
Received: 29 July 2024 | Revised: 13 September 2024 | Accepted: 13 December 2024 | Published online: 20 December 2024

RESEARCH ARTICLE

Differential Cross-Sections and Energy
Shifts in Electron-Atom Scattering Under
Linearly Polarized Laser Fields

Raju Bohora1 , Kishori Yadav1 and Saddam Husain Dhobi2,*

1Department of Physics, Tribhuvan University (Patan Multiple Campus), Nepal
2Central Department of Physics, Tribhuvan University, Nepal

Abstract: This study investigates electron-atom scatteringwithin linearly polarized laser field, employing the first-order Born approximation and
perturbation theory for target dressing. The Hamiltonian integrates both unbound electron and atomic target in the laser field, with the electron’s
wave functions described by Gordon-Volkov waves. Elastic scattering for hydrogen atoms in various states (1s, 2s, 3s) is examined to determine
differential cross-sections (DCS) and energy shifts. To study the nature of DCS and energy shifting, electric field strengths (1 to 4 a.u.), Bessel
function orders (1 to 4), scattering angles (0 to 30 degrees), and laser energy (1.17 eV) are used in this research. Results indicate higher laser field
strengths correlate with lower energy shifts, significantly impacting scattering dynamics, while DCS values decrease with increased scattering
angles and higher Bessel function orders. The transitions involving higher orbital states show broader momentum ranges and smoother DCS
decay. These findings elucidate the interplay between atomic structure, incident energy, and scattering characteristics, offering valuable
insights for applications in plasma physics and materials science by aiding precise modeling of atomic interactions under varying conditions.
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1. Introduction

The Gravitational Behavior of Antihydrogen at Rest experiment,
which examines the influence of gravity on antimatter, relies heavily
on three-body collisions. A crucial difficulty is increasing the
manufacturing rate, which is normally relatively low [1]. A laser field
is employed to influence the collision process by applying a
perturbative technique that combines the Coulomb-Born approximation
with first-order perturbation theory [2]. Further research in the field
involves the development of a distorted wave approach for atom
structure calculations as well as collision dynamics in plasma
environments [3] and advances in femtosecond laser-assisted electron
scattering equipment [4], along with theoretical investigations through
electron-light interactions in ultrafast electron microscopy, which might
further enhance space-time-energy resolution [5].

When particles or waves encounter an obstruction or interact
with other particles or fields, they are physically misdirected or
deflected from their initial course, a phenomenon known as
scattering. Considerable work has been devoted to investigating
electron-atom scattering in the presence of a powerful laser field,
including the experiment and the work [6, 7]. Mason [8]
summarized the experimental situation of electron-atom scattering.
Prior to Gersten’s [9] work, the atomic target was described by a
static potential. However, subsequent studies considered the laser
dressing of the target, handling the radiation-atom interaction

perturbatively. This approach was also adopted in the works
[10, 11], and notably [12]. In all these investigations, a linearly
polarized laser field was considered. The phenomenon of energy
shift was first observed by Johannes Stark in 1913 when he
discovered that the spectral lines of hydrogen atoms were split by
an electric field, known as the Stark effect. Later, in 1933, Alfred
Kastler and Jean Brossel observed that the energy levels of atoms
were also shifted by a magnetic field [13].

Series of studies investigating the cross-sectional interactions
between electrons and protons, as well as electrons and hydrogen
atoms, under both laser and non-laser conditions [1–12]. Their
research focuses on understanding the thermodynamics of thermal
electrons, the impact of electron-ion interactions on output current
in proton exchange membrane fuel cell (PEMFC), differential cross-
sections (DCS) in inelastic scattering scenarios with weak laser
fields, and the scattering dynamics of free electrons with hydrogen
atoms within PEMFC systems. Their recent work has also explored
DCS utilizing Volkov-Thermal wave functions in Coulomb
potentials, contributing to a comprehensive understanding of these
interactions around PEMFC electrodes [14, 15].

Scattering phenomena occur when particles or waves encounter
obstructions or interact with other particles or fields, resulting in
deflection from their initial course. Previous research has
extensively investigated electron-atom scattering in the presence
of powerful laser fields, providing both theoretical and
experimental insights [6–8, 13, 16]. While these studies have
predominantly focused on transitions between lower orbits
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(e.g., orbit 1 to 2), there is a gap in understanding transitions
involving higher-order orbits, particularly in the context of a
linearly polarized laser field. Additionally, the effects of laser field
strength on energy shifts, initially observed by Johannes Stark in
1913 and further explored by Alfred Kastler and Jean Brossel in
1933, remain under-explored for higher-order transitions. The
objective of this work is to study the DCS for electron transitions
between higher-order orbits in a linearly polarized laser field and to
analyze the corresponding energy shifts due to varying laser field
strengths. This study attempts to close the current gap by extending
transition investigations to higher-order orbits, providing new
insights into scattering processes under the impact of powerful laser
beams. This discovery is significant because it has the potential to
improve understanding of electron-ion interactions along with
energy shifts, contributing to developments in domains like
PEMFCs as well as applications involving laser-atom interactions.

