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Spectral Limit of the Optical Behavior Between
Film and Substrate for a Fluorine-Doped Tin
Oxide (FTO) Transparent Conductive Layer
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Abstract: The optical constants of a fluorine-doped tin oxide (FTO) transparent conductive layer (of 400 nm thickness), deposited over a glass
(G) substrate, were determined from the collimated transmittance (T) and reflectance (R) optical measurements of a bilayer FTOG sample in
the solar wavelength range (from 250 nm to 2500 nm). The three-extinction matching requirement (3εMR) phenomenon was used as a
feedback system to validate the accuracy of the optical constants results, obtained by fitting to the collimated T and R solutions of the
four-flux model (4FM). The same extinction coefficients (ε) were observed than the obtained when computing light fluxes at the
interfaces and substituting into the 4FM collimated differential equations (CDE). The compression of the wavelength of the incident
light inside G and FTO layers was validated by computing ε from optical constants. Despite a layer is considered a thin film when its
thickness is lower than the wavelength of incident light beam, and a substrate when higher, the 3εMR allowed to determine the spectral
limit of the FTO layer behavior, as a substrate and as a film, at 1200 nm (instead of at 400 nm, i.e., three times higher). FTO layer
behaves as a substrate, for the shorter wavelength range of the solar spectrum (SWRSS), and as a film, for the longer wavelength range
of the solar spectrum (LWRSS). The thickness gradients of the forward and backward (for&back) collimated light fluxes were
determined at the glass substrate of the G and FTOG samples and for the SWRSS of the FTO as a substrate layer. Then, for the
LWRSS, the thickness gradients for the complex magnitude and phase (Bode plots) of for&back electric fields of the FTO film layer
have been spectrally determined and represented by means of imaginary versus real parts (Nyquist plots) depending on wavelength.
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1. Introduction

Transparent conductive (TC)materials are of interest in solar cells,
for collecting electrical current in photovoltaic applications, and in
electrochromic (EC) smart windows, where electrical charge is
inserted or extracted, required to change their optical appearance [1].
One option for these materials is fluorine-doped tin oxide (FTO =
SnO2:F), used for thin films. FTO can be deposited over ultrasonic
or pneumatic spray pyrolysis, showing higher transmittance (T) in
the first case [2]. The size of crystals decreases with concentration in
FTO co-doped with Erbium when prepared via nebulizer spray
pyrolysis for optoelectronic applications [3]. Besides FTO, Indium-
doped tin oxide (ITO = SnO2:In) is also widely used as a TC
material in thin films nowadays. When ITO is deposited over PET
substrate, extinction of light by scattering is higher than by
absorption, resulting in a high albedo [4]. In other cases, such as for
antireflection coatings, an increased scattering is directly related to
an increment in the efficiency of thin film photo-electronic devices
[5]. Flat antireflection coatings showing lower reflectance (R) of the
substrate were studied in a system of layers for coherent (for thin
layers) and incoherent (for thick layers) light [6]. The coherency of
light depends on the multiple interferences between incident and

reflected waves at the different interfaces, losing the phase
information which results in a loss in coherence. This loss can be
caused also by the thickness of the coatings that increases the
coherence length of the incident light [7, 8]. It is interesting to
determine the optical refractive index for manufacturing multilayer
mirrors with desired spectral characteristics [9]. In other cases, the
refractive index can show different profiles of inhomogeneous thin
films when deposited onto non-absorbing substrates [10]. Optical
constants of thin films can be determined by ellipsometry [11], by
the transfer matrix [12, 13], and by the scattering matrix [12, 14], or
used to simulate T and R by means of Fresnel transmission (τ) and
reflection (ρ) coefficients for both polarizations of light [15].

