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Abstract: The effective optical constants (EOCs) of a 480 nm tungsten trioxide (WO3) thin film deposited on fluorine-doped tin oxide
(FTO)—coated glass were determined from collimated transmittance and reflectance measurements over the 250-2500 nm solar spectral
range. The WO3; EOCs were obtained by fitting the experimental spectra with the four-flux model (4FM), using previously determined
optical constants of the FTO and glass layers as input parameters. This work extends previous analyses of FTO-glass bilayers to
a more complex WO;—FTO-glass trilayer configuration, enabling validation of the proposed framework under multilayer boundary
conditions. A three-extinction matching requirement was identified from the agreement between extinction coefficients calculated from
forward and backward 4FM collimated differential equations and from the EOCs under wavelength compression. In addition, a spectral
limit of the optical behavior between film and substrate was consistently observed at wavelengths approximately three times the layer
thickness for both FTO and WO; layers, confirming its applicability beyond bilayer systems. Thickness gradient plots of collimated
light fluxes and complex electric fields revealed the transition from substrate-like incoherent behavior to film-like coherent behavior.
In the coherent regime, complex electric fields were represented through wavelength-dependent Bode and Nyquist diagrams, allowing
analysis of their magnitude—phase evolution within the multilayer structure. The results provide a consistent framework for determining
EOCs and identifying optical regime transitions in multilayer systems, demonstrating applicability to trilayer electrochromic structures.
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1. Introduction

In optical studies of light-matter interaction, interfaces
are described by Fresnel transmission and reflection coefficients
(t & p), whereas attenuation within layers is governed by extinc-
tion. Thick layers (substrates) are analyzed through light fluxes
(LFs), while thin films require complex electric fields (CEFs) to
account for coherent interference effects [1]. The inverse problem
of light scattering and absorption (S&A) by small particles should
not take into account the size, shape, or concentration of the par-
ticles, relying exclusively on transmittance and reflectance (T&R)
measurements as input parameters [2]. Radiative transfer models,
such as the two-flux model (2FM) [3] and the four-flux model
(4FM) [4], are commonly used to determine S&A coefficients
from T&R measurements. The first 4FM solution [5] did not
distinguish forward and backward (for&back) average crossing
parameters or for&back, collimated and diffuse, forward scatter-
ing ratios. These distinctions were introduced in a later solution
[6], based on the diffuse differential equations defined in [4] and
supported by the three-extinction matching requirement (3¢ MR).
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The resulting intrinsic 4FM S&A equations were subsequently
used to derive the extrinsic 2FM S&A coefficients from the 2FM
total differential equations [3], equalizing to the 4FM collimated
plus diffuse differential equations.

Several approaches have been proposed to retrieve effective
optical constants (EOCs) and thin-film thicknesses from T&R
data. Recent studies have addressed the optical characteriza-
tion of thin films and multilayer structures using spectroscopic
techniques and radiative transfer models [7-17], including appli-
cations to transparent conductive oxides, dielectric coatings, and
scattering layers [8—13]. Growing attention has been devoted
to electrochromic materials and devices for smart windows and
energy-efficient technologies [18-30]. However, the transition
between coherent and incoherent optical behavior in thin films
and its impact on determining S&A parameters across the solar
spectrum remain unresolved. In this context, identifying the
spectral limit of the optical behavior between film and sub-
strate (SLOBFS) and consistently treating for&back propagation
regimes are essential for a unified optical description.

Most thin-film optical characterization methods, includ-
ing transfer matrix and radiative transfer models (2FM and
4FM), focus on macroscopic quantities such as T, R, and
EOCs. However, the internal distribution of LFs and CEFs

© The Author(s) 2026. Published by BON VIEW PUBLISHING PTE. LTD. This is an open access article under the CC BY License (https://creativecommons.org/

licenses/by/4.0/).

01


https://doi.org/10.47852/bonviewJOPR62029118
mailto:dbarrios@ing.uc3m.es
mailto:dbarriosp76@gmail.com
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Journal of Optics and Photonics Research Vol. 00

Iss. 00 2026

in multilayer systems, together with the transition between
coherent and incoherent regimes, remains poorly understood.
This work extends the previous FTO-G bilayer analysis to a
WO;3-FTO-G trilayer system, establishing a framework linking
macroscopic optical measurements with internal field behavior
and wavelength-dependent regime transitions.

In this work, the optical characterization of a tungsten tri-
oxide (WO3) thin layer with a thickness of 480 nm deposited
on a glass substrate coated with 400 nm of fluorine-doped tin
oxide (FTO) was carried out (WO3;-FTO-G sample). The WO;
layer was fabricated following the procedure described in the work
by Colovi¢ et al. [31]. Similar WO3;-FTO-G samples with WO;
thicknesses of 240 nm and 120 nm were combined with a nickel
oxide (NiO) thin layer deposited on the same type of FTO-coated
glass substrate (NiO-FTO-G), together with the electrolyte cor-
responding to the glass—electrolyte—glass (GEG) sample optically
characterized in [6], for the fabrication of four electrochromic
devices (ECDs) based on WO3 and NiO [32]. These ECDs present
thickness combinations of 120 nm X 120 nm, 120 nm X 240 nm,
240 nm X 120 nm, and 240 nm X 240 nm, arranged in a sandwich-
type configuration of the form G-FTO-WO;-E-NiO-FTO-G.
Since WO3; undergoes a transition from an uncolored bleached-
off optical state (BOOS) to a bluish colored-on optical state
(COO0S), while NiO evolves from an uncolored BOOS to a brown-
ish COOS, the complete ECD switches from an uncolored BOOS
to a neutral grayish COOS. However, the WOj5 layer in the
WO;-FTO-G sample requires both an electrolyte and a counter
electrode (NiO) to reach the COOS. Consequently, WO; can-
not be switched to the COOS in this configuration, and only the
BOOS was analyzed in the present study.

