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Abstract: Work is reported on thermal-induced redshifts of quantum particle plasmon. The redshifts are predicted to be caused indirectly by
the quantum size effects. The particles are enlarged when temperature increases, and consequently, quantum size effects modify the plasmon
but not the band structure. It has been modeled for metallic quantum particles. The results are also instructive to other quantum systems, such as
complex molecules. Every electron inside the quantum particle is taken into account. Tiny quantum size effects are harvested, and the redshift
becomes significant. What is shifted is the so-called small particle plasmon frequency, which stems from collective intraband transitions of
electrons. Interband transitions are excluded from the plasmonics. Therefore, the band structure is intact from the onset. Experimental
observation is also reported for the spectral redshift. Faujasite zeolites were synthesized. Optical spectroscopy has been carried out, and
the resulting spectra showed a significant redshift with the increase in temperature. The experimental observation provides early

phenomenological evidence for the spectral redshift predicted by our theoretical model calculations.
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1. Introduction

There has been a lack of attention on the spectral dependence on
temperature for quantum particles, though remotely related work
appears from time to time [1-10]. Here, a quantum particle is
referred to as a metallic or semiconductor particle with a
dimension so tight that quantum confinement has to be taken into
account. To some extent, the concept of quantum particles can be
generalized to include all kinds of tiny quantum systems, such as
a complex molecule. Although in situ microscopy can be realized
for individual particles or molecules with near-field optical
microscopy [7-22], spectroscopy of single quantum particles has
been challenged or unreliable [23-28]. Theoretical modeling
taking into account quantum size effects is also obstructed as
there are too many electrons in a quantum particle. One often
resorts to mathematics for summation rules, that is, to convert the
summation into an integral. However, the tiny quantum size
effects are usually smeared out due to the conversion.

Recently, with a parallel supercomputer, we demonstrated that it
was possible to simultaneously take into account both the quantum
size and Fermi-Dirac statistics effects in modeling quantum
particles without any sum rules or integration [29]. As far as
temperature dependence is concerned, one considers only the
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thermal-induced quantum size effects, as the Fermi-Dirac statistics
brought about far less significant changes [30]. When the samples
are heated, the particles expand in size, and the quantum
mechanical solution changes. Since the so-called quantum size
effects are rather small, the overall band structures are not modified
significantly. Instead, fluctuations due to electron flows can be
observed. In other words, the quantum size effects stem from the
intraband transits, not the interband transits.

In the present work, we have studied the so-called small particle
plasmon frequency. We have found that the plasmon frequency
appears redshifted when the particles are enlarged slightly. The
redshift is observable and usually a function of the increase in the
size of the particle. One assumes that the size of the quantum particle
is increased when the sample is heated. In passing we take note of
the word redshift. Usually, redshift refers to a decrease in frequency.
When the size of a quantum particle is reduced, the plasmon moves
to a higher frequency, that is, a blueshift. Although if the size of the
quantum particle increases due to higher temperature, the plasmon
moves to a lower frequency, which indicates a redshift. The word
redshift used in the present work refers to a rise in temperature that
causes a spectral move towards a lower frequency.

In the present work, we also demonstrate experimental evidence
of the redshift. As already mentioned, in situ spectroscopy of
individual quantum particles remains challenged [23-28]. We
make use of a sample that is composed of a large number of
complex molecules. The sample we used belongs to the family of
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faujasite zeolites [30]. Zeolites are mesoscopic porous materials and
are widely used for catalysis. We synthesized the samples with a
sol-gel technique [30]. The samples underwent many examinations
with most conventional tools, such as XRD (X-ray diffraction),
EDS (Energy Dispersive Spectroscopy), SEM (Scanning Electron
Microscopy), and TEM (Transmission Electron Microscopy). The
SEM and TEM images showed that a group of zeolite cells form
agglomerates ~1.39 pm in size and the agglomerates construct
layers whose thickness is ~0.12 pm. Optical spectroscopy in the
ultraviolet and visible range has been carried out. Based on the
resulting Tauc plots, the band gaps can be estimated. The direct and
indirect band gaps were assessed to be 4.35 eV and 3.12 eV
respectively. We have observed a significant redshift of the spectral
band when the materials are heated up to 450 °C. Two spectra were
recorded for the same sample at two different calcination
temperatures, 90 and 450 °C, respectively. The structure and shape
of the two spectra remain intact. However, the entire spectra have a
redshift from 90 to 450 °C. The redshift is significant and overt at a
peak near 245 nm. The shift measures about 5 nm. We believe that
this redshift is related to the redshift predicated in our numerical
modeling. It provides a piece of early phenomenological
experimental evidence for the thermal redshift of quantum size
effects, though the evidence may not be accurate and direct.