2. Methods and Materials

In the event of the existence of a laser field, the perturbed system
can be represented as:

H ¼ Hf þ Ht þ Vd (1)

where Vd is the electrons-atom interaction under the direct channel,
and Hf as well as Ht represent the Hamiltonians that represent the
unbound electron along with the atomic target, respectively, in the
presence of an intense laser field. The wave function generated by
an unbound electron within the laser field is described by the
Schrödinger equation [17]:

iℏ
@

@t
χðr0 ; tÞ ¼ Hf χ r0 ; tð Þ ¼ 1

2m
pþ e

c
A

� �
2
χ r0 ; tð Þ (2)

where χ r0; tð Þ is wavefunction of the electron, which is a function of
position r0 and time t, p is momentum, e is charge of electron, c is
velocity of light, andA is vector potential. In the present work, we treat
only single-mode laser field in the framework of the dipole approxi-
mation, considering the linearly polarized situation. The classical oscil-
lations vector a(t) can be expressed as a(t) = a0ϵsin(ωt), whereas a(t)
reflects the electron’s oscillations in the electric field ϵ(t). Functioning
in the case of the Coulomb gauge, the vector of electromagnetic poten-
tial A(t) is given as A(t) = A0cos(ωt). Gordon-Volkov waves to
describe both the beginning and the end states of the dispersed electron.
The equivalent solution is given for an electron possessing kinetic
energy (Ek), the electronwave vector k, aswell as frequencyω [18, 19].

χ~k ~r; tð Þ ¼ 1

2πð Þ32 exp i k � r0 � k � a0 sin ωtð Þ � Ekt
ℏ

� �� �
(3)

Here, a0 ¼ ε0
ω2 ¼ A0

cω, k is momentum, r0 is position, Ek is kinetic
energy of electron, and ℏ bar is planks constant. We focus our analy-
sis on high scattering energies where the first-order Born approxima-
tion provides highly accurate results. The electron-atom interaction,
described by a static potential, is detailed in Cionga et al. [20] and
Dhankhar et al. [21].

V r;Rð Þ ¼ � 1
r
þ 1

~r �~R
�� �� (4)

Here,~r and~R represent the position vectors of the electron and bound
electron, respectively. We employ a semi-perturbative approach [22]
for scattering. Our analysis commences with the scattering matrix,

as discussed in the context of high-energy scattering [23].

SB1if ¼ �i
Z þ1

�1
dt < χ~kf

tð Þψnlm tð Þ V r;Rð Þj jχ~kf tð Þψnlm tð Þ > (5)

whereψnlm is unperturbed excited state of hydrogen of energy En and
χ~ki fð Þ

is the Gordon-Volkov wave equation for initial and final states

of scattering electron which are identical due to free-free transition.
For high-energy projectile electrons ðEki > 150 eVÞ; exchange
effects can be safely omitted, and they are excluded from our scatter-
ing matrix calculations. We utilize a first-order time-dependent per-
turbation theory to examine the interaction of hydrogen atoms in
these circumstances, assuming that the laser field strength stays
low. Cionga et al. [24] use the Jacob-Anger of the exponential to gain
a greater understanding of dressing effects.

exp ixsin ωtð Þ½ � ¼
Xþ1

1
JN xð Þexp ðiNωtÞ (6)

Here JN is Bessel function, N is net number of photons that are
exchanged (absorbed or released), ω is frequency, and t is time. This
Equation (6) here acts as mathematical tools which is used to solve the
complex integral part. The exchange of photon takes place when a pro-
jectile electron collides with a hydrogen atom in an environment of a
monochromatic, single-mode, linear polarized laser field. For a process
involving N photons, the DCS can be expressed as follows [25]:

dσN

dΩ
¼ 2πð Þ4 kf

ki
TNj j2 (7)

TN is general structure of the S-matrix element equation followed by
the transition matrix element.