In a previous work [33], the FTO-G sample was opti-
cally characterized in the wavelength range of the solar spectrum
(WRSS), and the EOCs of the FTO layer were determined and
used to identify the SLOBFS at 1200 nm, corresponding to a
wavelength three times larger than its thickness. The 400 nm
FTO layer behaved as a substrate in the shorter-WRSS (SWRSS),
from 250 nm to 1200 nm, and as a film in the longer-WRSS
(LWRSS), from 1200 nm to 2500 nm. Similarly, for the WO;
layer analyzed in this work, the SLOBFS was found at 1440 nm,
that is, at a wavelength three times larger than its thickness. In
the SWRSS, thickness gradient plots (TGPs) of the LFs were
determined, whereas in the LWRSS, TGPs of the CEFs were
obtained, in both cases under for&back propagation regimes, for
the FTO layer of the FTO-G sample in [33] and for the WO;
and FTO layers of the WO;—FTO-G sample, in the present
study. Analogously to the analysis of equivalent electrical circuits
by electrochemical impedance spectroscopy, where frequency-
dependent Bode and Nyquist diagrams of the electrical impedance
are commonly obtained, Bode and Nyquist wavelength-dependent
diagrams (WDD) of the CEFs were determined in the present
work. This analysis was performed for both the WOz and FTO
layers of the WO3;-FTO-G sample and, consistently with [33],
also for the FTO layer of the FTO-G sample. In all cases, the
diagrams were obtained within the corresponding LWRSS ranges
of the FTO and WOj; layers. The ultimate objective is to deter-
mine a consistent set of EOCs, together with intrinsic and extrinsic
S&A parameters, for WO3 and NiO layers in both their BOOS
and COOS. In addition, the derivation of TGPs of magnitude,
phase, and real and imaginary parts (Re&Im-P) Bode WDDs, as
well as three-dimensional Nyquist WDDs, from the correspond-
ing EOCs for the BOOS and COOS of WO3 and NiO layers is
also envisaged.
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2. Experimental Details

This section presents the experimental measurements
together with the wavelength-dependent configuration framework
required for their interpretation. Collimated T and R of the
WO;-FTO-G sample were measured using the spectrometer
Perkin Elmer Lambda 950 in the WRSS (250-2500 nm), with a
5 nm step. Depending on wavelength, the WO3 and FTO lay-
ers may behave either as optically thin films or as optically thick
substrates. This behavior defines three possible sandwich configu-
rations for the WO3;-FTO-G system: film—film—substrate (FFS),
substrate—film—substrate (SFS), and substrate—substrate—substrate
(SSS), as illustrated in Figure 1. The transition between film and
substrate regimes is governed by the SLOBFS of each layer. LFs
inside substrate layers are computed from regular T (Ty,) and
specular R (Rgp.) measurements, whereas CEFs inside film lay-
ers are computed from the corresponding 7 & p coefficients. The
for&back propagating fields are evaluated at the corresponding
interfaces, located at z =0, z = §, z = 66, and z = 6§88, depend-
ing on the considered configuration. For the FFS configuration
and 4 > 1440 nm, both WO;5 and FTO layers are treated as films,
and CEFs are computed inside each layer, while LFs are evalu-
ated inside the G substrate. In the SFS configuration, only the
FTO layer behaves as a film, whereas the WOj5 layer is treated
as a substrate for the SWRSSwo3. Absorption within layers is
accounted for through attenuation factors A¢ and A, depending
on whether the layer is treated as a film or as a substrate within
the considered spectral range.

3. Theoretical Aspects

This section is divided into two subparts: first, the extraction
of EOCs for film and substrate layers, and second, the imple-
mentation of the 4FM combined with the collimated differential
equations (CDEs) and the 3¢eMR.

3.1. Complex refractive index of WO; behaving as a
substrate and as a film

The formulation is based on the use of interface and layer
matrices. Beginning with the complex refractive index intro-
duced in Equation (1), 7 and p for both polarization states are
derived in Equations (2)—(5). These coefficients are then employed
to calculate the collimated T&R at the interfaces, denoted as
(t and 1), as defined in Equations (6) and (7). The interface
matrix M;!, given in Equation (8), describes light propagation
from the external medium “o” (air) to the internal medium
“1” (air) and is constructed using polarization-averaged S and P
components. The attenuation factor due to extinction, Ag(d) =
exp(—¢*"-dz), defined in Equation (9), is incorporated to build
the substrate layer matrix N,! in Equation (10). This formalism,
summarized in Equations (1)-(10), is first applied to the FTO-G
bilayer configuration [33]. For the WO;3;-FTO-G trilayer sys-
tem, the corresponding substrate matrix product is introduced in
Equation (11), from which the collimated interfaces T&R of
the WOz and FTO are subsequently obtained (rowosrroG,
toWO3FTOG> IGFTOWO30» and tGFTOWO30)s Calculated following
three different approaches associated with the FFS, SFS, and
SSS configurations. For the FFS and SFS cases, the evalua-
tion of LFs requires the determination of CEFs, as described by
Equations (13)—(16). Equation (13) plays for CEFs in film lay-
ers a role analogous to that of Equation (8) for LFs in substrate
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Figure 1