The rest of the paper is organized as follows. In Section 2, the
theory and modeling procedures are introduced and outlined.
Numerical results are presented to demonstrate the quantum size
effects. In Section 3, a piece of experimental evidence is shown. A
sample of faujasite zeolites is synthesized. The optical spectroscopic
results for different calcination temperatures were presented, which
demonstrated the redshift. The possible mechanism for the redshift
is discussed. The paper is concluded in Section 4.

2. Theoretic OQutlines and Numerical Modeling

To manifest the quantum size effects on quantum particles, we
calculate plasmon of quantum particles, more specifically the small
particle plasmon of the quantum particles. Before presenting the
formalism, let us briefly introduce some relevant terms as there
exist confusion and inconsistencies.

One often learns about two terms, namely the surface plasmon and
the localized surface plasmon. The surface plasmon, propagating or
localized, does not exist in quantum particles simply because the
particles are too small. Or it needs a new name for the plasmon.
Instead, there exist the so-called small particle plasmons. We show
below quantitative values of each plasmon, that is, the reduced value
for the surface plasmon from the bulk plasmon, and the reduced
value for the small particle plasmon from the bulk plasmon. Another
common confusion needs to be clarified. Interband transitions are not
a part of plasmonics. Interband transitions in quantum systems are
responsible for spontaneous emission, stimulated emission, and
quantum absorption. On the other hand, plasmon stems from
collective movements of plasmas, that often is the electrons.
Therefore, for quantum particles, the plasmon stems from intraband
transitions, or electrons move within an energy level.

2.1. Bulk plasmon, surface plasmon, and small
particle plasmon

Plasmon may be excited in all conducting media, such as
plasmas, metals, and semiconductors. Basic formalism can be found
in textbooks as well as in literature (see for instance reference [31],
readers are also referred to references [29, 32] for notations). The
angular frequency of bulk plasmon w, can be estimated from
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where n, is the density of the electron, e the charge of an electron, and
m the mass of an electron, respectively, and &, the permittivity in a
vacuum. It is well-known that light cannot excite bulk plasmon.
However, at a metal-dielectric interface, surface plasmons can be
excited. The frequency of surface plasmon can be related to the
frequency of bulk plasmon as follows. The s-polarized reflection
coefficient can be written as

r(w) = ———= )

where it is assumed that the dielectric is a vacuum or in air and there-
fore e(w) = 1. The relative dielectric function of the metal &(w) can be
related to the plasmon frequency with the Drude model as
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where y represents a damping coefficient. Combining Equations (2)
and (3), one understands that the maximum or resonant reflection takes
place when the denominator of the reflection coefficient in
Equation (2) tends to zero or the minimum, which requires
oy = /2, where wy is referred to as the angular frequency of
the surface plasmon. It demonstrates that the frequency of surface plas-
mon is lower than the frequency of bulk plasmon wy ~ 0.7w,.

For small metallic particles, surface plasmons exist also at the
boundary. Since the particle is small, the surface plasmon polaritons
are highly localized, as a standing wave, and therefore surface
plasmons of small particles are often referred to as the localized
plasmon. For quantum particles, the localized plasmon needs a new
name, the small particle plasmon. However, the frequency of small
particle plasmon for the quantum particles appears at a lower value.
To understand the small particle plasmon, one starts from the Rayleigh
polarizability for subwavelength spherical particles of radius a as

elw) —1
e(w) +2

3
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a(w) = 4mea

Combining the Drude model in Equations (3) and (4), one shows
that the resonant absorption and also the strongest scattering takes place
when the denominator in Equation (4) tens to zero or the minimum.
Consequently wy, =~ w,/ \/3, this can be referred to as the small particle
plasmon frequency. The frequency of small particle plasmon is even
lower than the frequency of surface plasmon wg, ~ 0.577w,,.

Note that, based on the results from our numerical modeling, the
plasmon frequency of small particles is always near wg, ~ 0.577w,,
away from the frequency of surface plasmon wy ~ 0.7w;,.