In this work, the optical constants of a FTO layer of 400 nm
thickness are determined in the wavelength range of the solar
spectrum (WRSS) by using a bilayer FTOG sample (FTO
deposited over a glass substrate) and the methods described in
Born and Wolf, Knittel, Harbecke and Pfrommer et al. [16–19]
for thin films, based on Fresnel τ and ρ coefficients. According to
Pfrommer et al. [19], a thin layer has the thickness of the order of
the wavelength of light or less. This would mean that the FTO
would behave as a film for lower wavelength than 400 nm and as
a substrate for higher wavelength than 400 nm, i.e., the expected
spectral limit. However, in this work, this spectral limit seems to
be three times higher, i.e., 1200 nm. A phenomenon called three-
extinction matching requirement (3εMR), observed in previous
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recent works [20–22], was here used to determine this spectral limit
of the optical behavior as a film or as a substrate. This is because
extinction (ε) coefficients only apply for substrate layers, but not
for film layers. The 3εMR phenomenon is described in detail in
the Sections 3.2 and 4.1, including equations and plots. Hence,
the FTO behaves as a film for the longer WRSS (LWRSS) and as
a substrate for the shorter WRSS (SWRSS). The same FTO layer
of the FTOG sample can be used as a TC electrode deposited
over glass (G) for inorganic WO3 and NiO-based EC devices
(ECD), i.e., a smart window technology [23]. Seven layers (glass/
FTO/WO3/electrolyte/NiO/FTO/glass) are included in the
sandwich structure of these ECDs. Under a low DC voltage
applied, WO3 layer switches from bleached-uncolored to bluish-
colored optical state, and NiO layer switches from bleached-
uncolored to brownish-colored optical state. Since the FTO and
the electrolyte [20] are transparent layers, the whole ECD then
switches from a bleached-uncolored optical state to a neutral gray-
colored optical state. According to a recent characterization of
four WO3-NiO ECDs, with single and double thickness of 120 nm
and 240 nm combinations (i.e., 1 × 1, 1 × 2, 2 × 1, and 2 × 2)
of the active WO3 and NiO layers, a new procedure was used to
force the 3εMR. This new procedure was also required for two
other smart windows samples characterized in Barrios [22]: a
suspended particle device (SPD), at dark-off and clear-on optical
states, and a polymer-dispersed liquid crystal (PDLC), at
translucent-off and transparent-on optical states. This new
procedure was required since the three substrate layers sandwich
structure (TSLSS) considered (i.e., G-X-G) was only
approximated and not exact (unlike with the glass/electrolyte/glass
(GEG) sample [20], where the exact sandwich structure was
considered due to the similarity between the TSLSS and the
constructed three layers). This means that, in Barrios [22], the TC
thin film layers were neglected for the SPD (G-SPD-G) sample
and for the PDLC (PET-PDLC-PET) sample (PET was used
instead of G with the PDLC sample). For the four WO3-NiO
ECDs, the five layers (FTO/WO3/electrolyte/NiO/FTO) inside of
the ECDs were considered as a single layer (G-ECD-G). The
optical constants and the spectral limit of the optical behavior of
FTO obtained in this work are then thought to be used in future
works, in order to determine separately WO3 and NiO optical
constants, at bleached-off and colored-on optical states of the four
ECDs. Hence, the results of the FTO here determined are of
interest in order to improve the TSLSS mentioned recent study by
considering seven layers, including substrate and thin films, instead
of three substrates, at the sandwich structure of the ECDs. For that,
the optical constants of the electrolyte were previously obtained
from the GEG sample [20], when it was observed for the first time
the 3εMR, i.e., the same ε coefficients are observed when computed
from the complex refractive index and when computed from the
two forward and backward (for&back) collimated differential
equations (CDE) of the four-flux model (4FM) [24–26]. Then, from
the diffuse differential equations (DDE) of the 4FM, intrinsic
scattering and absorption coefficients (α and β, respectively, being ε
= α + β) were obtained, thanks to four intuitive relations used for
approximating average crossing parameters (ACP) and forward
scattering ratio (FSR) affecting diffuse light fluxes [20] (both ACP
and FSR being differentiated for for&back light fluxes). Then, from
the 4FM parameters, extrinsic scattering and absorption coefficients
(S and K, respectively) were computed using the differential
equations of the two-flux model (2FM) [27] for total light fluxes,
i.e., the sum of collimated and diffuse light fluxes [28]. Decoupling
α and β from ε was carried out using the CDE and DDE-based
inverse method [20, 22], i.e., using only the T and R measurements

and not considering any other parameter such as size, shape, or
concentration of the small particles. This inverse method was
referred as the hard problem, in [29], while the direct method was
referred as the easy problem.

As recently carried outwith an ITO layer (film of 26 nm thick) [21]
deposited on a glass substrate in an ITOG sample, the thickness
gradients plots (TGP) of light fluxes (LF), for forward (I) and
backward (J) and the TGP of complex electric fields (CEF), for
forward (E) and backward (F), were here determined for the FTOG
sample. Note that the wavelength (λ) compression of light inside of
a material with refractive index n (λn = λ/n) was required in G,
GEG, ITOG, and FTOG samples, for observing the 3εMR. Note
also that ε is computed from the optical constants, i.e., εκn= 4πκ/
λn= 4πκn/λ, but it can also be determined from the LFs at the
extremes of the substrate layer using the 4FM-CDE (forward εi and
backward εj). The 3εMR phenomenon means that εκn = εi = εj.
Using the FTO optical constants determined in this work with the
FTOG sample, LF-TGP and CEF-TGP were obtained. LF-TGP were
determined at the substrate G layer and at the FTO layer for the
SWRSS (from 250 nm to 1200 nm), where the FTO behaves as a
substrate, with the bilayer (substrate-substrate) sandwich structure.
CEF-TGP were determined at the FTO layer for the LWRSS (from
1200 nm to 2500 nm), where the FTO behaves as a film, with the
bilayer (film-substrate) sandwich structure. Magnitude and phase
(Bode) and imaginary versus real parts (Nyquist) wavelength-
dependent diagrams (WDD) were also determined for both for&back
CEF (in the same way than with the ITOG sample as in Barrios
[21]), for six different positions inside the FTO layer, i.e., at z= 0,
80, 160, 240, 320 and 400 nm. The 3εMR phenomenon leads to
obtain the TGP not only in this work, for the FTOG bilayer sample,
but also for the ITOG bilayer (film-substrate) sample [21], for the
electrolyte inner layer of the TSLSS GEG sample [20], and for the
approximated TSLSS ECD, SPD, and PDLC samples [22]. In any
case, the optical constants and spectral limit of the optical behavior
of the FTO layer between film and substrate here determined would
be of interest for future works with WO3-NiO-based ECDs.