Sandwich structures of the WO3;-FTO-G sample under the three considered configurations: film—film—substrate (FES),

substrate—film—substrate (SFS), and substrate—substrate—substrate (SSS). (a) for&back LFs (I & J), inside the G substrate, and (b)
for&back CEFs (E & F), inside the WO3; and FTO layers for FFS configuration (A > 1440 nm). (c) LFs inside the WOj5 layer and (d)
CEFs inside the FTO layer for the SFS configuration. (e) LFs inside WO; and FTO layers for the SSS configuration. Film attenuation

factors A;VO3 (1 > 1440 nm) and A;FT© (1 > 1200 nm), substrate attenuation factors A,¢, A,WO3, and A ,FTC. Asterisks (*) denote

arrows originating at interfaces
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layers. The attenuation factor Ag(d) for WO5 and FTO layers
treated as films is defined in Equations (14)—(15), respectively. The
wavelengths involved correspond to the effective film wavelengths
(AWO3 = 2/nWO3 and AFTO = 2/nFTO) within the LWRSS, under
the condition that the thickness of the WO3 and FTO layers is
smaller than one third of the incident LF wavelength (i.e., 1440
nm/3 = 480 nm and 1200 nm/3 = 400 nm). The resulting film
layer matrix N E is given in Equation (16).

n =n-—ix (1)
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S 0
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S =2 i 3
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04

Iss. 00 2026
A;Vm @ = 2_? — exp (—i;;; d) - exp <_;:V”0‘3 d) (14)
A;TO (d) _ % = exp (_i/lzli';l;d) - exp (‘/12:—:061> (15)
1
£y 0 A0 L@ ! Fr(2)

For the FFS configuration, both WO; and FTO layers are treated
as films forming a single special interface that exhibits absorption
of light. The interface T&R (t and r), for for&back light prop-
agation, associated with Mwosrrog! in Equations (11)-(12)
(ie, towO3FTOG: ToWO3FTOGs LGFTOWO30» and IGFTowoso)s
are obtained from the v and p coefficients of the individual
WO; and FTO films. The resulting film matrix MywosrroGE.
obtained after combining interfaces and layers for CEFs, is given
in Equation (17) and relates the outside air to the G substrate.
Equation (18) corresponds to illumination exclusively through
the interface located at z = 866, by setting E, = 1 and Fg5 = 0,
and using F,= powosrroc and Eg= 7owosrrog- Equation (19)
represents illumination solely through the interface at z
= 6, by setting E, = 0 and Fg =1, and using EGg= pGrrowoso
and F,=7Grrowoso- Defining M = Mowosrroc™ = Mowos™
NWO3E'MWO3FTOE'NFTOE'MFTOGE> the 7 and P coefficients
between interfaces at z = §66 and z = § are in Equations (20)—
(27), that is, Towosrroc = UMir, powosrroc = M21/Myy,
TGFrowozo= (My1"My-Mp-My)/My;  and  pGrrowoso =
—M,/My;. As done for standard interfaces in Equations (6)

and (7), two3FTOG> ToWO3FTOG {GFTOWO30> ad TGETOWO30 are
finally obtained using Equations (28)—(31).
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For the SFS configuration, only the FTO layer is treated
as a film acting as a special interface with absorption of
light. The elements of Mywosrrog! in Equations (11)-(12),
namely, towo3FToG: ['oWO3FTOG: 'GFTOWO30, aNd IGFTOWO30s
are obtained from the 7 and p coefficients of the FTO
film. The corresponding CEF matrix Mwosrrogt, relating the
WO; layer to the G substrate, is given in Equation (32).
Equation (33) corresponds to FTO layer illumination exclusively
through the interface located at z = &6, by setting Ewos = 1
and Fg = 0, and using Fyo3 = pgrrowos and Eg = Tgrrowos-
Equation (34) represents FTO layer illumination solely through
the interface at z = &, by setting Ewo3 = 0 and Fg= 1,
and using EG= pgrrowos and Fwo3= TGrrowos. Defining
W =Mwosrroc" = Mwosrro® ‘Nrro® MprogF. the 7 and p
coefficients of the FTO layer treated as a special interface are
given by Twosrroc = /W11, pwosrroc = Wa1/Wii, Torrowos =
(Wi Wp=Wip-Wy )Wy, and pgrrowos = ~Wio/Wyp, in
Equations (35)—(38), follow the same formal structure as
Equations (20)—(27). As for standard interfaces in Equations (6)

~(7), the quantities two3rroG, TWOFTOGs tGFTOwo3, and
rGerowosz are obtained using Equations (39)—(42), while

toWO3FTOG- ToWO3FTOG: 'GFTOWO30, and IGFTOwo30 are com-
puted through Equations (43)-(46). For the SSS configuration,
neither CEFs nor 7 and p coefficients are required. In contrast
to the SFS configuration, the quantities twosrroGg> 'WO3FTOG»
tgrrowos. and rgrrowos are now directly computed using
Equations (47)—(50), instead of Equations (39)—(42). These val-
ues are subsequently used in Equations (43)-(46) to obtain

{oWO3FTOG» ToWO3FTOG» {GFTOWO30- a0d TGETOWO30, Which are
finally introduced into Equations (11)—(12).
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In addition to the coefficients associated with the WO;-FTO-G
stack, the terms t,wo3rToG: TowO3FTOG: tGFTOWO30» and
I'GFTOWO3, are also required to evaluate the exact LFs within
the G substrate layer. These LFs are subsequently used to com-
pute the ¢ parameters in the for&back propagation directions
(eg! and eg?) from the 4FM-CDEs Equations (51) and (52).
Because the 3¢MR is established within the G substrate of
the WO;-FTO-G structure, the corresponding LF-TGPs can
be accurately determined for the G layers. Furthermore, when
the FTO layer is considered as a substrate in the SWRSSFTO
configuration (for 4 < 1200 nm) under SSS configuration, the
presence of a 3¢MR at this layer enables a reliable evaluation
of the LF-TGP for FTO. Similarly, a 3e MR is observed in the
WOs5 layer when it acts as a substrate in the SWRSSWO3 (for
1200 nm < A < 1440 nm) under SFS configuration. Therefore,
accurate LF-TGPs can also be obtained for the WOj5 layer treated
as a substrate for both SSS and SFS configurations. To perform
these calculations, the t and r for WOz, WO3;-FTO, FTO-G,
and G must first be determined using Equations (1)-(7), cor-
responding to the air—-WO;3;, WO3;-FTO, FTO-G, and G-air
interfaces.
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3.2. Collimated differential equations of four-flux
model and three-extinction matching requirement