2.2. Solutions of Schriodinger equation for infinite
spherical quantum well

In the present work, fluctuations of the frequency and strength
of small particle plasmon stemming from quantum confinement are
extensively studied. These are tiny fluctuations. Harvesting all
changes, one obtains noticeable quantum size effects. Without
considering the quantum confinement, there is implicitly an
assumption that the density of electrons is a constant inside the
particle, i.e., the electrons are uniformly distributed everywhere.
The assumption becomes questionable when the quantum
confinement has to be considered because of quantum mechanics.
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In turn, variant electron density induces a variant dielectric function.
The polarizability of the particle becomes an integral over the particle

volume as
a(w) = 3g /// %d% &)

For spherical particles, only the radial coordinator brings about
changes. One eventually has

B ag(r,w)—1
a(w) = 127'[80\/0 Wrzdr (6)

where a indicates the radius of the sphere. The source of the variation
in the dielectric function &(r,w) stems from the fluctuation in
electron density n(r). Combining Equations (1) and (3), one writes
down immediately the modified dielectric function as
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where the electron density n(r) is normalized to the constant electron
density n, of the bulk material. Therefore, the next task to deal with
quantum particles is to calculate n(r)/n, with a computable quantum
mechanics model. The simplest quantum mechanical model is the
electron-in-a-box model. All electrons are confined within an infinite
spherical quantum well. Solutions of the time-independent Schro-
dinger equation for infinite spherical quantum well are as follows.
The Schrodinger equation in a spherical coordinator system is

RO o0 L 0 on 1 Py
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The spherical quantum well boundary condition is
0 r<o0
vi={ 2 735 ©

Solving the equation with the boundary condition, one obtains
immediately the normalized wavefunctions for spherical coordinators as

_
buintrs0.0)=\[Z2P0 0.

where j represents a spherical Bessel function whose zero points are at
B, and the spherical harmonics Y} (19, ¢) are composed with Legendre
polynomials P*(cos 6) as well as normalized coefficients as

(214 1)(I — m)!
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Undergoing the integration in angular coordinates 6 and ¢, and
considering the spin degeneration 2, one obtains
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where N represents the number of total electrons in the box. The
eigenenergy corresponding to the wavefunction is obtained by

2[;—12
E, =" 13
nl zmaz ( )

2.3. Quantum size effects on electron density and
small particle plasmon

Let us now show some numerical results to confirm the above
descriptions. We compare the electron density before and after
incorporating the quantum size effects. In Figure 1, electron
density is shown as a function of the radial coordinate.

One sees in Figure 1 that when the size of the particle is reduced, the
intensity variation intensifies, which indicates there are significant
changes due to quantum confinement. When the size of the particle
increases, the quantum size effects become less pronounced. We have
computed up to 8 nm. The intensity curve appears similar to the
constant intensity shown by the dotted line, or the difference becomes
unnoticeable. We take two notes as follows. First, the bigger the
particle, the more electrons in the particle. The number of electrons
augments dramatically with the size. Fortunately, one does not have to
calculate too big particles, as the quantum size effects appear to vanish
rapidly. Second, the parameter involved in the computation is the
number of total electrons N, and the size is assessed from the density
of the materials. The sizes marked in Figure 1 correspond to gold. For
other materials, the density varies, and the size changes accordingly.

Let us now calculate the polarizability in Equation (6) using the
density function shown in Figure 1. We choose to show the
imaginary part, as it appears better for the eyes. In Figure 2, the
imaginary part of the polarizability is shown.

As one can see in Figure 2, there is a significant blueshift with
the decrease in particle size. In other words, there is a significant
redshift when the particle size is increased. The strength is also
decreased when the particle size is reduced, or the strength is
increased when the size of the particle is increased. We take note
as follows. When the particle size reduces to the extreme scale,
there can hardly be plasmon resonance. There is no plasma, there

Figure 1
Normalized electron density 7(r)/n, as a function of
radial coordinate r/a for gold with various radii.
The dotted line indicates the constant density n(r)/n, = 1,
without taking into account the quantum size effects.
The legend table in Figure 2 is shared with Figure 1
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Figure 2
Imaginary part of polarizability as a function of
normalized angular frequency ®/w,, for various radii.
The polarizability is normalized. The dotted line is for
n(r)/ny = 1 which indicates the situation where the
quantum size effects are not taken into account
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is no plasmon. The strength and spectral dependence are shown in
Figure 3(a) and (b), respectively.

Figure 3(b) demonstrates the redshift we predicted. When the
particle size increases, the plasmon frequency decreases. The
trend is to move closer to the plasmon frequency that does not
include the quantum size effects, that is, w0y ~ 0.577w,. As afore-
mentioned, an increase in temperature causes the expansion of most
materials. If the size of the quantum particle is augmented due to
receiving heat, the quantum size effects can be manifested as a red-
shift in the plasmon absorption or radiation, which is referred to as
the indirect thermal redshift.