2. Samples of the Experiment

Collimated T andR ofG and FTOG samples weremeasured using
the spectrometer Perkin Elmer Lambda 950 in the WRSS (250-2500
nm), with a 5 nm steps. Figure 1(a) and (b) shows the sandwich
structures of G and FTOG samples, respectively. LF at the inner of
the G substrate layers are computed from regular T (Treg) and
specular R (Rspe) measurements, exiting the sample through the top
and bottom interfaces, at z = δ and z= 0, respectively, for the G
sample in Figure 1(a), and at z = δδ and z= 0, respectively, for the
FTOG sample in Figure 1(b). Figure 1(c) shows the LF inside of the
FTO layer considered as a substrate, for the SWRSS. Here,
collimated interface T and R (t and r) are determined for the top
interface, at z = δδ, between outside air and FTO, and for the
middle interface, at z = δ, between FTO and glass. Figure 1(d)
shows the CEF of light inside of the FTO layer considered as a film,
for the LWRSS. Here, the Fresnel τ and ρ coefficients are
determined for top interface, at z = δδ, and for the middle interface,
and at z = δ. The bottom interfaces of both G and FTOG samples
are standard (i.e., between two substrates or thick layers, such as G
and outer air). The top interface of the G sample is also standard
(between outer air and G). The FTO layer behaves as a substrate in
Figure 1(c) (for λ< 1200 nm) and as a film in Figure 1(d) (for
λ≥ 1200 nm). For the LWRSS, the FTO layer of the FTOG sample
behaves as a top special interface showing absorption (i.e., the result
of adding interface T and R is lower than unity), being the sandwich
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structure (film-substrate) of Figure 1(d) the same than for the ITOG
sample [21]. The asterisk (*) of the arrows in Figure 1 means that
these arrows do not end at the interfaces, but start (being computed
as the sum of T and R arrows ending at the interfaces, as explained
in Barrios [21]). These asterisk arrows are explained in detail in the
following sections.

3. Theoretical Aspects

This part consists of two subparts: first, the complex refractive
index methodology used for film and substrate layers, and second,
the 4FM CDE and the 3εMR.

3.1. Complex refractive index of glass substrate
and of FTO behaving as a substrate and as a film

Interface and layer matrixes are involved in the following
explanation. From the complex refractive index in Equation (1), it
is computed the Fresnel τ and ρ coefficients for both polarizations
of light in Equations (2)–(5), required to determine collimated
interface T and R (t and r) in Equations (6) and (7), respectively.
Interface matrix Moi

I of Equation (8), from outside “o” (air) to
inside “i” (air) mediums, uses the averaged values of S and P
polarizations. Light fluxes I and J are actually helicoidal
electromagnetic light beams of spectral irradiance in mW/m2 but

Figure 1
Sandwich structures with LF (forward I and backward J), at theG substrate layer of the (a)G and (b) FTOG samples, and (c) at the FTO
layer considered as a substrate, and (d)withCEF (forwardE andbackward F) at the FTO layer considered as a film. ε attenuation factor
of aG layerΔs

G, in (a) and (b), and ε attenuation factor of FTO layer considered as a substrateΔs
FTO, for the SWRSSwith λ< 1200 nm, in

(c), and attenuation factor of FTO layer considered as a film Δf
FTO, for the LWRSS with λ≥ 1200 nm, in (d)
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here considered without units and normalized to unity of input
illumination through the top interface. Extinction attenuation
factor Δs(d) = e-εκn·dz, implicit in Equation (9), is used to
determine the substrate layer matrix Ns

I of Equation (10).
Equation (11) shows the matrix substrate multiplication of the G
sample consisting of a single substrate layer. Equation (12) is the
result of illuminating only through the top interface (by doing
Io= 1 and Ji= 0 and considering Jo = Rcc

G and Ii = Tcc
G, i.e.,

fitting to the collimated measurements TregG and Rspe
G to find nG

and κG). Equation (13) shows the matrix substrate multiplication
of a FTOG bilayer sample. The only difference with the G sample
is the MOFTOG

I interface matrix, instead of the MoG
I interface

matrix of the G sample (by doing Io= 1 and Ji= 0 and
considering Jo = Rcc

FTOG and Ii = TccFTOG, i.e., fitting to the
collimated measurements TregFTOG and Rspe

FTOG to find nFTO and
κFTO). The MOFTOG

I interface matrix is determined from Equations
(14)–(32), for both WRSS, i.e., SWRSS (shorter) and LWRSS
(longer). Equation (14) is to CEF at film layers as Equation (8) is
to LF at substrate layers. Attenuation factor Δf(d) of a layer
considered as a film is determined using Equation (15). The
wavelength involved is related to the film layer (λFTO = λ/nFTO),
for the LWRSS, when the thickness of the FTO layer is lower
than one-third of the wavelength of incident light fluxes (i.e., 1200
nm/3= 400 nm). Film layer matrix Nf

E is shown in Equation (16).
Matrix film MOFTOG

E after multiplying interface and layer for
CEF appears in Equation (17) between outside air and G.
Equation (18) is the result of illuminating only through the top
outer interface (by doing Eo= 1 and FG= 0 and considering Fo =
ρoFTOG and EG = τoFTOG). Equation (19) is the result of
illuminating only through the middle interface (by doing Eo= 0
and FG= 1 and considering Fo = ρGFTOo and EG = τGFTOo).

n0 ¼ n� iκ (1)

τoi
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0
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0
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According to [18, 19] and doing M = MoFTOG
E = MoFTO

E · NFTO
E ·

MFTOG
E, the expressions for determining τ& ρ in both light senses of

the FTO film are τoFTOG = 1/M11, ρoITOG =M21/M11, τGITOo = (M11 ·
M22−M12 · M21)/M11, and ρGITOo = −M12/M11. Here, Equations
(20)–(23) are the same as Equations (59) and (60) from page 62
of Born and Wolf [16], or the Equations 2.32a, b and 2.33a, b of
Knittel [17]. From τ & ρ, the T and R of the FTO film considered
as a special interface (t and r) in for&back light senses are
determined by means of Equations (24)–(27), as it is done for
standard interfaces in Equations (6) and (7). Hence, roFTOG,
toFTOG, rGFTOo, and tGFTOo, i.e., the collimated interface T and R
of the FTO layer, are computed in two different ways: For the
LWRSS, roFTOG, toFTOG, rGFTOo, and tGFTOo, i.e., the interface T
and R of the FTO, as a film layer, are computed with Equations
(24)–(27). For the SWRSS, roFTOG, toFTOG, rGFTOo, and tGFTOo,
i.e., the interface T and R of the FTO, as a substrate layer, are
computed with Equations (28)–(31). Note that the expected
continuity of roFTOG, toFTOG, rGFTOo, and tGFTOo at the spectral
limit of the optical behavior as a film and as substrate, at 1200
nm, is observed in the results of the next section. Then, using the
same structure of the interface matrix Moi

