = 0 (the zero membership function)
for all x /∈ A.

Definition 7 (Plithogenic Fuzzy Soft Set (PFSS)) Let U be a
nonempty universe and E a (finite) set of parameters. Fix an attribute
v with a finite value set Pv and a degree of contradiction

pCF : Pv×Pv−→ [0,1], c(a,b) := pCF(a,b),

satisfying c(a,a) = 0 and c(a,b) = c(b,a) for all a,b ∈ Pv. Let A⊆
E be the (active) parameter subset.

A Plithogenic Fuzzy Soft Set over U (with respect to A and
(Pv, pCF)) is a pair

(ΓA,A), ΓA : A−→ [0,1]U×Pv, e 7−→ µe(· | ·),

equivalently specified by a membership map

µ : A×U×Pv−→ [0,1], µ(e,u | a) := µe(u | a),

interpreted as the degree to which u ∈U belongs under parameter
e∈A given the attribute value a∈Pv. The pair (Pv, pCF) is common
to all parameters and quantifies potential agreement/contradiction
between attribute values.

Example 6 (Restaurant Selection with Personas as Attribute Values)
Let the universe of objects be three restaurants

U = {Szechuan (Sz), SaladBar (Sa), FamilyDiner (Fa)}.

Let the parameter set be

E = {e1 = “spicy options”, e2 = “vegetarian friendliness”}, A=E.

Fix a single attribute v = “customer persona” with value set

Pv= {SpiceSeeker (Sp), HealthConscious (He), BudgetMinded (Bu)}.

The degree of contradiction pCF : Pv×Pv→ [0,1] (write c(a,b))
is taken symmetric with c(a,a) = 0, e.g.

c(a,b) Sp He Bu
Sp 0 0.70 0.40
He 0.70 0 0.20
Bu 0.40 0.20 0

(higher values encode stronger tension between personas). A
Plithogenic Fuzzy Soft Set (PFSS) is given by the membership map
µ : A×U ×Pv→ [0,1], where µ(e,u | a) is the degree to which u
satisfies parameter e as assessed under persona a. We specify µ for
each parameter as a matrix with rows u ∈U and columns a ∈ Pv:

Parameter e1 : “spicy options”

µ(e1,u | a) Sp He Bu
Sz 0.95 0.45 0.75
Sa 0.10 0.20 0.40
Fa 0.60 0.40 0.70

Parameter e2 : “vegetarian friendliness”

µ(e2,u | a) Sp He Bu
Sz 0.30 0.85 0.50
Sa 0.60 0.95 0.70
Fa 0.40 0.70 0.80

This PFSS jointly models (i) restaurant qualities via parameters e ∈
A, (ii) persona–dependent appraisals via a ∈ Pv, and (iii) persona
conflicts through c(a,b) (e.g., SpiceSeeker vs. HealthConscious has
0.70 contradiction).

Example 7 (Hiring Evaluation with Managerial Emphases as
Attribute Values) Let the universe be three candidates

U = {Alice (Al), Bob (Bo), Cara (Ca)}.

Let the active parameters be

E = {e1 = “technical fit”, e2 = “communication”}, A = E.

Choose the attribute v = “managerial emphasis” with value set

Pv = {Speed (Sp), Reliability (Rl), Innovation (In)}.

The contradiction map pCF (symmetric, c(a,a) = 0) captures
typical organizational tensions:

c(a,b) Sp Rl In
Sp 0 0.80 0.60
Rl 0.80 0 0.40
In 0.60 0.40 0

Define the PFSS memberships µ(e,u | a) for each parameter as
follows. For e1 (technical fit):

µ(e1,u | a) Sp Rl In
Al 0.90 0.75 0.85
Bo 0.70 0.90 0.75
Ca 0.65 0.60 0.95

For e2 (communication):

µ(e2,u | a) Sp Rl In
Al 0.70 0.80 0.75
Bo 0.60 0.85 0.70
Ca 0.80 0.65 0.90

The attribute values encode managerial context; e.g., Speed and
Reliability strongly contradict (0.80), reflecting competing priori-
ties. The PFSS records candidate scores that are explicitly condi-
tioned on the emphasis a, thereby separating parameter semantics
(fit vs. communication) from contextual interpretation (organiza-
tional emphasis).

Theorem 1 (PFSS generalizes the Plithogenic Fuzzy Set) Let
(ΓA,A) be a PFSS on (U,E;Pv, pCF). If A = {e0} is a singleton,
then the map

pd f : U×Pv−→ [0,1], pd f (u,a) := µ(e0,u | a),

together with the same (Pv, pCF), defines a plithogenic fuzzy set
on U. Conversely, any plithogenic fuzzy set (pd f ;Pv, pCF) on U is
recovered as a PFSS by taking E = {e0}, A = {e0}, and µ(e0,u |
a) := pd f (u,a).

6
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Proof. With A = {e0} fixed, a PFSS supplies exactly one mem-
bership surface µ(e0, · | ·) : U ×Pv→ [0,1]; rename it pd f . Since
(Pv, pCF) is already part of the PFSS structure, (pd f ;Pv, pCF)
is a plithogenic fuzzy set by definition. For the converse, given
pd f : U ×Pv→ [0,1] and (Pv, pCF), define E = A = {e0} and set
µ(e0,u | a) := pd f (u,a). This yields a PFSS, and the two cons-
tructions are mutually inverse up to the trivial relabeling of e0.

Theorem 2 (PFSS generalizes the Fuzzy Soft Set) Let (ΓA,A)
be a PFSS on (U,E;Pv, pCF). If Pv = {a∗} is a singleton and
pCF(a∗,a∗) = 0, then

Γ
FSS
A : A→ [0,1]U , Γ

FSS
A (e)(u) := µ(e,u | a∗),

defines a fuzzy soft set over U with respect to A. Conversely, any
fuzzy soft set (ΓFSS

A ,A) is obtained as a PFSS by taking Pv = {a∗},
pCF ≡ 0, and µ(e,u | a∗) := ΓFSS

A (e)(u).

Proof. When |Pv|= 1, the attribute dimension carries no variability:
for each e ∈ A and u ∈U the single value µ(e,u | a∗) is a standard
fuzzy membership degree. Thus the assignment e 7→

(
u 7→ µ(e,u |

a∗)
)

is a map A→ [0,1]U , i.e., a fuzzy soft set. Conversely, given
ΓFSS

A : A→ [0,1]U , define Pv = {a∗}, set pCF(a∗,a∗) := 0, and put
µ(e,u | a∗) := ΓFSS

A (e)(u). This is a PFSS whose projection along
the (trivial) attribute dimension returns the original fuzzy soft set.

Definition 8 (Upside-Down Logic with contradiction reset on
PFSS) Fix an anchor attribute b ∈ Pv and a threshold τ ∈ [0,1].
Define the activation set

Aτ (b) := {a ∈ Pv : pCF(a,b)≥ τ }.

Given a PFSS (µ;Pv, pCF), its upside-down transform with contra-
diction reset is the PFSS

(µUb,τ ; Pv, pCFUb,τ )

defined, for every e ∈ A, u ∈U , a ∈ Pv, by

µ
Ub,τ (e,u | a) :={

1−µ(e,u | a), a ∈ Aτ (b),

µ(e,u | a), a /∈ Aτ (b),

and the updated contradiction map

pCFUb,τ (u,v) :={
0, {u,v}= {a,b} for some a ∈ Aτ (b),

pCF(u,v), otherwise.