TN ¼ T 0ð Þ
N þ T 1ð Þ

N þ . . . (8)

And the first term is given by Dhankhar and Choubisa [26],

T 0ð Þ
N ¼ JN ~α �~qð Þ < ψnlm F ~qð Þj jψnlm > (9)

The above equation corresponds to the Bunkin-Fedorov formula [6],
where the laser dressing of the target is disregarded. Here, TN

simplifies to T 0ð Þ
N , and ordinary Bessel functions JN ~α �~qð Þ encom-

pass all the field dependencies of the transition matrix. An additional
term arises from the atomic state dressing under a linearly polarized
laser field. The form factor operator F ~qð Þ can be expressed as

~q ¼~ki �~kf .

F ~qð Þ ¼ 1
2π2q2

exp i~q �~rð Þ � 1½ � (10)

For a linearly polarized electromagnetic field along the any one axis,
the interaction potential can be written as:

V tð Þ ¼ �er � E tð Þ (11)

E tð Þ ¼ E0 cos ωt � φð Þ êp (12)

where E is field strength of laser field, φ is phase angle [27]. Now to
calculate the DCS for 1s-1s state, the transition matrix is obtained using
relation<ψ1;0;0 F ~qð Þj jψ�

1;0;0> [28] in presence of laser field where wave
function ψ1;0;0 is being operated with form factor operator F ~qð Þ. The
DCS cross-section from this transition and Equation (4) we get,
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where n is Bessel function order and energy shift for same state is
obtained as:

ΔE ¼ e
1
π

� �
E tð Þ 1

a0

� �
3 1
4
a0e

�2r
a0 a0 þ 2rð Þ (14)

Similarly, for 2s state the DCS is obtained as:
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ki

1
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4 e
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(15)

For 2s, the energy shift is obtained as:

ΔE ¼ � 1
16π

E tð Þe �2a20 � 2a0r þ r2 � r3

a0

� �
e�

r
a0 (16)

Also, for 3s state DCS is obtained as:
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(17)

For 3s state energy shift is obtained as:

ΔE ¼� 1
a0

� �
6 eE tð Þe�2r=3a0

19683π

� �

� 64675a50
100
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(18)

For n= 2 and n= 3, transition matrix is obtained using
<ψ3;0;0 F ~qð Þj jψ�

2;0;0>; this represents the DCS for 3s to 2s or 2s to
3s as above is obtained as:
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Also, the energy shifts with laser field with transition from 3s to
the 2s state is obtained as:

ΔE ¼ 1

324
ffiffiffi
5

p
π

1
a0

� �
3
e

� E tð Þ 44712a20
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� �

(20)

Similarly, the DCS for 3s to 1s obtained as:
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Also, the energy shifts due to laser field of 3s to 1s state
transaction is obtained as:
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Similarly, the DCS for 2s to 1s transition is obtained as:
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Also, the energy shifts for transition 2s to 1s state are obtained
as:

ΔE ¼ �e
1

4π
ffiffiffi
2

p 1
a0

� �
3
E tð Þ 4

9
a0r þ

16
27

a20 þ
18
27
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(24)

3. Results and Discussion

3.1. Computational detail

The computational analysis was conducted using the student
package of MATLAB, focusing on the interaction of laser
photons with energy of 1.17 eV and electrons with energies up to
3 MeV. The electric field strength varied from 1 a.u. to 4 a.u.,
while the Bessel function order ranged from 1 to 4. The scattering
angle was considered between 0 and 30 degrees, and the distance
separation was set from 1 to 4 Å.

3.2. Differential cross section

TheDCS for undressed scattering, focusing on elastic scattering
transitions across various atomic states and incident energies, is
shown in Figure 1. The DCS plots for transitions including the
1s-1s, 2s-2s, and 3s-3s states exhibit consistent trends
characterized by exponential-like decay. In the 1s-1s state, we
observed a rapid decrease in DCS as energy increased up to
approximately 0.8 MeV, followed by a more gradual decline,
stabilizing after 1.5 MeV. This stabilization suggests that the
coulombic repulsion of the target in its ground state becomes
increasingly weak at higher energies. Numerically, the initial rapid
drop in DCS for the 1s-1s state up to 0.8 MeV reflects the strong
initial interaction between the incident particle and the target due
to coulombic repulsion. As energy increases beyond this
threshold, the electron configuration stabilizes, leading to a more
gradual decrease in DCS. This behavior indicates a transition
towards a state where the interaction dynamics are less affected by
initial repulsive forces and more by the electron’s spatial
distribution within the atom. In contrast, transitions involving
higher orbital states such as 2s-2s and 3s-3s exhibit smoother,
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curved decreases in DCS across a wider range of momentum changes
than the 1s-1s state. This broader range suggests that electrons in
higher orbitals have larger spatial extents, influencing interaction
dynamics over a more varied momentum spectrum. The observed
behaviors in these transitions highlight the complexity introduced
by electron distribution and interaction energies in determining the
scattering characteristics.