I of Equation (8) with
roi, toi, rio, and tio, MoFTOG

I is determined in Equation (32) by
means of roFTOG, toFTOG, rGFTOo, and tGFTOo. The matrix MoFTOG

I

uses collimated interface T and R when light fluxes cross FTO
layer in both cases, i.e., in forward (oFTOG) light sense, from
outside air to G, and in backward (GFTOo) light sense, from G to
outside air.
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τoFTOG ¼ 1
T11

¼ τoG � τGFTO �Δf dð Þ
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roFTOG ¼ ρoFTOG � conj ρoFTOGð Þ (24)
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Io
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1
toFTOG
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" #
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¼ MI
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(32)

Besides, roFTOG, toFTOG, rGFTOo, and tGFTOo are also required for
computing the exact light fluxes at the G substrate layer, required
for determining ε in the for&back light senses (εGI and εGJ) from
the CDE of the 4FM [24–26]. In this way, since the 3εMR was
obtained at the G substrate layers of the two G and FTOG
samples, LF-TGP could be plotted with accuracy for the G layers.
Besides, due to the 3εMR observed at the FTO layer considered
as a substrate at the SWRSS, LF-TGP could also be plotted with
accuracy for the FTO layer considered as a substrate. For that,
rFTO, tFTO, rFTOG, tFTOG, rG, and tG must be computed in advance,
using Equations (1)–(7), for outside air-FTO (rFTO & tFTO), FTOG
(rFTOG & tFTOG), and G-inside air (rG & tG) interfaces, respectively.

3.2. CDEs of 4FM and 3εMR

4FM-CDE Equations (33) and (34) are symmetrical equations
used for for&back light senses. From them, the forward εGI and the
backward εGJ were determined for the inner G substrate layer of the
FTOG sample, by means of ΔG(d) observed in Figure 1(b). The
3εMR of the G layer for the FTOG sample means that εGI = εGJ

= εGκn. The 3εMR of the G sample is not plotted in this work
(since εGI and εGJ are here related to the G layer of the FTOG
sample, and not to the G layer of the G sample), but it can be
found in Barrios [21]. Besides, 4FM-CDE Equations (35) and
(36) are symmetrical equations used for determining the forward

εFTOI and the backward εFTOJ of the inner FTO considered as a
substrate layer, at the SWRSS, in Figure 1(c).

dI
dz

¼ Iδð Þ� � I0ð Þ
dzG

¼ εIG � Iδð Þ� (33)

dJ
dz

¼ Jδð Þ � J0ð Þ�
dzG

¼ �εJG � Jδ (34)

dI
dz

¼ Iδδð Þ� � Iδð Þ
FTO

¼ εIFTO � Iδδð Þ� (35)

dJ
dz

¼ Jδδð Þ � Jδð Þ�
dzFTO

¼ �εJFTO � Jδδ (36)

In Figure 1(a), the forwardLF at the top interface of theG sample (Iδ)*
is determined for air-G standard interface. (Iδ)*, (J0)* I0, and Jδ, i.e.,
LF at the extremes of the G layer, were determined using TregG and
Rspe

G measurements, by means of Equations (37)–(40), and used in
Equations (33) and (34) in order to determine εGI and εGJ. The
same values were computed for εGI and εGJ than for εGκn, due to
the 3εMR observed with the G sample using TregG and Rspe

G

measurements and with the ITOG sample using TregITOG and
Rspe

ITOG measurements in Barrios [21]. The same procedure was
carried out in this work for the FTOG sample with the G substrate
layer of the FTOG sample. In Figure 1(b), the forward LF at the
top interface of the FTOG sample (Iδ)* is determined for air-
FTOG special interface. (Iδ)*, (J0)* I0 and Jδ, i.e., LF at the
extremes of the G layer were determined using TregFTOG and
Rspe

FTOG measurements, by means of Equations (41)–(44), and
used in Equations (35) and (36) in order to determine εFTOI and
εFTOJ. The roFTOG parameter of Equation (42) was computed using
Equation (24), for the LWRSS, and Equation (28), for the
SWRSS. Besides, for the SWRSS, when the FTO is considered as
a substrate layer, the LF-TGP inside of the FTO layer are obtained
by computing the LFs at the extremes, in the 4FM-CDE Equations
(35) and (36), i.e., (Iδδ)*, Iδ, Jδδ and (Jδ)* of Figure 1(c), by means
of Equations (45)–(48), respectively. Since the samples were only
illuminated through the top interface, asterisked LFs are computed
as the sum of transmitted and reflected components, for the top
interface, in Equations (37), (41), and (45), being only the
reflected component, for the bottom interface, since J0= 0 (see
Figure 1), in Equations (38), (42) and (46).