Example 8 (Course Recommendation: Flip under Anchor
“Work–Life Balance”) Let the universe of items (courses) be

U = {Algorithms (Al), HCI (Hc),

Data Science (Ds)}.

Let the parameter set be

E = {e1 = “difficulty fit”,

e2 = “schedule flexibility”}

and take A = E. Fix a single attribute v = “learner type” with value
set

Pv = {Analytic (An), HandsOn (Ho), WorkLife (Wl)}.

The contradiction map pCF : Pv×Pv→ [0,1] (write c) is symmetric
with c(a,a) = 0; choose

c(a,b) An Ho Wl
An 0 0.60 0.35
Ho 0.60 0 0.80
Wl 0.35 0.80 0

so that Ho and Wl are highly contradictory.
A Plithogenic Fuzzy Soft Set (PFSS) is specified by µ : A×

U ×Pv→ [0,1]. For e1 (difficulty fit) and e2 (schedule flexibility)
we set:

Parameter e1 :

µ(e1,u | a) An Ho Wl
Al 0.95 0.70 0.45
Hc 0.40 0.90 0.80
Ds 0.85 0.75 0.60

Parameter e2 :

µ(e2,u | a) An Ho Wl
Al 0.50 0.40 0.30
Hc 0.70 0.85 0.95
Ds 0.60 0.55 0.85

Upside-down with reset. Choose anchor b =Wl and threshold
τ = 0.75. Then the activation set is

Aτ (Wl) = {a ∈ Pv : c(a,Wl)≥ 0.75}= {Ho},

because c(Ho,Wl) = 0.80 while c(An,Wl) = 0.35. By Definition 8,
we flip (complement) only the Ho-column for each parameter and
reset pCF on the unordered pair {Ho,Wl}:

Parameter e1 after flip :

µUWl,0.75(e1,u | a) An Ho Wl
Al 0.95 1−0.70 = 0.30 0.45
Hc 0.40 1−0.90 = 0.10 0.80
Ds 0.85 1−0.75 = 0.25 0.60

Parameter e2 after flip :

µUWl,0.75(e2,u | a) An Ho Wl
Al 0.50 1−0.40 = 0.60 0.30
Hc 0.70 1−0.85 = 0.15 0.95
Ds 0.60 1−0.55 = 0.45 0.85

The updated contradiction becomes

pCFUWl,0.75(Ho,Wl) = pCFUWl,0.75(Wl,Ho) = 0,

with all other entries identical to pCF . Hence the highly conflicting
pair (Ho,Wl) will not trigger another flip at the same threshold,
ensuring contextual stability after transformation.

Example 9 (Laptop Choice: Flip under Anchor “Portability”) Let
the universe be three laptops

U = {L1, L2, L3}.

Take parameters E = {e1 = “performance”, e2 = “battery/
mobility”} with A = E. Let the attribute be v = “user profile” with

Pv = {Gaming (Ga), Portability (Po), Budget (Bu)}.
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Use the symmetric contradiction map (zeros on the diagonal)

c(a,b) Ga Po Bu
Ga 0 0.78 0.62
Po 0.78 0 0.35
Bu 0.62 0.35 0

so that Ga conflicts strongly with Po.
Define the PFSS memberships as follows. For e1 (perfor-

mance):
µ(e1,u | a) Ga Po Bu

L1 0.95 0.55 0.70
L2 0.80 0.70 0.65
L3 0.60 0.85 0.60

For e2 (battery/mobility):

µ(e2,u | a) Ga Po Bu
L1 0.45 0.90 0.70
L2 0.65 0.95 0.80
L3 0.75 0.98 0.85

Upside-down with reset. Choose anchor b = Po and threshold
τ = 0.70. Then Aτ (Po) = {Ga}, since c(Ga,Po) = 0.78≥ 0.70 but
c(Bu,Po) = 0.35 < 0.70. We therefore complement only the Ga-
column and reset the pair {Ga,Po}:

Parameter e1 after flip :

µUPo,0.70(e1,u | a) Ga Po Bu
L1 1−0.95 = 0.05 0.55 0.70
L2 1−0.80 = 0.20 0.70 0.65
L3 1−0.60 = 0.40 0.85 0.60

Parameter e2 after flip :

µUPo,0.70(e2,u | a) Ga Po Bu
L1 1−0.45 = 0.55 0.90 0.70
L2 1−0.65 = 0.35 0.95 0.80
L3 1−0.75 = 0.25 0.98 0.85

The contradiction update sets

pCFUPo,0.70(Ga,Po) = pCFUPo,0.70(Po,Ga) = 0,

while leaving all other entries unchanged. Thus, with the anchor
fixed at Portability, the severe tension with Gaming is neutralized
after one flip, and the same threshold will not reactivate the pair.

Lemma 1 (Well-definedness and basic properties) Let (µ;Pv, pCF)
be a PFSS and (µUb,τ ;Pv, pCFUb,τ ) be given by Definition 8. Then:

1) For all (e,u,a), µUb,τ (e,u | a) ∈ [0,1].

2) pCFUb,τ : Pv × Pv → [0,1] satisfies pCFUb,τ (a,a) = 0 and
pCFUb,τ (a,b) = pCFUb,τ (b,a) for all a,b ∈ Pv.

3) If τ > 0, then for every a ∈ Aτ (b) one has pCFUb,τ (a,b) = 0 < τ ,
hence Aτ (b) becomes empty for the transformed contradiction
map, i.e. AU

τ (b) =∅ w.r.t. pCFUb,τ .

Proof. (1) Since µ(·)∈ [0,1], also 1−µ(·)∈ [0,1]; the case distinc-
tion preserves the range. (2) By construction pCFUb,τ is either 0 or
pCF , hence remains in [0,1]. Reflexivity holds because if u = v then
the first case cannot happen (the unordered pair {u,u} cannot equal
{a,b} with a 6= b), so pCFUb,τ (u,u) = pCF(u,u) = 0. Symmetry is
immediate from the definition by cases and the symmetry of pCF .
(3) Directly from the definition, pCFUb,τ (a,b) = 0 for all a ∈ Aτ (b),
making them ineligible for re-activation under the same τ > 0.

Theorem 3 (PFSS upside-down with reset generalizes the PFS
version) Let (µ;Pv, pCF) be a PFSS and fix any e0 ∈ A. Define
pd f : U × Pv → [0,1] by pd f (u,a) := µ(e0,u | a). Let b ∈ Pv,
τ ∈ [0,1], and let (µUb,τ ; pCFUb,τ ) and (pd fUb,τ ; pCFUb,τ ) be given
by Definitions 8 and 5, respectively. Then, for all u ∈U and a ∈ Pv,

pd fUb,τ (u,a) = µ
Ub,τ (e0,u | a),

and both use the same updated contradiction map pCFUb,τ . In
particular, when |A| = 1, the PFSS transform reduces to the PFS
transform.

Proof. Fix u ∈U and a ∈ Pv. There are two cases.
Case 1: a ∈ Aτ (b). By Definition 5,

pd fUb,τ (u,a) = 1− pd f (u,a) = 1−µ(e0,u | a).

By Definition 8,

µ
Ub,τ (e0,u | a) = 1−µ(e0,u | a).