The 4FM-CDEs symmetrical Equations (51)-(52) are
applied to the for&back LFs. From these expressions, the
for&back eg!' and g’ were achieved for the G substrate layer
of the WO3—FTO-G sample in this work, as well as for the
FTO-G and G samples reported in the work by Barrios-Puerto
[33], by means of the attenuation factor AS(d) observed in
Figure 1(a), for the FFS configuration (and also applied to the
SES and SSS configurations). The 3¢eMR in the G layer implies
that eg! = eg’ = e5*. Similarly, the 4FM-CDE Equations
(53)—(54) are symmetrical equations used to determine the for-
ward eppo! and the backward epro’ of the inner FTO layer
when it is treated as a substrate, at the SWRSSFTO, as illus-
trated in Figure 1(e), exclusively for the SSS configuration.
The corresponding 3éMR of the FTO layer leads to epro! =
erro’ = epro™™. The 3¢éMR results for the G and FTO lay-
ers are not explicitly plotted in this work but can be found in
the work by Barrios-Puerto [33]. In addition, the 4FM-CDEs
symmetrical Equations (55)-(56) are employed to determine
the for&back LFs of the inner WO;5 layer when it behaves
as a substrate, at the SWRSSWO3, as shown in Figures 1(c)
and 1(e), for the SFS and SSS configurations, respectively.

ar _ (P) -(") _

&= = () (51)
Z_jzm)d;—éw=—€é-15 (52)

j_i = % = o - (1%%) (53)
j_j = % = —tpro - % (54)
%" (1552# = clos - (%) (53)
ar _ (%) - (%) (s

d d=W03

In Figure 1(a), under the FFS configuration, the forward LF at
the interface located at z = &, denoted as (15)*, is evaluated for
the air-WO3;-FTO-G special interface, while the backward LF
at z = 0, (J9)", corresponds to the G—air standard interface. The
set (I%)", 39", I°, and J9, representing the LFs at the boundaries
of the G layer, was obtained using Equations (57)—(60) and sub-
sequently introduced into Equations (51)—(52) to determine £¢!
and £g’. The parameters tywosrrog and rGrrowos, Wwere com-
puted using Equations (28) and (31) for the FFS configuration;
Equations (43) and (46), together with Equations (39)-(42), for
the SFS configuration; and Equations (43) and (46), combined
with Equations (47)—(50), for the SSS configuration. The resulting
values of eg! and e’ coincide with g*" because of the 3sMR
previously reported in work by Barrios-Puerto [33] from Ty, and
R measurements performed on the G substrate and the FTO-G
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bilayer. Applying the same procedure to the WO3;—FTO-G sam-
ple, the 3¢eMR was likewise obtained for the glass substrate layer
under the three configurations considered, namely, FFS, SFS, and
SSS. When the FTO layer is treated as a film, the forward LF at z =
868, (I9%)", is evaluated for the air-WO;~FTO special interface in
Figure 1(c) under the SFS configuration, and for the WO;—FTO
standard interface in Figure 1(e) under the SSS configuration, when
the FTO layer is treated as a substrate. The backward LF at z =6,
(J%)", corresponds to the G-FTO standard interface in both cases.
The set (126)", (J%)" 1%, and J%9, defining the LFs at the bound-
aries of the FTO layer, was obtained using Equations (61)—(64) and
introduced into Equations (53)—(54) to determine egro! and epro?.
In this case, the coefficients t,wos3rro and rerowose appearing in
Equation (61) were computed using Equations (39) and (42) for
the SFS configuration and Equations (47) and (50) for the SSS
configuration. For the WO; layer considered as a substrate, the
forward LF at z = 658, (1%99)", corresponds to the air-WOj stan-
dard interface in both Figures 1(c) and 1(e), under the SFS and SSS
configurations, respectively. The backward LF at z = 88, (J%%)",
is associated with the G-FTO-WOj special interface in Figure
1(c) for the SFS configuration and with the FTO-WOj; standard
interface in Figure 1(e) for the SSS configuration. The set (159%)",
(J9%)*, 1% and J993 corresponding to the boundaries of the WO,
layer, was obtained using Equations (65)—(68) and introduced into
Equations (55)~(56) to determine eywos' and ewos’. Since illumi-
nation was applied exclusively through the top interface at z = §56,
asterisked LFs represent the sum of transmitted and reflected con-
tributions at this interface, whereas at the bottom interface (z =
0), only the reflected component is considered. For standard inter-
faces, the relations ¢ + r = 1 hold and both coefficients are identical
for for&back light senses. In contrast, for special interfaces ¢ + r
< 1, with ¢ remaining identical for both senses while r differs.