Iδð Þ�air�G ¼ tG � 1þ rG � Jδ (37)

J0ð Þ�air�G ¼ rG � I0 (38)

I0ð Þai�G ¼ Treg
G

tG
(39)

Jδð Þair�G ¼ Rspe
G � rG
tG

(40)

Iδð Þ�air�FTO�G¼ toFTOG � 1þ rGFTOo � Jδ (41)

J0ð Þ�air�FTO�G¼ roFTOG � I0 (42)

I0ð Þair�FTO�G ¼ Treg
FTOG

tG
(43)

Jδð Þair�FTO�G ¼ Rspe
FTOG � roFTOG
tGFTOo

(44)
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Iδδð Þ�air�FTO ¼ tFTO � 1þ rGFTO � Jδδ (45)

Jδð Þ�G�FTO ¼ rGFTO � Iδ (46)

Iδð ÞFTO�G ¼ Iδð Þ�air�FTO�G �ΔI
S (47)

Jδδð ÞFTO�air ¼
Rspe

FTOG � rFTO
tFTO

(48)

The same for&back extinction coefficients εGI and εGJ were computed
using the Equations (33), (34), and (41)–(44) for the FTOG sample (or
using the Equations (37)–(40) for the G sample, obtained in Barrios
[21]), achieving the same value as εκnG, in Equation (49). The
attenuation of the LF at the G substrate is observed in Equation (9)
since Δs

G(d) = exp(−εGκn·dzG). The same for&back εFTOI and εFTOJ,
determined by means of Equations (35), (36) and (45)–(48) for the
FTO layer considered as a substrate, at the SWRSS, achieving the
same value than εFTOκn, in Equation (50). The attenuation of the LF at
the FTO as a substrate is also observed in Equation (9) since Δs

FTO(d)
= exp(−εFTOκn·dzFTO). Then, Equations (51) and (52) are derived from
Equation (15) for the real and imaginary parts (Re&Im-P) of the film
attenuation required with CEF and computed at four intermediate
positions inside the FTO considered as a film, i.e., between dz0= 0
nm and dz5= 400 nmwith 80 nm steps, in order to obtain the CEF-TGP.

εκnG ¼ 4πκG

λGn
¼ 4πκGnG

λ
(49)

εκnFTO ¼ 4πκFTO

λFTOn
¼ 4πκFTOnFTO

λ
(50)

Real Δf dð Þ� 	 ¼ Real
E2
E1

� �
¼ exp � 2πκFTO

λFTOn
d

� �
� cos 2πnFTO

λFTOn
d

� �
(51)

Imag Δf dð Þ� 	 ¼ Imag
E2
E1

� �
¼ exp � 2πκFTO

λFTOn
d

� �
� sin 2πnFTO

λFTOn
d

� �
(52)

4. Results and Discussion

This part consists of three subparts: First, the LF and CEF
determined at the interfaces. Second, the LF-TGP at G substrate
layers of G and FTOG samples and the LF-TGP at the FTO layer
considered as a substrate, in the SWRSS. Third, the CEF-TGP
(Bode WDD) at the FTO layer considered as a film, in the
LWRSS. Also in the third section, Nyquist WDD of the CEF are
plotted, for both for&back light senses.

4.1. Light fluxes and complex electric fields
determined at the interfaces

This section consists of two sets of eight plots: First, for LF
(Figure 2), and then, for CEF (Figure 3). Perfect fittings are observed
between measured and computed T and R for G and FTOG samples,
in Figure 2(a) and (b) respectively. Re&Im-P of the complex
refractive index, obtained for the G substrate layer and for the FTO
layer considered as substrate and as a film, is shown in Figure 2(c)
and (d), respectively. When nFTO > nG (in all the WRSS except the
range from 1100 nm to 1520 nm), light travels at slower speed in the
FTO layer than in the G layer. Note that κFTO >> κG in Figure 2(d).
Figure 2(e) shows the interface T and R (t and r) of the FTO layer for
forward (oFTOG) and for backward (GFTOo) light senses and the

air-G or G-air interface T and R (tG and rG). Figure 2(f) shows
the absorptance determined at the FTO layer, from computed
interface T and R, in both light senses (aoFTOG= 1 − t oFTOG − r
oFTOG and aGFTOo= 1 − t GFTOo − r GFTOo). At the LWRSS, when the
FTO layer behaves as a film, the retrieved light absorption in the
FTO layer is much lower from air to G light sense than from G to air
light sense. At the SWRSS, where the FTO layer behaves as a
substrate, similar absorption of the FTO layer is observed in both
light senses. Note that between air and G, tG + rG= 1 since aG= 0,
as it is the case of a standard interface between two substrate
mediums, where light can be only transmitted or reflected, but not
extinct (absorpted or scattered). The ε for G and FTO layers are
shown in Figure 2(g) and (h), respectively. Note that the 3εMR is
observed in Figure 2(g) for the G layer in the solar spectrum and in
Figure 2(h) for the FTO layer only at the SWRSS, i.e., where the
FTO is considered as a substrate layer.

Figure 3 shows the τ & ρ coefficients of the CEFs computed at
z = δδ, between air and FTO and at z = δ, between FTO and G, for
the LWRSS between 1200 nm to 2500 nm, where the FTO is
considered as a film, and at z= 0, between G and air, for both
SWRSS and LWRSS. Real parts (τ’ & ρ’) of complex τ and ρ
obtained at air-FTO interface with z = δδ in Figure 3(a), at FTOG
interface with z = δ in Figure 3(b) and at G-air interface with z= 0 in
Figure 3(c). Imaginary parts (τ’’ & ρ’’) of the three interfaces are
observed in Figure 3(d). Note that imaginary parts of G-air interface
at z= 0 are negligible values compared to air-FTO and FTOG
interfaces, at z = δδ and z = δ, respectively. This is because κG is
negligible compared to κFTO, in Figure 2(b). Figure 3(e) and (f) show
real (τ’ & ρ’) and imaginary (τ’’ & ρ’’) parts of complex τ and ρ
coefficients, respectively. Figure 3(g) and (h) show WDD Bode
magnitude and phase plots of CEF, respectively. Note that the same
Bode phase plots (θτoFTOG = θτGFTOo) are observed for outside air-
FTOG and for G-FTO-outside air with τ coefficients (as it was also
observed in the ITOG sample [21]). Also in Figure 3(h), the same
angle for Bode phase plots of ρ coefficients in θρGFTOo and θρoFTOG is
observed at 1700 nm for the CEFs of the FTO layer considered as a film.