The computation usually involves a very large number of
electrons. In some cases, it is possible to find some sum rules so that
the summation can be converted into integrals. On the other hand, in
the process, the information about the quantum confinement may be
smeared out or modified, so that the results would be less reliable for
quantum particles where the number of carriers is not that big. In the
present work, we adopt a scheme to take into account every electron.
Since the particles we are interested in are rather small, we have
been able to handle the computation on a supercomputer. Another
issue of concern is the possible interband transitions. In the present
work, the interband transitions are excluded. One can handle the
intraband and interband transitions separately because the two
frequency ranges usually do not overlap each other [31-36].
Therefore, as far as plasmonics is concerned, taking into account
only the intraband transitions becomes adequate.

Emphasizing the intraband transition is particularly meaningful
as far as the quantum size effects are involved. It may be seen as a
fingerprint for the tiny effects because the band structures are not to
be modified and the interband transitions remain intact as the entire
band structure, that is, the density of states (DOS) map remains the
same. Fluctuations in the intraband transitions cause changes in the
collective movements of the intraband electrons, that is, the plasmon
frequency shifts, which is what the present work is reporting.
Keeping in mind the above criterion is useful and plausible while
observing and identifying quantum size effects manifested by tiny
shifts in plasmon spectra.
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Figure 3
Small particle plasmon (a) strength and (b) spectral
shift, as a function of the size of the particle. The angular
frequency is normalized to the angular plasmon frequency.
The dotted line in (a) represents the plasmon strength when
n(r)/ny = 1, whereas the dotted line in (b) represents the
plasmon angular frequency when n(r)/n, = 1

(@ + . . . . . . . ,

Imaginary Polarizability (a. u.)

a(nm)

Finally, it is usually well-known that the damping effects are
variant when the size of the particle decreases. However, in the
computation, a constant number is used for the damping factor,
which is to avoid having extra parameters simultaneously in the
computation, so that the changes in plasmon frequency due to
quantum size effects and temperature could be emphasized. Indeed,
the damping changes mainly the shape of the plasmon peaks and
has no significant impact on the plasmon frequency. Note in
passing that surface reconstruction, lattice defects, and non-uniform
strain can also affect plasmonic response and broaden peaks
significantly. Our model does not include these fluctuations.

3. Experimental Evidence

In this section, we show a piece of experimental evidence for the
redshift. Since the quantum size effects are so small, a near-field
spectroscopy to observe the quantum size effects is unrealistic
[23-28]. Spectral shifts in optical spectra have been seldomly
reported, or reported without specific explanation (see, for
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instance, references [7, 12] and the references therein). To find some
experimental evidence, one has to resort to far-field optical
spectroscopy on a collective sample in a large area.

Faujasite zeolites were synthesized. Zeolites are mesoporous
materials and are widely used for catalysis. We synthesized the
samples with a sol-gel technique [30]. The samples underwent
many examinations with conventional tools, such as XRD, EDS,
SEM, and TEM. The SEM and TEM images showed that a group
of zeolite cells form agglomerates ~1.39 pm in size and the
agglomerates construct layers whose thickness is ~0.12 pm.
Optical spectroscopy in the ultraviolet and visible range has been
carried out. Based on the resulting Tauc plots, band gaps can be
estimated. The direct and indirect were evaluated to be 4.35 eV
and 3.12 eV, respectively. For details of the synthesis and
characterization, the readers are referred to Koop-Santa et al. [30],
where the merits of the technique as well as the usefulness of the
materials are extensively discussed.

The sample that is relevant to the present work underwent two
different calcination temperatures, 90 °C and 450 °C. The sample
under different temperatures was rather stable and showed a
degree of mixture of crystallized octahedrons and morphologies.
We have carried out optical spectroscopy for the sample at
different calcination temperatures. Reflectance spectra cover
UV-Vis were carried out with a UV-Vis-NIR spectrophotometer
(Agilent, Cary 5000). The spectrophotometer was equipped with
an integrating sphere in the wavelength range of 200 nm—800 nm.
The optical spectra are recorded, namely FAU-90 and FAU-450,
which indicate the different calcination temperatures.

Figure 4 shows the optical spectra of FAU-90 and FAU-450.
One notices that the two spectra are almost identical, only that the
spectrum TAU-450 is shifted a little towards a lower frequency,
that is a redshift. Note that a longer wavelength means a lower
frequency. The inserted figure in Figure 4 shows that the redshift
is approximately 5 nm at around 244 nm in wavelength.
Throughout the spectral range, the tiny redshift can also be observed.