Hence pd fUb,τ (u,a) = µUb,τ (e0,u | a).
Case 2: a /∈ Aτ (b). Then

pd fUb,τ (u,a) = pd f (u,a) = µ(e0,u | a) = µ
Ub,τ (e0,u | a),

again by the case distinction in both definitions. In both cases
the equality holds. The update rule for pCFUb,τ is identical in
Definitions 8 and 5, hence they coincide. If |A| = 1 with A = {e0},
the identification pd f (·, ·) = µ(e0, · | ·) shows the PFSS transform
is exactly the PFS transform.

Remark (Effect of reset and (non)involutivity) If τ > 0, Lemma 1
3) implies that once pairs (a,b) with a ∈ Aτ (b) are flipped, their
contradiction is reset to 0; under the same (b,τ) a second application
produces no further flips. Therefore the transform is generally not
an involution when the reset is applied.

3.2. Plithogenic Fuzzy Soft Expert Set

A soft expert set models parameter–expert–opinion triples
assigning subsets of universe, enabling structured decision-making
across diverse perspectives [43, 45]. A fuzzy soft expert set assigns
each parameter–expert–opinion triple a fuzzy subset, quantifying
membership degrees for decision elements [46]. A plithogenic fuzzy
soft expert set extends fuzzy soft expert sets with contradiction
functions managing attribute conflicts in decision contexts.

Definition 9 (Fuzzy Soft Expert Set) [46, 77] Let U be a nonempty
universe, E a set of parameters, X a set of experts, and O a set of
opinions (e.g., O = {1,0}). Put Z := E ×X ×O and let A ⊆ Z. A
fuzzy soft expert set over U is a pair (F,A) where

F : A−→ {µ : U → [0,1]}, α 7−→ µα (·),

so that each α = (e,x,o) ∈ A is associated with a fuzzy subset µα :
U → [0,1]. Equivalently, it is specified by a membership map

µ : A×U −→ [0,1], µ(α,u) := µα (u),

interpreted as the degree to which u ∈ U is accepted under the
parameter–expert–opinion triple α ∈ A.

Definition 10 (Plithogenic Fuzzy Soft Expert Set (PFSES)) Let
U be a nonempty universe, E a set of parameters, X a set of
experts, and O a set of opinions. Put Z := E×X ×O and let A⊆ Z

8
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be the active index set of parameter–expert–opinion triples. Fix a
plithogenic structure (Pv, pCF) as above.

A Plithogenic Fuzzy Soft Expert Set over U is a pair (F,A)
where

F : A−→ [0,1]U×Pv, α 7−→ µα (· | ·),

equivalently specified by a membership map

µ : A×U×Pv−→ [0,1], µ(α,u | a) := µα (u | a).

Here µ(α,u | a) is the degree to which u ∈U is accepted under the
parameter–expert–opinion triple α =(e,x,o)∈A, given the attribute
value a ∈ Pv. The pair (Pv, pCF) is common to all α and quantifies
potential agreement/contradiction among attribute values.

Example 10 (University Admissions with Expert–Opinion Triples
and Attribute Contradictions) Let the universe be the set of appli-
cants

U = {A1, A2, A3}.

Let the parameter set be

E = {e1 = “academic strength”, e2 = “extracurricular impact”},
A⊆ E×X×O.

Take experts X = {Prof, Dean} and opinions O = {1,0}, where
1 denotes approve and 0 denotes reject. Fix the attribute v =
“evaluation criterion” with value set

Pv = {G = GPA, R = Research, L = Leadership}.

The degree of contradiction pCF : Pv×Pv→ [0,1] (abbrev. c) is
symmetric with c(a,a) = 0:

c(a,b) G R L
G 0 0.30 0.50
R 0.30 0 0.70
L 0.50 0.70 0

(higher values encode stronger tension between criteria; e.g., R vs.
L is highly contradictory).

We specify a Plithogenic Fuzzy Soft Expert Set (PFSES) by
giving the membership map

µ : A×U×Pv→ [0,1], µ(α,u | a) =

degree that u meets parameter of α given a.

Choose the active index set

A = {(e1,Prof,1), (e2,Prof,1), (e1,Dean,0), (e2,Dean,0)}.

For each α = (e,x,o)∈ A, we list µ(α,u | a) as a matrix whose rows
are u ∈U and columns are a ∈ Pv.
Parameter e1 (academic strength), expert Prof, opinion 1:

µ((e1,Prof,1),u | a) G R L
A1 0.92 0.80 0.40
A2 0.78 0.60 0.35
A3 0.70 0.55 0.30

Parameter e2 (extracurricular impact), expert Prof, opinion 1:

µ((e2,Prof,1),u | a) G R L
A1 0.45 0.50 0.88
A2 0.40 0.55 0.80
A3 0.38 0.48 0.75

Parameter e1 (academic strength), expert Dean, opinion 0:

µ((e1,Dean,0),u | a) G R L
A1 0.80 0.65 0.35
A2 0.68 0.50 0.30
A3 0.62 0.45 0.25

Parameter e2 (extracurricular impact), expert Dean, opinion 0:

µ((e2,Dean,0),u | a) G R L
A1 0.42 0.48 0.82
A2 0.38 0.50 0.78
A3 0.35 0.46 0.72

This PFSES captures (i) parameterized judgments (academic
vs. extracurricular), (ii) expert and opinion variability, and (iii)
attribute-level contradictions c(a,b) that formalize tradeoffs among
GPA/Research/Leadership.

Example 11 (Medical Treatment Selection with Expert
Endorse/Oppose and Evidence Attributes) Let the universe
be candidate treatments

U = {T1, T2, T3}.

Parameters are

E = {e1 = “effectiveness”, e2 = “tolerability”},

A⊆ E×X×O.

Experts X = {Oncologist, Pharmacologist} and opinions O =
{1,0} denote endorse and oppose. Take the attribute v =
“evidence source” with values

Pv = {R = RCT, W = Real-World, C = Consensus}.

Define a symmetric contradiction map pCF (zeros on the diagonal):

c(a,b) R W C
R 0 0.40 0.25
W 0.40 0 0.55
C 0.25 0.55 0

reflecting moderate tension between Real-World and Consensus
reports.

Choose the active index set

A = {(e1,Oncologist,1), (e2,Oncologist,1),

(e1,Pharmacologist,0), (e2,Pharmacologist,0)}.
List the PFSES memberships µ(α,u | a).

We present in Table 6 the PFSES membership values µ(α,u |
a) for treatments u ∈ {T1,T2,T3} under evidence attributes a ∈
{R,W,C} (RCT, Real-World, Consensus).

This PFSES records treatment assessments conditioned by (i)
parameter semantics (effectiveness vs. tolerability), (ii) expert iden-
tity and stance (endorse vs. oppose), and (iii) attribute-dependent
evidence sources with quantified contradictions c(a,b) that encode
differences among RCT, real-world data, and consensus.