4.2. Light fluxes-thickness gradient plots at
substrate layers of G and FTOG samples

Collimated LF-TGP at the G substrate layers of G and FTOG
samples are now determined by means of the procedure
previously explained, i.e., from complex refractive index. For
collimated LF-TG, (Iδ)* and Jδ have been interchanged with (IZ)*
and JZ at the 4FM-CDE in Equations (33) and (34), for
determining the collimated for&back LF at each position inside of
the G layer, obtaining Equations (53) and (54). Collimated LF-
TGP of Figure 4 were obtained by computing five inner LF
spectral values, at intermediate positions inside the substrate layer,
in steps of 0.25 mm, for the G substrate layers of G and FTOG
samples. Therefore, at the G substrate layer, z0= 0, z1= 0.25 mm,
z2= 0.50 mm, z3= 0.75 mm, z4= 1.00 mm, z5= 1.25 mm, and
being z6= 1.5 mm = dzG = δ, i.e., the thickness of G substrate
layers in both G and FTOG samples. Figure 4(a) and (b) show the
for&back LF-TGP for the G sample. Figure 4(c) and (d) show the
for&back LF-TGP for the FTOG sample. Collimated LF-TGP at
the FTO layer of FTOG sample at the SWRSS, are now obtained
from optical constants. For collimated LF-TGP, (Iδδ)* and Jδδ

have been interchanged with by (IZZ)* and JZZ in the 4FM-CDE
in Equations (35) and (36), for determining collimated for&back
LF at each place inside of the FTO layer, obtaining Equations
(55) and (56). Figure 5 shows the LF-TGP at the FTO layer
considered as a substrate, in the SWRSS, for for&back light senses.
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Figure 2
(a) Transmittance and (b) reflectance measurements. Fitted optical constants: (c) real and (d) imaginary.

(e) Interface transmittance and reflectance. (f) Optical absorptance. (g) Three-extinction matching
requirement for G layer of the FTOG sample and (h) for FTO layer considered as film, for λ < 1200 nm (spectral limit)
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Figure 3
Real part of transmission and reflection coefficients for (a) air-FTO, (b) FTOG, and (c) G-air interfaces.
(d) Imaginary parts. (e) Real part, (f) imaginary part, (g) magnitude, and (h) phase of the air-FTOG

interface, for λ> 1200 nm, considering the FTO layer as a film and not as a substrate
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Figure 4
Collimated LF-TGP of the G substrate layer of the G sample and the FTOG sample. (a) Forward I and

(b) backward J light fluxes of G sample. (c) Forward I and (d) backward J of FTOG sample

Figure 5
Collimated LF-TGP of the FTO layer of the FTOG sample for the SWRSS from

300 nm to 1200 nm, where the FTO layer is considered a substrate. (a) Forward I and (b) backward J
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IZð Þ� ¼ I0

1� εIG � Z (53)

JZ ¼ J0ð Þ�
1þ εJG � Z (54)

IZZð Þ� ¼ Iδ

1� εIFTO � Z (55)

JZZ ¼ Jδð Þ�
1þ εJFTO � Z (56)

4.3. Complex electric fields-thickness gradient plots
at FTO layer of FTOG sample considered film

Fδ is computed using Equation (57), as it was carried out for
the ITOG sample in Barrios [21]. In this case, for the FTOG
sample, Fδ is shown in Figure 6. Equations (51) and (52) were
required for Re&Im-P of intermediate CEFs determined with
80 nm steps. CEF-TGP are here determined by means of
Equation (58) at four intermediate positions (i.e., dzFTO1 = 80
nm, dzFTO2 = 160 nm, dzFTO3 = 240 nm and dzFTO4 = 320 nm,
being dzFTO0 = 0 nm and dzFTO5 = 400 nm) inside the FTO
layer considered as film at the LWRSS. Following Equations
(51) and (52), Equation (15) is Euler like expression eⁱiˣ·ey,
ey·eⁱiˣ = ey·[cosine(x)+i⋅sine(x)], being x = −2πnFTOd/
λFTO = 2πnFTOd·nFTO/λ and y = 2πκFTOd/λFTO = 2πκFTOd·nFTO/λ
in Equation (58).

Fδ ¼ τoFTOG � ρGi � Δf dzGð Þ
 �
2

1� ρGFTOo � ρGi � Δf dzGð Þ
 �
2 (57)

Δf ðdÞ ¼
E2
E1

¼ exp

�
� 2πκFTOd

λ
nFTO

�

� cos � 2πnFTOd
λ

nFTO
�
þ i � sin � 2πnFTOd

λ
nFTO

�� ��
(58)

Then, using Equation (16) and substituting the positions (1) and
(2) with the values of the CEFs E and F at the interfaces of the

FTO layer (at z = δδ and at z = δ), Equation (59) was applied
at the four intermediate positions between the extremes or
interfaces, using the Δf(d) film attenuations obtained with
Equation (58). Hence, the film layer matrix NEF

FTO of
Equation (59) is computed at the four intermediate positions in
order to obtain the values of the intermediate CEFs E and F.
Then, Figure 7 shows the forward E and backward F real
(a and b) and imaginary (c and d) parts of CEF, and the WDD
Bode magnitude (e and f) and phase (g and h). Despite the
apparently disordered spectral values observed for Re&Im-P,
and also for the phase plots, the magnitude plots show an order
of the CEF E and F, with higher values obtained near the top
interface at z = δδ, and lower values obtained near the middle
interface at z = δ, in Figure 1(d). Figure 8 uses the plots of
Figure 7 to obtain the CEF-TGP, for Re&Im-P and for Bode
magnitude and phase WDD.