(15) = towosrroG - 1+ rerrowose - J° (57)
() =rg- I (58)

TWOSFTOG
Pl (59)

Ig

JS = Rsvgeo ETOG oWO3FTOG (60)

LGFTOWO30

*

(155) = towosrro - 1 + rrrowose - J°° (61)
(Ja) = tgrro - J° + rprog - I° (62)
P = (1) - a0 (63)
%8 = (J8) . afTO (64)
(19%) " = towos - 1+ rwos, - J°%° (65)
(J55) = tFTOWO} . _]55 + rW03FTO . 155 (66)

% = (155)* NG (67)
WO3FTOG _ . o
555 _ spe 0
d a two3o (68)

For the G substrate, ' and e’ were evaluated using Equations
(51) and (52), originally derived in work by Barrios-Puerto [33],
and were found to coincide with the parameter eg*" defined
in Equation (69). The attenuation of the LFs within the G
layer is described by Equation (9) through the factor A,S(d)
= exp(—£5*"-dz%). An analogous procedure was applied to the
FTO layer when treated as a substrate in the SWRSSFTO con-
figuration for 2 < 1200 nm. In this case, eprol and epro?
were obtained from Equations (53) and (54) in work by Barrios-
Puerto [33], yielding the same value as eppo™® reported in
Equation (70). The corresponding LFs attenuation within the
FTO substrate is likewise expressed by Equation (9) as A;FTO(d)
= exp(—epro™-dzFT0). Similarly, for the WO; layer acting as
a substrate in the SWRSSWO? configuration over the spectral
range A < 1440 nm, eywo3' and ewos’ were calculated using
Equations (55) and (56). These coefficients were found to be iden-
tical to ewo3™" as defined in Equation (71), and the attenuation
of the LFs within the WO; layer is therefore given by A;VO3(d)
= exp(—ewo3*"-dzV0%). From Equation (15), Equations (72)
and (73) were subsequently derived to describe the Re&Im-P of
the film attenuation required in the calculation of the CEF. These
quantities were evaluated at four intermediate depths within the
FTO layer when considered as a film, spanning from dzppo® = 0
nm and dzgrg® = 400 nm in increments of 80 nm, allowing the
determination of the FTO CEF-TGP. In an analogous manner,
Equations (74) and (75) were derived from Equation (14) and eval-
uated at four intermediate positions within the WOj5 film, ranging
from dzyoz? = 0 nm and dzwo;> = 480 nm with 96 nm steps, in
order to obtain the WO3; CEF-TGP. Accordingly, the attenuation
of LFs within the G substrate follows Equation (9), where A5 (d)
= exp(—eg*"-dz0). Similarly, the coefficients eppo' and epro’
were obtained from Equations (53) and (54) in the SWRSSFTO
region (4 < 1200 nm), also reported in work by Barrios-Puerto
[33], and coincide with epro*" as defined in Equation (70). In
this spectral range, when the FTO layer is treated as a substrate,
LFs attenuation is described by Equation (9) through A,FTO(d) =
exp(—eppo™"-dzFT0). Likewise, ewos' and eywos’ were obtained
from Equations (55) and (56) in the SWRSSWO3 region (1 <
1440 nm), leading to the same value as eyo3*" in Equation (71).
When the WO; layer is considered as a substrate, LFs atten-
uation is again governed by Equation (9), such that A,VO3(d)
= exp(—ewo3 "-dzV03). From Equation (15), Equations (72)
and (73) are derived for the Re&Im-P of the film attenuation
required for CEF calculations. These quantities were evaluated
at four positions intermediated inside the FTO layer treated as
a film, spanning from dzppe? = 0 nm to dzpro® = 400 nm
in steps of 80 nm, enabling the construction of the FTO CEF-
TGP. Analogously, Equations (74) and (75) are derived from
Equation (14) for the Re&Im-P of the film attenuation associated
with CEF calculations in WO;3. These were evaluated at four inter-
mediate positions within the WOj5 layer treated as a film, between
dzwo3? = 0 nm and dzyg;® = 480 nm with 96 nm increments,
allowing the corresponding WO3; CEF-TGP to be obtained.

e = Anx® _ AmxOn©

A9 A

(69)

07



Journal of Optics and Photonics Research Vol. 00

Iss. 00 2026

471 FTO 471 FTO, FTO
ey = ZET" = K - 1 (70)
A7y W03 A7y W03, W03
o = o = T (71)
n
Real [A?TO (d)] = Real (%)
27TKFTO 27TnFT0 (72)
=exp (_—/1570 d> . COS(—wm a’)
Imag [A‘;TO (d)] = Imag (%)
271 FTO . [ 2mnfTO (73)
=exp (-—A{TO d) - sin (—Aﬁfm d)
Real [A/V,Vm (d)] = Real (%)
2 W03 27n W03 (74)
=exp <_Wd> - COS (/U,/V—md>
E
Imag [A?-/m (d)] = Imag (E—?>
(75)

_ 2m<W03d . 27rnW03d
=exp — oy d) - sin SVCE

4. Results and Discussion

This section is organized into three subparts. First, the LFs
and CEFs evaluated at the relevant interfaces of the multilayer
system are presented. Second, the LF-TGPs are analyzed for the
G substrate layer, for the WOj5 layer treated as a substrate in the
SWRSSWO3 (1 < 1440 nm), and for the FTO layer treated as
a substrate in the SWRSSFTO (1 < 1200 nm). Third, the CEF-
TGPs (Bode WDD) are discussed for the WO3 and FTO layers. In
this last subsection, Nyquist WDD representations of the CEFs
are also presented for for&back LFs. For completeness, corrected
optical Nyquist WDD of the CEFs within the FTO layer of
the FTO-G sample obtained in work by Barrios-Puerto [33] are
also shown, allowing a direct comparison between bare FTO-G
and WOj3-coated FTO-G systems. These diagrams are shown for
the WO3 and FTO layers in the spectral regions where they are
treated as films, namely, the LWRSSWO3 (1 > 1440 nm) and the
LWRSSFTO (1 > 1200 nm), respectively.