Theorem 4 (PFSES generalizes the Plithogenic Fuzzy Set) Let
(F,A) be a PFSES on (U ;Pv, pCF) and fix any α0 ∈ A. Then

pd f : U×Pv−→ [0,1], pd f (u,a) := µ(α0,u | a),

together with (Pv, pCF), defines a plithogenic fuzzy set on U.
Conversely, any plithogenic fuzzy set (pd f ;Pv, pCF) on U is
obtained as a PFSES by taking E = {e0}, X = {x0}, O = {o0},
A = {α0} with α0 = (e0,x0,o0), and

µ(α0,u | a) := pd f (u,a).
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Table 6
PFSES membership values µµµ(((ααα,uuu ||| aaa))) for treatments uuu ∈∈∈ {T1,

T2,T3} under evidence attributes aaa ∈∈∈ {RRR,,,WWW ,,,CCC} (RCT,
Real-World, Consensus)

Setting Item R W C

e1 (effectiveness), Oncologist, o = 1
T1 0.88 0.70 0.75
T2 0.76 0.65 0.68
T3 0.60 0.55 0.58

e2 (tolerability), Oncologist, o = 1
T1 0.70 0.75 0.72
T2 0.82 0.85 0.80
T3 0.88 0.90 0.86

e1 (effectiveness), Pharmacologist, o = 0
T1 0.80 0.68 0.70
T2 0.70 0.62 0.65
T3 0.58 0.52 0.55

e2 (tolerability), Pharmacologist, o = 0
T1 0.68 0.72 0.70
T2 0.80 0.84 0.78
T3 0.86 0.88 0.84

Proof. With α0 fixed, the PFSES provides exactly one membership
surface µ(α0, · | ·) : U×Pv→ [0,1]; rename it pd f . The plithogenic
structure (Pv, pCF) is unchanged, hence (pd f ;Pv, pCF) is a PFS by
definition. Conversely, given pd f : U ×Pv→ [0,1] and (Pv, pCF),
the singleton construction produces a PFSES whose unique compo-
nent reproduces pd f verbatim. Both transformations are immediate
by definition.

Theorem 5 (PFSES generalizes the Plithogenic Fuzzy Soft Set) Let
(F,A) be a PFSES and fix an expert x? ∈ X and an opinion o? ∈ O.
Let As ⊆ E and set

A′ := {(e,x?,o?) : e ∈ As } ⊆ A.

Define ΓAs : As→ [0,1]U×Pv by

ΓAs(e)(u,a) := µ
(
(e,x?,o?), u | a

)
.

Then (ΓAs ,As) is a plithogenic fuzzy soft set over U with the same
(Pv, pCF). Conversely, any plithogenic fuzzy soft set (ΓAs ,As) is
realized as a PFSES by taking X = {x?}, O= {o?}, A= {(e,x?,o?) :
e ∈ As} and

µ
(
(e,x?,o?),u | a

)
:= ΓAs(e)(u,a).

Proof. By construction, for each e ∈ As the map (u,a) 7→
µ((e,x?,o?),u | a) is a membership surface on U × Pv, hence an
element of [0,1]U×Pv. Thus ΓAs has the required codomain, and
(ΓAs ,As) is a PFSS with the inherited (Pv, pCF). The converse is
immediate by embedding the soft index e into the expert–opinion
singleton layer, so the PFSS becomes a PFSES with trivial expert
and opinion dimensions.

Theorem 6 (PFSES generalizes the Fuzzy Soft Expert Set) Let
(F,A) be a PFSES. If Pv= {a∗} is a singleton and pCF(a∗,a∗) = 0,
then

G : A→ [0,1]U , G(α)(u) := µ(α,u | a∗),

defines a fuzzy soft expert set (G,A) over U. Conversely, any fuzzy
soft expert set (G,A) is obtained as a PFSES by choosing Pv= {a∗},
pCF ≡ 0, and setting µ(α,u | a∗) := G(α)(u).

Proof. When |Pv|= 1, the attribute dimension carries no variability:
µ(α, · | a∗) is a usual fuzzy set on U for each α ∈ A. Thus G(α) :=
µ(α, · | a∗) defines G : A → [0,1]U , i.e., an FSES. Conversely,
embedding an FSES into PFSES with a singleton attribute set
reproduces G verbatim.

Definition 11 (Upside-Down Logic with contradiction reset on
PFSES) Fix an anchor attribute b ∈ Pv and a threshold τ ∈ [0,1].
Define the activation set

Aτ (b) := {a ∈ Pv : c(a,b) = pCF(a,b) ≥ τ }.

The upside-down transform with contradiction reset of the PFSES
is the pair (

µ
Ub,τ , pCFUb,τ

)
,

where, for every α ∈ A, u ∈U , a ∈ Pv,

µ
Ub,τ (α,u | a) :=

{
1−µ(α,u | a), a ∈ Aτ (b),

µ(α,u | a), a /∈ Aτ (b),

and the updated contradiction map pCFUb,τ : Pv×Pv→ [0,1] is

pCFUb,τ (u,v) :={
0, {u,v}= {a,b} for some a ∈ Aτ (b),

pCF(u,v), otherwise.

Example 12 (University Admissions PFSES: Flip under Anchor
“Leadership”) Setup. Let U = {A1,A2,A3}, parameters E =
{e1 = “academic strength”, e2 = “extracurricular impact”}, experts
X = {Prof,Dean}, opinions O = {1,0} (approve/reject), and
attribute values Pv = {G = GPA, R = Research, L = Leadership}.
The contradiction map pCF (write c) is symmetric with c(a,a) = 0:

c(a,b) G R L
G 0 0.30 0.50
R 0.30 0 0.70
L 0.50 0.70 0

Active indices

A = {(e1,Prof,1),(e2,Prof,1),

(e1,Dean,0),(e2,Dean,0)}
. Memberships µ(α,u | a) (rows u ∈U , columns a ∈ Pv):
(i) (e1,Prof,1)

G R L
A1 0.92 0.80 0.40
A2 0.78 0.60 0.35
A3 0.70 0.55 0.30

(ii) (e2,Prof,1)

G R L
A1 0.45 0.50 0.88
A2 0.40 0.55 0.80
A3 0.38 0.48 0.75

(iii) (e1,Dean,0)

G R L
A1 0.80 0.65 0.35
A2 0.68 0.50 0.30
A3 0.62 0.45 0.25
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(iv) (e2,Dean,0)

G R L
A1 0.42 0.48 0.82
A2 0.38 0.50 0.78
A3 0.35 0.46 0.72

Upside-down with reset. Choose anchor b = L and threshold
τ = 0.65. Then Aτ (L) = {R} because c(R,L) = 0.70 ≥ 0.65 while
c(G,L) = 0.50 < 0.65. By Definition 11, flip only the R-column
(complements 1−·) for every α ∈ A:
(i) (e1,Prof,1) after transform

G R L
A1 0.92 1−0.80 = 0.20 0.40
A2 0.78 1−0.60 = 0.40 0.35
A3 0.70 1−0.55 = 0.45 0.30

(ii) (e2,Prof,1)

G R L
A1 0.45 1−0.50 = 0.50 0.88
A2 0.40 1−0.55 = 0.45 0.80
A3 0.38 1−0.48 = 0.52 0.75

(iii) (e1,Dean,0)

G R L
A1 0.80 1−0.65 = 0.35 0.35
A2 0.68 1−0.50 = 0.50 0.30
A3 0.62 1−0.45 = 0.55 0.25

(iv) (e2,Dean,0)

G R L
A1 0.42 1−0.48 = 0.52 0.82
A2 0.38 1−0.50 = 0.50 0.78
A3 0.35 1−0.46 = 0.54 0.72

Contradiction reset: set pCFUL,0.65(R,L) = pCFUL,0.65(L,R) = 0; all
other entries remain as in pCF :

pCFUL,0.65(a,b) G R L
G 0 0.30 0.50
R 0.30 0 0
L 0.50 0 0

Hence the (R,L) pair cannot reactivate at the same threshold.