Eδδð Þ�
Fδδ

� �
¼

1
Δf dð Þ 0

0 Δf dð Þ

" #
� Eδð Þ

Fδð Þ�
� �

¼ NFTO
EF dð Þ � Eδð Þ

Fδð Þ�
� �

(59)

Figure 9 shows the Nyquist WDD in the LWRSS, from up to
down (violet to red colors) for E and from down to up (red to
violet colors) for F. Figure 9(a) and (b) shows a 3D plot of
imaginary versus real parts of the CEFs E and F, respectively
(check Figure 1(d) with Fδ ≈ 0). For a better visualization,
Figure 9(c) and (d) shows the wall projections of the Nyquist
WDD plots of Figure 9(a) and (b). In order to observe the
sense of increment of wavelength, the maximum considered
wavelength λmax is indicated and placed besides the
corresponding plot at the inside of Figure 9(e) and (f) of the
Nyquist WDD for CEF E and F respectively. Here λmax = 2250
nm, instead of 2500 nm, in order to avoid noise in the plots
due to the high oscillations in this range of wavelength,
observed in Figures 7 and 8. Note that in Figure 9(e) and (f),
the minimum wavelength of the LWRSS, i.e., λmin = 1200 nm,
that is the spectral limit of the optical behavior between a
substrate and a film, was not indicated.

Figure 6
CEF Fδ in backward sense reaching the FTO bottom interface at z = δ determined using
Equation (57). (a) Re&Im-P (F’)δ and (F’’)δ. (b) Magnitude |Fδ| and θ phase (°) of Fδ
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Figure 7
Collimated CEFs (forward E and backward J) of the FTO layer of the FTOG sample for the
LWRSS, from 1200 nm to 2500 nm, where the FTO layer is considered as a film. Real parts:

(a) E and (b) F. Imaginary parts: (c) E and (d) F. Magnitude: (e) E and (f) F. Phases: (g) E and (h) F
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Figure 8
Collimated CEF-TGPs (forward E and backward F) of the FTO layer of the FTOG sample for the LWRSS,

from 1200 nm to 2500 nm, where the FTO layer is considered a film. Real parts: (a) E and
(b) F. Imaginary parts: (c) E and (d) F. Magnitudes: (e) E and (f) F. Phases: (g) E and (h) F

Journal of Optics and Photonics Research Vol. 00 Iss. 00 2025

12



Figure 9
Imaginary parts versus real parts or Nyquist WDD plots for (a) (c) (e) forward E and

for (b) (d) (f) backward F. CEF inside the FTO layer considered as a film, from 1200 nm to 2500 nm
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5. Conclusion

The complex refractive index of a TCFTO layer has been obtained
and used to obtain the TGPof collimated for&backLF in theG substrate
of the FTOGsample (FTO layer placed over aG substrate) togetherwith
the G sample (a single G substrate layer). For the G sample and for the
FTOG sample, accurate values of collimated LFs were demonstrated
thanks to the 3εMR, a phenomenon observed when the same ε is
obtained by means of three different ways, i.e., from the complex
refractive index and from the LF of the 4FM-CDE. The 3εMR was
also used in this work to determine the spectral limit of the optical
behavior as a film and as a substrate, of the FTO layer, observed at
1200 nm. FTO layer behaves as a substrate for the SWRSS, from
250 nm to 1200 nm, and behaves as a film for the LWRSS, from
1200 nm to 2500 nm. Soft transition and continuity of results in the
spectral limit validate it. Compared to ITO 26 nm, the spectral limit
behavior would be expected at 73 nm, which is outside of the
WRSS used in the T and R measurements. The ε coefficients
computed from the complex refractive index were obtained
considering that the wavelength of light is compressed (λn = λ/n)
when it travels inside of a medium different from free space or air,
such as at G and at FTO substrate layers. Note that the decrement of
speed of light is caused by a decrement of the wavelength and not
by a decrement of the frequency. Thanks to the 3εMR phenomenon
observed at the G layer of the G and FTOG samples in the WRSS
and at FTO layer for the SWRSS, behaving as a substrate, the FTO
layer of 400 nm is considered a film for LWRSS, i.e., for
wavelength higher than 1200 nm, that is three times the thickness.
Nyquist WDD (imaginary versus real parts) and Bode WDD
(spectral magnitude and phase) of CEFs E and F were determined at
four different positions inside the FTO layer, besides the obtained at
top and middle interfaces. From them, TGP at the FTO layer
considered as a film, at the LWRSS, were determined and plotted.
Then, Nyquist WDD of for&back E and F CEFs of light at the FTO
layer considered as a film were determined. In original Nyquist
diagrams (depending on frequency of complex electrical impedance,
instead of on wavelength of CEFs), the semicircular behavior is
associated with the electrical capacitor, placed in parallel to a
resistance, and this shunt in series with another resistance (Randles
cell) [30]. For the CEF related to the light inside the FTOG sample,
the cause of the semicircular behavior should be an optical ε effect
observed for the forward CEF E in Figure 9(e), at the top outer
interface with z = δδ, and for the backward CEF F, in Figure 9(f), at
the top inner interface with z = δ.