4.1. LFs and CEFs at interfaces

This section is divided into two groups of eight panels each.
Figure 2 presents the results associated with the LFs, whereas
Figure 3 summarizes the CEFs retrieved at the relevant inter-
faces of the multilayer WO3;-FTO-G sample. Using Equation 11,
an excellent agreement between reconstructed (T, VO3FTOG and
RCCWO3FTOG) and measured (TregWO3FTOG and RspeWO3FTOG)
is obtained in Figures 2(a) and 2(b). The experimental T&R
data used in this work correspond to the WO3;-FTO-G sample
described above and were obtained from direct spectrophotomet-
ric measurements performed at the Laboratory for Spectroscopy
of Materials (National Institute of Chemistry, Ljubljana). From
the EOCs of the FTO and G layers, obtained in work by Barrios-
Puerto [33], the EOCs for WO; are obtained in Figures 2(c)
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and 2(d). These values are consistent with those reported in
the literature [34-35] for WOj3 thin films for 4 < 1200 nm,
where the refractive index typically lies between 1.8 and 2.5
depending on deposition conditions and film structure. The blue
color assigned to T, VO3FTOG in Figure 2(a) and to xwo3 in
Figure 2(d), as well as the red color used for Ry VO3FTOG in
Figure 2(b) and for nywgo3 in Figure 2(c), is intentionally chosen
to emphasize the stronger physical correlation between Tep—x
and Rgpe—n, respectively. This fitting procedure was performed by
treating each thin layer (WO5; and FTO) either as a substrate or
as a film, depending on the considered wavelength interval. In the
WO;-FTO-G sample, the glass (G) layer acts as the substrate
for all three configurations (FFS, SFS, and SSS), as illustrated
in Figure 1. Although ngWO3FTOG is lower than TregFTOG over
the entire WRSS in Figure 2(a) due to the additional extinction
introduced by the WOj; layer, RspeWO3F TOG s not systemati-

cally higher than RspeFTOG in Figure 2(b) over all A ranges. This
behavior arises from the interplay between absorption in the WO5
layer and wavelength-dependent interference effects in the multi-
layer system. The presence of WO3; modifies the refractive-index
contrast and the accumulated phase of the partial waves, lead-
ing to constructive or destructive interference that redistributes
the non-transmitted energy between reflection and absorption
rather than producing a monotonic increase in Rgp. A simi-
lar trend is observed when comparing ngFTOG with TregG in
Figure 2(a) and RspeFTOG with RspeG in Figure 2(b). As shown
in Figure 2(c), when nywo3<ngro. it is satisfied that R, WO3FT06
< RspeF TOG - Although xwo3 < Xpro over most of the WRSS,
a A range centered around 750 nm is observed where xwosz >
XF1o, Which coincides with the same A range where nyos3 <
ngro. Within this A range, TregWO3FTOG ~ TregFTOG, indicating
a compensation between refractive-index contrast and absorp-
tion effects. Similarly, Figure 2(c) shows that when ngrg < ng,
the condition RspeF TOG < RspeG is fulfilled, as also observed in
Figure 2(b). Although ko > kg throughout the entire WRSS,
the effective extinction depends on the optical path length. The
interface T&R from outside air to the G substrate, crossing the
WO; and FTO layers, for both for&back light senses, namely,
{oWOSFTOG ' (oWO3FTOG (GFTOWO30 ;4 yGFTOWO30 416 shown
in Figure 2(e). These quantities were computed using Equations
(28)—(31) for the FFS configuration (4 > 1440 nm), Equations
(43)-(46) combined with Equations (39)-(42) for the SFS con-
figuration (1440 nm > A4 > 1200nm), and Equations (43)—(46)
combined with Equations (47)—-(50) for the SSS configuration
(A < 1200 nm). The interface T&R from the WOj5 layer to the
G substrate, crossing only the FTO layer, for both propaga-
tion directions, namely, tWO3FTOG —WOSFTOG = (GFTOWO3 = ;54
rOFTOWO3 " are presented in Figure 2(f). These parameters were
obtained using Equations (39)-(42) for the SFS configuration
and Equations (47)—(50) for the SSS configuration. Although not
required for 2 > 1440 nm to compute tOWOFTOG = oWO3FTOG

tGFTOWO30 - 4pd (GFTOWO3o i Equations (11)-(12)—which are
used to determine T, WO3¥FTOG and R WOIFTOG_ {WOFTOG