Example 13 (Medical PFSES: Flip under Anchor “Consensus”
Evidence) Setup. Let U = {T1,T2,T3}, parameters

E = {e1 = “effectiveness”, e2 = “tolerability”},

experts
X = {Oncologist, Pharmacologist},

opinions O = {1,0}, and attribute values

Pv = {R = RCT, W = Real-World, C = Consensus}.

Contradiction map:

c(a,b) R W C
R 0 0.40 0.25
W 0.40 0 0.55
C 0.25 0.55 0

Active indices

A = {(e1,Oncologist,1),(e2,Oncologist,1),

(e1,Pharmacologist,0),(e2,Pharmacologist,0)}.

Memberships (rows u, columns a):
(i) (e1,Oncologist,1)

R W C
T1 0.88 0.70 0.75
T2 0.76 0.65 0.68
T3 0.60 0.55 0.58

(ii) (e2,Oncologist,1)

R W C
T1 0.70 0.75 0.72
T2 0.82 0.85 0.80
T3 0.88 0.90 0.86

(iii) (e1,Pharmacologist,0)

R W C
T1 0.80 0.68 0.70
T2 0.70 0.62 0.65
T3 0.58 0.52 0.55

(iv) (e2,Pharmacologist,0)

R W C
T1 0.68 0.72 0.70
T2 0.80 0.84 0.78
T3 0.86 0.88 0.84

Upside-down with reset. Choose anchor b =C and threshold
τ = 0.50. Then Aτ (C) = {W} because c(W,C) = 0.55≥ 0.50 while
c(R,C) = 0.25 < 0.50. Flip (complement) the W -column for each
α:
(i) (e1,Oncologist,1) after transform

R W C
T1 0.88 1−0.70 = 0.30 0.75
T2 0.76 1−0.65 = 0.35 0.68
T3 0.60 1−0.55 = 0.45 0.58

(ii) (e2,Oncologist,1)

R W C
T1 0.70 1−0.75 = 0.25 0.72
T2 0.82 1−0.85 = 0.15 0.80
T3 0.88 1−0.90 = 0.10 0.86

(iii) (e1,Pharmacologist,0)

R W C
T1 0.80 1−0.68 = 0.32 0.70
T2 0.70 1−0.62 = 0.38 0.65
T3 0.58 1−0.52 = 0.48 0.55

(iv) (e2,Pharmacologist,0)

R W C
T1 0.68 1−0.72 = 0.28 0.70
T2 0.80 1−0.84 = 0.16 0.78
T3 0.86 1−0.88 = 0.12 0.84

11
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Contradiction reset: set pCFUC,0.50(W,C) = pCFUC,0.50(C,W ) =
0; all other entries unchanged:

pCFUC,0.50(a,b) R W C
R 0 0.40 0.25
W 0.40 0 0
C 0.25 0 0

Thus the (W,C) pair will not re-trigger flips at the same threshold,
ensuring stability.

Lemma 2 (Well-definedness and structural properties) For any
PFSES and any (b,τ), the transform in Definition 11 satisfies:

1. µUb,τ (α,u | a) ∈ [0,1] for all α,u,a.

2. pCFUb,τ (a,a) = 0 and pCFUb,τ (a,b) = pCFUb,τ (b,a) for all
a,b ∈ Pv.

3. If τ > 0, then for every a ∈ Aτ (b) we have pCFUb,τ (a,b) = 0 <
τ , hence AU

τ (b) = ∅ with respect to pCFUb,τ (no immediate re-
activation).

Proof. (1) Since µ(·) ∈ [0,1], also 1− µ(·) ∈ [0,1]; the case dis-
tinction preserves the range. (2) If u = v, the first case of pCFUb,τ

cannot occur (the unordered pair is not {a,b} with a 6= b), so
pCFUb,τ (u,u) = pCF(u,u) = 0. Symmetry is immediate by the
definition via unordered pairs and symmetry of pCF . (3) By con-
struction, whenever a ∈ Aτ (b), the post-transform pair (a,b) has
contradiction 0, hence cannot meet the threshold τ > 0 again.

Theorem 7 (PFSES upside-down with reset generalizes the PFSS
version) Let (F,A) be a PFSES on (U ;Pv, pCF) with membership
µ . Fix an expert x? ∈ X and an opinion o? ∈ O. Let As ⊆ E and
embed it as

A′ := {(e,x?,o?) : e ∈ As } ⊆ A.

Define the associated PFSS (ΓAs ,As) by

ΓAs(e)(u,a) := µ
(
(e,x?,o?), u | a

)
, e ∈ As.

Then for every e ∈ As, u ∈U, a ∈ Pv,

µ
Ub,τ
e (u | a) = µ

Ub,τ
(
(e,x?,o?), u | a

)
and the updated contradiction maps coincide. In particular, the
PFSES transform reduces to the PFSS transform under the expert-
opinion singleton restriction.

Proof. Fix e ∈ As, u ∈U , a ∈ Pv. There are two cases.
Case a ∈ Aτ (b): By the PFSS rule,

µ
Ub,τ
e (u | a) = 1−µe(u | a) = 1−µ

(
(e,x?,o?),u | a

)
.

By Definition 11,

µ
Ub,τ
(
(e,x?,o?),u | a

)
= 1−µ

(
(e,x?,o?),u | a

)
.

Thus the two values are equal.
Case a /∈ Aτ (b): By PFSS,

µ
Ub,τ
e (u | a) = µe(u | a) = µ

(
(e,x?,o?),u | a

)
,

which matches the PFSES value by Definition 11. The contra-
diction map update is identical in both settings by construction
(same unordered-pair reset), hence it also coincides. Therefore the
transforms agree componentwise for all (e,u,a).

3.3. Plithogenic Fuzzy T -Rough Set

A rough set approximates vague concepts using lower and
upper bounds derived from indiscernibility relations, managing
uncertainty without external parameters [78–80]. A fuzzy T -rough
set approximates fuzzy subsets using T -similarities, providing lower
and upper bounds of uncertain knowledge representation [81]. A
Plithogenic Fuzzy T -Rough Set extends fuzzy T -rough sets with
attribute contradictions, aggregating multi-valued approximations
under contextual conflicts.

Definition 12 (Triangular norm and residuum [81]) Let T :
[0,1]2 → [0,1] be a (lower semi-continuous) triangular norm. Its
residuated implication (residuum)⇒T : [0,1]2→ [0,1] is

a⇒T c := sup{h ∈ [0,1] : T (a,h)≤ c}.

Definition 13 (Fuzzy T -similarity [81]) For a nonempty set X , a
fuzzy relation R : X ×X → [0,1] is a fuzzy T -similarity if, for all
x,y,z ∈ X ,

R(x,x)= 1, R(x,y)=R(y,x), T
(
R(x,z), R(z,y)

)
≤ R(x,y).

Definition 14 (Fuzzy T -rough set; upper/lower approximations
[81]) Let (X ,R) be a fuzzy T -approximation space (i.e., R is a fuzzy
T -similarity on X). For a fuzzy set k∈ [0,1]X (i.e., k : X→ [0,1]), the
upper and lower approximation operators UR,LR : [0,1]X → [0,1]X

are defined pointwise by

(URk)(x) := sup
u∈X

T
(
R(u,x), k(u)

)
,

(LRk)(x) := sup
u∈X

(
R(u,x)⇒T k(u)

)
(x ∈ X).