The complex refractive index of FTO determined in this
document and the complex refractive index of the electrolyte layer
determined in a previous work [20] are thought to be used by the
author in a new next research, for computing the complex
refractive index of the inner active layers for multilayer WO3-
NiO-based ECD samples. Searching to obtain the 3εMR, the
study would verify if the spectral limit of the optical behavior for
the WO3 and NiO layers of 120 nm and 240 nm thicknesses
would take place at wavelengths three times the thicknesses, as it
was observed in this work at 1200 nm for the FTO layer of 400
nm thickness. For ECD11 (120 nm thicknesses for both WO3 and
NiO), dividing the SWRSS into two ranges: From 250 nm to 360
nm, both FTO-WO3 and FTO-NiO interfaces between two
substrate layers. From 360 nm to 1200 nm, both FTO-WO3 and
FTO-NiO interfaces between a substrate layer (FTO) and a film
layer (WO3 and NiO). For ECD12 (120 nm thickness for WO3

and 240 nm thickness NiO), dividing the SWRSS into three
ranges: From 250 nm to 360 nm, FTO-WO3 interface between
two substrate layers. From 360 nm to 720 nm, FTO-NiO interface

between two substrate layers. From 720 nm to 1200 nm, both
FTO-WO3 and FTO-NiO interfaces between a substrate (FTO)
and a film layer (WO3 and NiO). For ECD21 (240 nm thickness
for WO3 and 120 nm thickness NiO), dividing the SWRSS into
three ranges: From 250 nm to 360 nm, FTO-NiO interface
between two substrate layers. From 360 nm to 720 nm, FTO-WO3

interface between two substrate layers. From 720 nm to 1200 nm,
both FTO-WO3 and FTO-NiO interfaces between a substrate
(FTO) and a film layer (WO3 and NiO). For ECD22 (240 nm
thicknesses for both WO3 and NiO), dividing the SWRSS into
two ranges: From 250 nm to 720 nm, both FTO-WO3 and FTO-
NiO interfaces between two substrate layers. From 720 nm to
1200 nm, both FTO-WO3 and FTO-NiO interfaces between a
substrate layer (FTO) and a film layer (WO3 and NiO).

Finally and as future works, using the expected optical constants
of separated active layers (WO3 and NiO) of ECDs, it would be
interesting to obtain their Nyquist WDD. The observation of the
3εMR phenomenon including layers at the sandwich structure
behaving as substrate and as film, for different WRSS, would lead
to the determination of intrinsic (4FM) and extrinsic (2FM)
scattering and absorption coefficients of each active layer (WO3 and
NiO) in ECDs, for both bleached-off and colored-on optical states.

Recommendations

The reader is suggested to read a similar study using a thin film
of ITO layer over a glass substrate, in reference [21].
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Appendix

Nomenclature

Greek symbols

α intrinsic scattering coefficient
β intrinsic absorption coefficient
δ z coordinate at top inner interface
δδ z coordinate at top outer interface
Δf(d) film layer attenuation
Δs(d) substrate layer attenuation
ε extinction coefficient
εκn ε obtained from optical constants
εi ε obtained from forward CDE
εj ε obtained from backward CDE
κ imaginary part of complex refractive index
λ wavelength
τ Fresnel transmission coefficient
τS τ for S polarization
τP τ for P polarization
ρ Fresnel reflection coefficient
ρS ρ for S polarization
ρP ρ for P polarization

English Symbols

0 z coordinate at bottom interface
2FM two-flux model
3εMR three-extinction matching requirement
4FM four-flux model
ACP average crossing parameter
cc collimated-collimated
cd collimated-diffuse
CEF complex electric fields
CDE collimated differential equations
dz thickness of a layer
DDE diffuse differential equations
E forward electric field
ECD electrochromic device
F backward electric field
for&back forward and backward
FTO fluorine-doped indium oxide
FTOG bilayer FTO-glass sample

FSR forward scattering ratio
G glass
GEG glass/electrolyte/glass
i forward light sense
I collimated forward light flux
I0 I at bottom interface
Iδ I at top inner interface
Iδδ I at top outer interface
ITO tin-doped indium oxide
ITOG bilayer ITO-glass sample
j backward light sense
J collimated backward light flux
J0 J at bottom interface
Jδ J at top inner interface
Jδδ J at top outer interface
K extrinsic absorption coefficient
LF light flux
LWRSS longer wavelength range of the solar spectrum
Moi interface matrix between medium outside “o” and inside

“i” mediums
Ns substrate “s” layer matrix
n real part of complex refractive index
n’ complex refractive index
PDLC polymer-dispersed liquid crystal
R reflectance
r collimated interface reflectance
roFTOG collimated reflectance of FTO from outside air to glass
rGFTOo collimated reflectance of FTO from glass to outside air
Rcc calculated specular reflectance
Rspe measured specular reflectance
Re&Im-P real and imaginary parts
S extrinsic backscattering coefficient
SPD suspended particle device
SWRSS shorter wavelength range of the solar spectrum
T transmittance
t collimated interface transmittance
TGP thickness gradient plots
toFTOG collimated transmittance of FTO from outside air to glass
tGFTOo collimated transmittance of FTO from glass to outside air
Tcc calculated regular transmittance
Treg measured regular transmittance
TSLSS three substrate layers sandwich structure
WRSS wavelength range of the solar spectrum
WDD wavelength-dependent diagrams
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