WOSFTOG (GFTOWO3 ' gnq rGFTOWO3 ,re pevertheless shown in

Figure 2(f). For consistency across the A range, these quantities
are obtained using the SFS configuration instead of the FFS
configuration. From the plots observed in Figures 2(e) and 2(f),
the for&back absorptance from interface at z = 886 to z =
8 (aowo3srToG and agrrowoso. respectively) and the for&back
absorptance from interface at z = 68 to z = § (awosFTOG
and agrrowo3, respectively) are obtained in Figure 2(g). Note
that the higher difference between for&back values from outside
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T&R measurements, (a) and (b). EOC: Re&Im-P EOC, (c) and (d). Interface T&R from outside air to glass substrate layer (e).
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Figure 3
Re&Im-P of 7 & p coefficients: For air-WO; (a), WO3—-G (b), and FTO-G (c) interfaces. Imaginary parts (d). Real parts (e),
imaginary parts (f), magnitude (g), and phase (h) of the air-WO;-FTO-G interface, for A > 1440 nm
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air to G substrate layer takes place for the FFS configuration.
Figure 2(h) shows the 3¢MR obtained for the WO;5 layer for the
SSS and SFS configurations, in the SWRSSWO3, and the high dif-
ferences observed for the FFS configuration, in the LWRSSWO3,
where £y was obtained with Equation (71) and €lyo; and
e'wos were obtained with Equation (55)-(56). Figure 3 shows
the Re&Im-P and magnitude-phase of the 7 and p coefficients
for standard and special interfaces of the WO3;—FTO-G, depend-
ing on the A ranges related to each FFS and SFS configurations.
The real parts of the v and p coefficients for the oWO;3; and
WO;-FTO standard interfaces are shown (for the LWRSSWO?) in
Figures 3(a) and 3(b), respectively, and for the FTO-G standard
interface (for the LWRSSFT0) in Figure 3(c). The imaginary parts
are shown in Figure 3(d). The Re&Im-P of the 7 and p coeffi-
cients for standard interfaces were obtained by the average of the S
and P polarized quantities computed with Equations (2)—(5). For
the special interfaces, Equations (24)—(27) are used to determine
for&back 7 and p coefficients between outside air and G substrate
layer, that is, between interfaces z = 666 and z = § observed in
Figure 1. In this way, ToWO3FTOG’ poWOSFTOG’ .L.GFTOWO30’ and

pCFTOW30 are plotted in Figure 3(e) for real parts, in Figure 3(f)

for imaginary parts, in Figure 3(g) for magnitudes, and in
Figure 3(h) for phases.

4.2. LFs-TGPs at WO;, FTO, and G substrate layers

For the LF-TGP shown in Figures 4(a, b), four internal
locations are considered within the WO5 layer (480 nm thick-
ness), treated as a substrate in the SWRSSWO3, using a spatial
step of 96 nm (Wlth Z\)vo30 =0, Zvvo31 = 96 nm, Zvvo32 =
192 nm, zyos;® = 288 nm, zwos* = 384 nm, and zyos;® = 480
nm). The quantities (159%)" and J%%% in Equations (55)—(56) are
replaced by (I42)" and J44Z in Equations (76)—(77). Figures 4(c,
d) for the FTO layer (400 nm thickness), treated as a substrate
in the SWRSSFTO, use a spatial step of 80 nm. The quantities
(1°%)" and J%% in Equations (53)—(54) are replaced by (124)"
and J%2 in Equations (78)—(79). Similarly, for the G substrate,
(15)* and J% in Equations (51)—(52) are replaced by (I%)" and JZ,
enabling the determination of for&back collimated LFs at inter-
nal locations within the G layer. This leads to the expressions
reported in Equations (80)—(81). Accordingly, Figures 4(a)—4(b)
illustrate the for&back LF-TGP within the WOj5 substrate layer
in the SWRSSWO3 regime (1 < 1440 nm). Figures 4(c) and 4(d)

Figure 4
LF-TGP of the WOj3, FTO, and G substrate layers. for&back I (a) (c) (e) and J (b) (d) (f) LFs
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correspond to the FTO substrate layer in the SWRSSFTO (1 <
1200 nm), while Figures 4(e) and 4(f) present the LFs-TGP inside
the G substrate over the full WRSS (250 nm < 4 < 2500 nm).
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Re&Im-P arise from the cosine and sine terms associated with
phase accumulation, while the exponential term governs the
damping due to extinction (x). Consequently, the trajectories in
the complex plane encode both phase evolution and attenua-
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Figure 7
for&back CEF-TGPs (E and F) of WO; for LWRSSYO3, Re&Im-P: (a), (b), (c), and (d). Magnitude and phase: (e), (f), (g), and (h)
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Figure 8
for&back CEFs (E and J) of FTO for LWRSS¥TO, Re&Im-P: (a), (b), (c), and (d). Magnitude and phase: (e), (f), (g), and (h)
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Figure 9

for&back CEF-TGPs (E and F) of FTO for LWRSSY 0. Re&Im-P: (a), (b), (c), and (d). Magnitude and phase: (e), (f), (g), and (h)
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Figure 10
Imaginary parts versus real parts or Nyquist WDD plots for forward E (left) and backward F (right) CEF inside the WO; film layer
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Figure 11
Imaginary parts versus real parts or Nyquist WDD plots for forward E (left) and backward F (right) CEF inside the FTO film layer of
the WO;-FTO-G sample
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Figure 12
Imaginary parts versus real parts or Nyquist WDD plots for forward E (left) and backward F (right) CEF inside the FTO film layer of
the FTO-G sample
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5. Conclusion

This work with a three-layer WO3;-FTO-G sample is the
continuation of a previous work by Barrios-Puerto [33] with the
bilayer FTO-G sample. The lower value of x for WOj3 than for
FTO is responsible for the observed thickness independence of
magnitude for the WO;3. The present study is intended to establish
a solid and consistent optical framework for the determination
of intrinsic and extrinsic S&A coefficients within both the 2FM
and 4FM. Building on the identification of the EOCs and the
SLOBEFS, this approach will be extended to FTO-G and G-FTO
configurations, as well as to WO3;—FTO-G and G-FTO-WO;
samples, by exploiting optical measurements performed on the
same sample in both orientations. Future work will also address
WO3; layers with thicknesses of 240 nm and 120 nm in order
to determine their corresponding SLOBFS values. In addition,
analogous analyses will be carried out for NiO-FTO-G samples,
enabling a systematic comparison of the optical parameters of
WOj3; and NiO layers in both BOOS and COOS of ECDs. In
summary, the present results demonstrate that the identification
of the SLOBFS and the fulfillment of the 3eMR provide a consis-
tent and reproducible criterion to distinguish between substrate-
and film-like optical behavior, enabling a unified description of
the transition between incoherent and coherent optical regimes in
multilayer systems, with direct implications for the analysis and
design of complex thin-film structures. The observed relation 1 ~
3d for the SLOBFS is reported here as an empirical result derived
from the experimental fitting and 3eMR condition.