These operators satisfy, for all k, the basic properties

LRk ≤ k ≤ URk, UR ◦UR =UR, LR ◦LR = LR,

and the duality relations (via⇒T )

LRk = sup
a∈[0,1]

(
UR 1{k≥a}⇒T a

)
,

URk = sup
a∈[0,1]

(
LR 1{k≥a}⇒T a

)
,

where 1{k≥a}(u) = 1 if k(u)≥ a and 0 otherwise.

Example 14 (Concrete computation of URk and LRk on a small
space) Setting. Let X = {x1,x2,x3}. We use the Gödel (minimum)
T -norm T (a,b) = min(a,b) and its residuum

a⇒T c =

{
1, a≤ c,

c, a > c.

Consider the fuzzy T -similarity R : X × X → [0,1] (symmetric,
R(x,x) = 1), given by

R =

x1 x2 x3
x1 1 0.8 0.7
x2 0.8 1 0.7
x3 0.7 0.7 1

which satisfies T (R(x,z),R(z,y)) = min(R(x,z),R(z,y)) ≤ R(x,y)
for all x,y,z. Let the fuzzy set k ∈ [0,1]X be

k(x1) = 0.20, k(x2) = 0.70, k(x3) = 0.50.

12
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Upper approximation URk. For each x ∈ X ,

(URk)(x) = sup
u∈X

min
(
R(u,x), k(u)

)
= max

u∈X
min

(
R(u,x), k(u)

)
.

Compute pointwise:

(URk)(x1) = max{min(1,0.20), min(0.8,0.70), min(0.7,0.50)}
= max{0.20, 0.70, 0.50}= 0.70,

(URk)(x2) = max{min(0.8,0.20), min(1,0.70), min(0.7,0.50)}
= max{0.20, 0.70, 0.50}= 0.70,

(URk)(x3) = max{min(0.7,0.20), min(0.7,0.70), min(1,0.50)}
= max{0.20, 0.70, 0.50}= 0.70.

Hence
URk =

(
0.70, 0.70, 0.70

)
.

Lower approximation LRk. For each x ∈ X ,

(LRk)(x) = sup
u∈X

(
R(u,x)⇒T k(u)

)
.

Using the Gödel residuum a⇒T c ∈ {1,c}:

(LRk)(x1) = max{1⇒T 0.20, 0.8⇒T 0.70, 0.7⇒T 0.50}
= max{0.20, 0.70, 0.50}= 0.70,

(LRk)(x2) = max{0.8⇒T 0.20, 1⇒T 0.70, 0.7⇒T 0.50}
= max{0.20, 0.70, 0.50}= 0.70,

(LRk)(x3) = max{0.7⇒T 0.20, 0.7⇒T 0.70, 1⇒T 0.50}
= max{0.20, 0.70, 0.50}= 0.70.

Therefore
LRk =

(
0.70, 0.70, 0.70

)
.

With T = min and the above R and k, both the upper and lower
fuzzy T -rough approximations at each point equal 0.70, i.e.,

URk = LRk = (0.70, 0.70, 0.70).

This explicit calculation illustrates the definitions: the upper uses
min-aggregation of similarity and membership followed by a point-
wise supremum, while the lower uses the residuated implication
followed by a pointwise supremum.

Plithogenic Fuzzy Rough Set is defined as follows.

Definition 15 (Plithogenic Fuzzy Rough Set (PFRS)) Let X be a
nonempty (finite) universe. Fix a plithogenic structure (Pv, pCF),
where Pv is a finite set of attribute values and

c(a,b) := pCF(a,b) ∈ [0,1] (a,b ∈ Pv)

satisfies c(a,a) = 0 and c(a,b) = c(b,a). Let

pd f : X×Pv −→ [0,1]

be a plithogenic fuzzy set on X , and write ka ∈ [0,1]X for its a-slice:

ka(x) := pd f (x,a) (x ∈ X , a ∈ Pv).

For each a ∈ Pv, let Ra : X × X → [0,1] be a fuzzy relation
(often taken as a fuzzy similarity). Define the classical fuzzy rough
upper and lower approximations of ka with respect to Ra by

(URa ka)(x) := sup
y∈X

min
(
Ra(y,x), ka(y)

)
,

(LRa ka)(x) := inf
y∈X

max
(
1−Ra(y,x), ka(y)

)
(x ∈ X).

Fix an anchor (context) value b ∈ Pv. Using contradiction-
aware weights

wa|b := 1− c(a,b) ∈ [0,1], Wb := ∑
a∈Pv

wa|b,

assume Wb > 0 and define the plithogenic upper and lower approxi-
mations at anchor b by

Upl
R (x | b) :=

1
Wb

∑
a∈Pv

wa|b (URa ka)(x),

Lpl
R(x | b) :=

1
Wb

∑
a∈Pv

wa|b (LRa ka)(x) (x ∈ X),

where R := {Ra}a∈Pv .
The pair of fuzzy sets(

Lpl
R(· | b), Upl

R (· | b)
)

is called the PFRS of pd f at anchor b (with respect to R and pCF).

Plithogenic Fuzzy T -Rough Set is defined as follows.

Definition 16 (Attribute-indexed T -approximation space) Let R =
{Ra}a∈Pv be a family of fuzzy T -similarities on X . For each
a ∈ Pv and ka ∈ [0,1]X , define the attribute-wise upper/lower
T -approximations:

(URa ka)(x) := sup
u∈X

T
(
Ra(u,x), ka(u)

)
,

(LRa ka)(x) := sup
u∈X

(
Ra(u,x)⇒T ka(u)

)
.

Definition 17 (Plithogenic aggregation functional) For each anchor
(context) b ∈ Pv, let

Ab : [0,1]Pv −→ [0,1]

be a monotone functional such that, for every vector z =
(z(a))a∈Pv ∈ [0,1]Pv,

min
a

z(a) ≤ Ab(z) ≤ max
a

z(a).

Examples. (i) Projection Ab(z) = z(b); (ii) Contradiction-weighted

mean Ab(z) =
∑a(1− c(a,b))z(a)

∑a(1− c(a,b))
; (iii) Plithogenic fold using a

binary operator �c(a,b) (defined via a T/S interpolation), applied in
any fixed order.

Definition 18 (Plithogenic Fuzzy T -Rough Set (PFT-rough set))
Let X be a universe, (Pv, pCF) a plithogenic structure, pd f :
X ×Pv→ [0,1] a plithogenic fuzzy set with components ka(·) :=
pd f (·,a), and R = {Ra}a∈Pv a family of fuzzy T -similarities. Fix a
family of aggregation functionals {Ab}b∈Pv.

For each anchor b ∈ Pv, the plithogenic upper and plithogenic
lower T -approximations of pd f are the fuzzy sets on X defined by

Upl
R (x | b) := Ab

({
(URa ka)(x)

}
a∈Pv

)
,

Lpl
R(x | b) := Ab

({
(LRa ka)(x)

}
a∈Pv

)
.

A comparison between PFRS and PFT-RS is provided for
reference in Table 7.