It is reasonable to assess that the aforementioned quantum size
effects take part in the redshift, as it stands for the aforementioned
criterion that the quantum size effects would be manifested when
the entire band structure remains intact and only a shift is present in
the plasmon spectrum. Obviously, the band structure is not
modified at all by the heating, or the heating is not yet destructive.

Figure 4
Optical absorption spectra for TAU-90 and TAU-450. The peak
area is enlarged and inserted to show details
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The stability of the materials has also been consistent with SEM
and TEM images. The heating contributes only to the expansion of
all objects in size.

The band structure of zeolite molecules is usually complicated
[31-41]. Hundreds of atoms bound together to form a complex
molecule, including many metallic atoms. Nevertheless, the
complex molecule is a quantum system under quantum
confinement, similar to a quantum particle. Therefore, one
generalizes the situation to reach reasonable conclusions as
follows. Since the spectrum is not modified, the sample keeps all
components and structures. The heat causes only expansion in
size. The interband transition is not a part of the change, as the
spectrum is intact. There remain only intraband movements. The
electrons are moving within the intact DOS map, which is indeed
a collective movement of plasma, and would bring about changes
in plasmons. In other words, the quantum size effects described in
the present work are a leading reason for the redshift observed in
our experiment. One may think of other possible reasons for the
redshift. However, since the fact that the spectrum is intact, any
destructive incidence does not occur. Only the electric movements
within the stable band structure are responsible for the tiny
redshift. Our numerical modeling provides the background in
quantum mechanics to support the mechanism. The thermal
redshift is caused by the temperature-induced quantum size effects.

In terminating, we take some notes on possible improvements to
our experiments. So far, we are unable to carry out in situ measurements
to obtain a continuous spectrum. Details on the sample preparation and
characterization can be found in Koop-Santa et al. [30]. Since the
experiments were conducted for collective samples, it was hard to
assert sample properties, such as the size, shape, structure, etc,
Microscopy and spectroscopy performed for individual particles
would reveal the missing information. The fine work is beyond our
ability and has not been reported even remotely related to the
redshift that is handled in the present work. In addition, it would be
nice to have an error analysis. The types of equipment involved in
the work cited in the present work. Finally, we are unaware of any
reports of redshifts for metallic or semiconductor materials. The work
requires tremendous effects.

4. Conclusion and Perspective

In conclusion, we have studied the spectral redshift with the
increase in temperature on quantum particles. A model is
established based on quantum mechanics to deal with the small
particle plasmon. Possible thermal redshifts have been predicted to
be caused indirectly by the quantum size effects. If quantum
particles are heated, the size of the particles is enlarged, and
consequently, the quantum size effects modify the plasmon but
not the band structure. Therefore, the redshift is caused indirectly
by the heat via quantum size effects. It has been modeled for gold
quantum particles, and the simulation can be extended to other
metals and semiconductors. The results are also instructive to
other quantum systems, such as complex molecules and their
mesoscopic aggregators. A key scheme is that every electron
inside the quantum particle is taken into account. Tiny quantum
size effects are harvested, and the redshift becomes significant.
Phenomenological experimental evidence is also given for the
spectral redshift. Crystalized and layered Faujasite zeolites were
synthesized. Zeolites are mesoscopic porous materials and are
widely used for catalysis. The samples were characterized with
the most conventional tools. Optical spectroscopy has been carried
out from ultraviolet to visible, and the resulting spectra show a
significant redshift with the increase in temperature.
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It is reasonable to assess that the quantum size effects are
responsible for the redshift because the band structure is not
modified at all by the heating. The band structure of zeolite
molecules is usually complicated [31-41]. Hundreds of atoms bound
together to form a complex molecule, including many metallic
atoms. Nevertheless, the complex molecule is a quantum system,
similar to a quantum particle. Therefore, one generalizes the situation
to reach reasonable conclusions as follows. Since the spectrum is not
modified, the sample keeps all components and structures. The heat
causes only expansion in size. The interband transition is not a part
of the change, as the spectrum is intact. There remain only intraband
movements. The electrons are moving within the same DOS map,
which is indeed a collective movement of plasma, and would bring
about plasmons. In other words, the quantum size effects described
in the present work are a strong reason for the redshift observed in
our experiment. One may think of other possible reasons for the
redshift. However, since the fact that the spectrum is intact, any
destructive incidence does not occur. Only the electric movements
within the stable band structure are responsible for the tiny redshift.
Our numerical modeling provides the background in quantum
mechanics for the mechanism. The thermal redshift is caused by the
temperature-induced quantum size effects.
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