Building on the present analysis performed for collimated
LFs and CEFs, future work will extend this methodology to total
and diffuse contributions. In particular, TGPs of total and dif-
fuse LFs will be addressed in the SWRSS, whereas Bode WDDs
(magnitude, phase, real, and imaginary components) and Nyquist
WDDs (imaginary versus real) derived from total and diffuse
CEFs will be explored in the LWRSS. These analyses will be car-
ried out for the FTO layer of the FTO-G sample, as well as
for both the FTO and WOj; layers of the WO;-FTO-G sam-
ple, considering both sample orientations (FTO-G and G-FTO;
WO;-FTO-G and G-FTO-WO;). In addition, the study of two
further WO3;-FTO-G samples with WO; thicknesses of 240 nm
and 120 nm, instead of 480 nm, together with a NiO-FTO-G
sample with a 120 nm NiO layer, will enable the determination
of the corresponding SLOBFS values, expected at approximately
720 nm for the 240 nm WOj; layer and at 360 nm for the
120 nm WO; layer. Initially, the analysis will be restricted to
the BOOS.

Extension to both BOOS and COOS for the WO5; and NiO
layers considered separately will require optical T&R measure-
ments of the ECDI11, ECD12, ECD21, and ECD22 devices in
both orientations, which were not available in the recent study by
Barrios [32]. Consequently, the fabrication and optical character-
ization of new ECDs will be required to achieve this objective.
Although the FTO layer thickness remains unchanged, its internal
collimated CEFs exhibit markedly different complex trajectories
when embedded in the WO3;-FTO-G system, evidencing the
strong influence of multilayer boundary conditions. For complete-
ness, corrected optical Nyquist representations of the collimated
electric fields within the FTO layer have also been shown, allow-
ing a direct comparison between bare FTO-G and WOj3-coated
FTO-G systems. Using the corrected field formalism, the pres-
ence of the WO5 overlayer modifies the complex trajectory of the
collimated CEF inside the FTO, even though the macroscopic
T&R spectra remain nearly unchanged.

20

Finally, a comparative analysis using non-compressed wave-
length will be carried out for WO;3 layers of 120 nm and 240 nm
in order to assess the robustness of the extracted EOCs and verify
their expected independence with respect to layer thickness.

Overall, the present work establishes a consistent and exper-
imentally validated framework for the determination of effective
optical constants and for the identification of the transition
between coherent and incoherent regimes in multilayer systems,
providing a solid basis for the optical analysis of complex
thin-film structures.

Recommendations

The reader is referred to reference [33] for the analysis of
the FTO-G bilayer system, which provides the direct experimen-
tal and methodological basis extended in the present work to the
WO;-FTO-G trilayer configuration.
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Appendix

Nomenclature
Greek symbols
é

88

English Symbols
0

2FM
3eMR
4FM
BOOS
cc
CEF
CDE
COOS
dz
DDE
E
ECD
F
for&back
FTO
FTOG
G
GEG

i

1

°

G

196

1686

z coordinate at top inner interface between FTO and glass layers
z coordinate at top inner interface between WO; and FTO layers
z coordinate at top outer interface

extinction coefficient

¢ obtained from optical constants

¢ obtained from forward CDE

¢ obtained from backward CDE

imaginary part of complex refractive index

wavelength

Fresnel transmission coefficient

7 for S polarization

7 for P polarization

Fresnel reflection coefficient

p for S polarization

p for P polarization

z coordinate at bottom interface
two-flux model

three-extinction matching requirement
four-flux model

bleached-off optical state
collimated-collimated suffix for 4FM calculated T and R
complex electric field

collimated differential equation
colored-on optical state

thickness of a layer

diffuse differential equation

forward electric field

electrochromic device

backward electric field

forward and backward

fluorine-doped indium oxide

bilayer FTO-glass sample

glass

glass—electrolyte—glass

forward light sense

collimated forward light flux

I at bottom interface

I at top inner interface between FTO and glass layers

I at top inner interface between WO and FTO layers

I at top outer interface

(Continued)
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(Continued)

Nomenclature

j backward light sense

J collimated backward light flux

J0 J at bottom interface

18 J at top inner interface between FTO and glass layers

188 J at top inner interface between WO and FTO layers

Joss J at top outer interface

LF light flux

LWRSS longer wavelength range of the solar spectrum

M,; interface matrix between medium outside “o0” and inside “i”
mediums

Ny substrate “s” layer matrix

n real part of complex refractive index

n’ complex refractive index

R reflectance

r collimated interface reflectance

ToWO3FTOG collimated reflectance of WO; and FTO layers from outside air to
glass

'GFTOWO30 collimated reflectance of WOz and FTO layers from glass to
outside air

R calculated specular reflectance

Rpe measured specular reflectance

Re&Im-P real and imaginary parts

S&A scattering and absorption

SWRSS shorter wavelength range of the solar spectrum

T transmittance

t collimated interface transmittance

TGP thickness gradient plot

toWO3FTOG collimated transmittance of WO; and FTO layers from outside air
to glass

tGFTOWO30 collimated transmittance of WO5 and FTO layers from glass to
outside air

T.. calculated regular transmittance

Treg measured regular transmittance

TSLSS three substrate layers sandwich structure

WRSS wavelength range of the solar spectrum

WDD wavelength-dependent diagram
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