Several concrete examples are presented below.
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Table 7
Concise comparison between Plithogenic Fuzzy Rough Sets (PFRS) and Plithogenic Fuzzy TTT –Rough Sets (PFT–RS)

Aspect Plithogenic Fuzzy Rough Set (PFRS) Plithogenic Fuzzy T -Rough Set (PFT-RS)

Base uncertainty object Plithogenic fuzzy set pd f : X×Pv→ [0,1]
with slices ka(·) = pd f (·,a).

Same: pd f : X×Pv→ [0,1] with slices ka.

Relation layer Family of fuzzy relations {Ra : X×X →
[0,1]}a∈Pv (often similarities).

Family of fuzzy T -similarities {Ra}a∈Pv (satisfying
T -transitivity).

Attribute-wise upper operator (URa ka)(x) = supy∈X min
(
Ra(y,x),ka(y)

)
. (URa ka)(x) = supy∈X T

(
Ra(y,x),ka(y)

)
.

Attribute-wise lower operator (LRa ka)(x) = infy∈X max
(
1−Ra(y,x),ka(y)

)
. (LRa ka)(x) = supy∈X

(
Ra(y,x) ⇒T ka(y)

)
(residuum⇒T ).

Plithogenic aggregation across
a ∈ Pv

Typically a contradiction-weighted average at an

anchor b: ∑
a

1− c(a,b)

∑a′(1− c(a′,b))
(·).

General monotone functional Ab : [0,1]Pv → [0,1]
(e.g., projection, contradiction–weighted mean,
plithogenic fold).

Role of the T –norm Implicitly uses the min/max pair (a specific
choice of conjunction/disjunction).

Explicitly parameterized by a chosen T -
norm (and its residuum), enabling different
logical/aggregation behaviors.

Special-case reduction If |Pv|= 1 (and c = 0), reduces to the classical
fuzzy rough set w.r.t. R.

If |Pv| = 1, reduces to the classical fuzzy T –rough
set w.r.t. R and T .

Example 15 (PFT-rough Set with Projection Aggregation
(Reduction to the Anchor)) Setting. Let X = {x1,x2,x3} and Pv =
{A,B,C}. Fix any triangular norm T and, for each a ∈ Pv, take the
identity (Kronecker) fuzzy T –similarity

Ra(u,x) =

{
1, u = x,

0, u 6= x.

Let the plithogenic fuzzy set pd f : X×Pv→ [0,1] be specified by

kA =
(

pd f (·,A)
)
= (0.90, 0.60, 0.20),

kB = (0.40, 0.70, 0.50),

kC = (0.50, 0.50, 0.90).

By the identity similarity, for every a ∈ Pv and x ∈ X ,

(URa ka)(x) = (LRa ka)(x) = ka(x).

Choose the anchor b = B and use the projector aggregation

AB(z) = z(B)
(
z ∈ [0,1]Pv).

PFT-rough approximations. For each x ∈ X ,

Upl
R (x | B)

= AB
(
{(URa ka)(x)}a∈Pv

)
= (URB kB)(x) = kB(x),

and similarly Lpl
R(x | B) = kB(x). Therefore, numerically,

Upl
R (· | B) = Lpl

R(· | B) = kB = (0.40, 0.70, 0.50).

This example illustrates the reduction property: with identity sim-
ilarities and projection aggregation, the PFT-rough approximations
at anchor B coincide with the anchor slice kB.

Example 16 (PFT-rough Set with Contradiction-Weighted Mean
Aggregation) Setting. Use the same universe X = {x1,x2,x3},
attributes Pv = {A,B,C}, and memberships

kA = (0.90, 0.60, 0.20),

kB = (0.40, 0.70, 0.50),

kC = (0.50, 0.50, 0.90).

Let T be any triangular norm and, as before, take identity T -
similarities Ra so that

(URa ka)(x) = (LRa ka)(x) = ka(x) (∀a ∈ Pv, ∀x ∈ X).

Equip Pv with a plithogenic contradiction map pCF (symmetric,
pCF(a,a) = 0) given here on pairs with B:

c(A,B) = 0.80, c(B,B) = 0, c(C,B) = 0.30.

Aggregation at anchor b = B. Use the contradiction-weighted
mean

AB(z) =
∑a∈Pv(1− c(a,B))z(a)

∑a∈Pv(1− c(a,B))
.

The weights are wA = 1− 0.80 = 0.20, wB = 1− 0 = 1.00, wC =
1−0.30 = 0.70 with total W = 1.90. Thus, for each x ∈ X ,

Upl
R (x |B)=AB

(
{ka(x)}a∈Pv

)
=

0.20kA(x)+1.00kB(x)+0.70kC(x)
1.90

,

and Lpl
R(x | B) equals the same expression (since URa ka = LRa ka =

ka).
Numerical values.

Upl
R (x1 | B) =

0.20 ·0.90+1.00 ·0.40+0.70 ·0.50
1.90

=
0.18+0.40+0.35

1.90

=
0.93
1.90

≈ 0.4895,

Upl
R (x2 | B) =

0.20 ·0.60+1.00 ·0.70+0.70 ·0.50
1.90

=
0.12+0.70+0.35

1.90

=
1.17
1.90

≈ 0.6158,

Upl
R (x3 | B) =

0.20 ·0.20+1.00 ·0.50+0.70 ·0.90
1.90

=
0.04+0.50+0.63

1.90

=
1.17
1.90

≈ 0.6158.
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Hence

Upl
R (· | B) = Lpl

R(· | B)≈ (0.4895, 0.6158, 0.6158).

This example shows how the plithogenic contradiction with the
anchor (c(·,B)) reweights attribute-wise T -rough evaluations to
yield an aggregated approximation sensitive to inter-attribute dis-
agreement.

Lemma 3 (Basic properties) For every anchor b ∈ Pv and every
x ∈ X,

Lpl
R(x | b) ≤ Upl

R (x | b).

Moreover, if ka ≤ k′a for all a ∈ Pv, then

Upl
R (· | b;k) ≤ Upl

R (· | b;k′), Lpl
R(· | b;k) ≤ Lpl

R(· | b;k′).

Proof. For each a, LRa ka ≤ URa ka holds for fuzzy T -rough sets.
Monotonicity of Ab yields the first inequality. The second statement
follows componentwise from the monotonicity of URa ,LRa and of
Ab.

Theorem 8 (Reduction to the classical fuzzy T -rough set) Assume
|Pv|= 1, say Pv = {a∗}, and let Ra∗ = R be a fuzzy T -similarity on
X. Then, for any choice of Aa∗ ,

Upl
R (x | a∗) = (URka∗)(x), Lpl

R(x | a
∗) = (LRka∗)(x),

i.e. the PFT-rough set reduces to the usual fuzzy T -rough set of ka∗

w.r.t. R.

Proof. With Pv = {a∗}, the vectors given to Aa∗ are singletons:
{(URka∗)(x)} and {(LRka∗)(x)}. By the bounds of Aa∗ , Aa∗ returns
the unique entry.

Theorem 9 (Reduction to the plithogenic fuzzy set) Assume that,
for every a ∈ Pv, Ra is the Kronecker (identity) similarity

Ra(u,x) =

{
1, u = x,

0, u 6= x.

Then URa ka = LRa ka = ka for all a. If, in addition, the aggregation
functional is the projector Ab(z) = z(b), then

Upl
R (x | b) = Lpl

R(x | b) = kb(x) = pd f (x,b),

so the PFT-rough set collapses to the plithogenic fuzzy membership
at anchor b.

Proof. With the identity similarity, for each a,

(URa ka)(x) = sup
u

T (Ra(u,x),ka(u)) = T (1,ka(x)) = ka(x),

and

(LRa ka)(x) = sup
u

(
Ra(u,x)⇒T ka(u)

)
= (1⇒T ka(x)) = ka(x),

where we used T (1,z) = z and 1⇒T z = z. Applying Ab(z) = z(b)

yields Upl
R (x | b) = kb(x) and similarly for Lpl.

Definition 19 (Upside-down with contradiction reset on PFT-rough
sets) Let (X ,R,T ) and (Pv, pCF) be as above, and let {Ab}b∈Pv
be fixed. For b ∈ Pv and τ ∈ [0,1], with Aτ (b), define the flipped
attribute-wise memberships

k
Ub,τ
a (x) :=

{
1− ka(x), a ∈ Aτ (b),

ka(x), a /∈ Aτ (b),
(x ∈ X , a ∈ Pv),

and the reset contradiction map pCFUb,τ . The upside-down
plithogenic upper/lower T -approximations are then the fuzzy sets
on X

Upl,U
R (x | b) := Ab

({
(URa k

Ub,τ
a )(x)

}
a∈Pv

)
,

Lpl,U
R (x | b) := Ab

({
(LRa k

Ub,τ
a )(x)

}
a∈Pv

)
,

where, for each a ∈ Pv and h ∈ [0,1]X ,

(URa h)(x) = sup
u∈X

T
(
Ra(u,x),h(u)

)
,

(LRa h)(x) = sup
u∈X

(
Ra(u,x)⇒T h(u)

)
.

Lemma 4 (Well-definedness and basic order) For every b ∈ Pv and
τ ∈ [0,1]:

1. k
Ub,τ
a : X→ [0,1] for all a∈Pv, and pCFUb,τ is symmetric with

pCFUb,τ (a,a) = 0.

2. For all x ∈ X, Lpl,U
R (x | b)≤Upl,U

R (x | b).

3. If τ > 0 and a ∈ Aτ (b), then pCFUb,τ (a,b) = 0 < τ , hence
AU

τ (b) =∅ with respect to pCFUb,τ .

Proof. (1) Since ka ∈ [0,1]X , also 1− ka ∈ [0,1]X ; the casewise
definition preserves [0,1]. The reset keeps values in [0,1], pre-
serves symmetry by cases on unordered pairs, and pCFUb,τ (a,a) =
pCF(a,a) = 0. (2) For each a, LRa h≤URa h holds for fuzzy T -rough
sets. Applying Ab, which is monotone coordinatewise, yields the
inequality. (3) Immediate from the reset definition.

Lemma 5 (Monotonicity w.r.t. memberships) If for all a ∈ Pv we
have ka ≤ k′a pointwise on X, then for all x ∈ X,

Upl,U
R (· | b;k) ≤ Upl,U

R (· | b;k′), Lpl,U
R (· | b;k) ≤ Lpl,U

R (· | b;k′).

Proof. For each a, the map h 7→URa h and h 7→ LRa h are monotone;
the flip h 7→ hUb,τ is either identity (if a /∈ Aτ (b)) or h 7→ 1−h, which
reverses order. However, on the branch a ∈ Aτ (b), both URa and LRa

are applied to 1− h, and we compare the resulting vectors coordi-
natewise before applying the same monotone Ab. A direct check
shows: if h ≤ h′, then 1− h′ ≤ 1− h, so URa(1− h′) ≤URa(1− h)
and LRa(1− h′) ≤ LRa(1− h). Therefore the whole vector given to
Ab is monotone, hence so is the aggregate.

Theorem 10 (Generalization to the PFS upside-down transform)
Assume that, for every a ∈ Pv, Ra is the Kronecker (identity)
similarity

Ra(u,x) =

{
1, u = x,

0, u 6= x,

and that the aggregation is the projector Ab(z) = z(b). Let pd fUb,τ

and pCFUb,τ . Then, for all x ∈ X and anchors b ∈ Pv,

Upl,U
R (x | b) = Lpl,U

R (x | b) = pd fUb,τ (x,b)

and the contradiction maps coincide (the same reset on {a,b}
pairs).

Proof. With identity similarity, for any h ∈ [0,1]X and any a,

(URa h)(x) = sup
u

T (Ra(u,x),h(u)) = T (1,h(x)) = h(x),

(LRa h)(x) = sup
u
(Ra(u,x)⇒T h(u)) = (1⇒T h(x)) = h(x),
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using T (1,z) = z and 1 ⇒T z = z. Hence (URa k
Ub,τ
a )(x) =

(LRa k
Ub,τ
a )(x) = k

Ub,τ
a (x) for all a. Applying Ab(z) = z(b),

Upl,U
R (x | b) = k

Ub,τ

b (x) = pd fUb,τ (x,b),

Lpl,U
R (x | b) = k

Ub,τ

b (x) = pd fUb,τ (x,b).

The contradiction reset is defined identically in both settings, so the
maps coincide.

Example 17 (Concrete numeric verification under the identity
case) Let X = {x1,x2}, Pv = {pro,con} with c(pro,con) =
c(con,pro) = 0.8 and c(pro,pro) = c(con,con) = 0. Fix b =
pro and τ = 0.7, so Aτ (b) = {con}. Let Rpro and Rcon be identity
similarities, and choose

x1 x2
pd f (·,pro) 0.9 0.3
pd f (·,con) 0.2 0.6

Then
k

Ub,τ
con = 1− kcon = (0.8,0.4),

k
Ub,τ
pro = kpro = (0.9,0.3).

Since URa h = LRa h = h for identity similarities and Ab is the
projector,

Upl,U
R (xi | pro) = Lpl,U

R (xi | pro)

= k
Ub,τ
pro(xi) = pd fUb,τ (xi,pro) ∈ {0.9,0.3}.

Moreover pCFUb,τ (pro,con) = 0 by the reset rule, preventing re-
activation at the same threshold τ = 0.7. This matches Theorem 10
exactly.

4. Conclusion

In this paper, we revisited the Plithogenic Fuzzy Soft Expert
Set, the Plithogenic Fuzzy Rough Set, and the classical Fuzzy Set,
and we examined how Upside-Down Logic can be incorporated
into these frameworks. Our unified viewpoint supports decision
science by explicitly modeling multi-expert disagreement, attribute-
level contradictions, and context-driven reversals, thereby enabling
more interpretable aggregation and more robust uncertainty bounds
in complex, dynamic uncertain systems.

In future work, we expect further studies that extend these
concepts by employing Graphs [82], HyperGraphs [83, 84],
HyperFuzzy Sets [85], and SuperHyperGraphs [86–89]. Since this
paper emphasizes theoretical foundations, we also anticipate that
subsequent research will develop computational experiments and
quantitative analyses to validate and extend the proposed ideas.
We further expect progress on algorithm design and on analyz-
ing the computational complexity of the proposed frameworks.
In addition, it is promising to combine the proposed methods
with machine-learning mechanisms to support enhanced decision-
making under higher levels of uncertainty and complexity. We
further expect that applications to domains such as healthcare,
environmental science, and artificial intelligence will be actively
explored.
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