Notably, transitions involving the 3s state, such as 3s-2s,
demonstrate a pronounced decrease in DCS with increasing
energy from 1.5 MeV to 2 MeV. Beyond 2.5 MeV, changes in
momentum have minimal effects on DCS, indicating a near-
equilibrium state where the coulombic repulsion of the target is
increasingly balanced by the electron’s projected influence.
Similar trends are observed in transitions like 3s-1s and 2s-1s
states, where momentum changes above 2.5 MeV show minimal
impact on DCS, suggesting approaching equilibrium conditions in
atomic interactions. Also, with increasing the energy beyond 3
MeV in general the DCS is found constant. These findings
provide valuable insights into the fundamental atomic collision
processes, highlighting the interplay between atomic structure,
incident energy, and DCS behaviors. Understanding these

interactions is crucial for applications in plasma physics, materials
science, and other fields where precise modeling of atomic
interactions under varying conditions is essential. Future research
could explore additional atomic states and higher energy regimes
to further elucidate the complex dynamics observed in DCS and
their implications for broader scientific inquiries. Jablonski et al. [29]
compared electron elastic scattering cross-sections estimated using
two commonly used atomic potential and discovered that DSC
decreases as energy increases for H, At, Ni, Ag, An, and Cm
atoms. Our study has the same nature [29]. Silva et al. [30] also
investigated the elastic along with electronically inelastic
scattering of electrons through 2H-pyran and 4H-pyran molecules,
discovering that the cross-section decreases as energy increases.

3.3. DCS with scattering angle

The findings indicate that the DCS decreases as the scattering
angle decreases, which corresponds to an increase in the amplitude of
the transition. This behavior is attributed to the properties of the
Bessel function, as illustrated in Figure 2. When using a Bessel
function of order 1, the oscillations are lower, but the amplitude

Figure 1
DCS with change in momentum for different transition state
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is higher. Conversely, with a Bessel function of order 4,
the oscillations increase while the amplitude decreases with
increasing scattering angles. This damping nature of the amplitude
is a characteristic of the Bessel function and spreading of
scattering probability over more directions, faster decay of higher-

order terms, and possible destructive interference effects. The
analysis reveals a distinct variation in DCS values based on the
order of the Bessel functions used. Lower orders of Bessel
functions tend to produce higher DCS values, which implies a
significant impact on the angular scattering patterns governed by

Figure 2
DCS with scattering angle

Figure 3
Energy shift with distance separated between target and project electron at different transition state
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these functions. As the order of the Bessel function increases, the
angular dependence of scattering becomes more complex. This
complexity reflects the intricate interference patterns and intensity
distributions typical of elastic scattering phenomena.

These observations emphasize the crucial role of Bessel functions
in shaping scattering behavior. The use of Bessel functions effectively
describes and predicts the angular distributions in atomic and particle
interactions. This highlights their utility in understanding and
modeling the nuances of scattering processes, where lower-order
Bessel functions are associated with higher amplitudes and simpler
oscillation patterns, while higher-order functions exhibit increased
oscillatory behavior but reduced amplitudes.

3.4. Energy shift with the application of laser field

The graphs presented depict the relationship between momentum
change and distance separation, differentiated by the intensity of the
time-dependent electric field. In these graphs, represented by black
(1 a.u.), red (2 a.u.), blue (3 a.u.), and green (4 a.u.), higher values of
electric field correspond to lower energy shift values, indicating a
pronounced influence of the electric field intensity on the scattering
dynamics across different atomic states as shown in Figure 3. In the
1s-1s state, the energy shift exhibits a sharp decrease with minimal
increases in distance separation when subjected to higher electric
field values (4 a.u.), compared to slower decreases observed at lower
electric field values (1 a.u.). This behavior suggests that stronger
electric fields induce more rapid changes in energy shift, reflecting
the enhanced interaction between the projectile electron and the
target atom. As distance increases, the energy shift initially shifts
from negative to positive values, converging towards equilibrium
around 8 eV, indicative of the stabilization of interaction forces.

In the 2s-2s state, higher values of electric field lead to lower
energy shift values, indicating a more significant influence of the
electric field intensity on reducing energy shifts across various
distances. Similar to the 1s-1s state, as distance increases, the
energy shift transitions gradually from negative to positive values,
showing a steady decrease in energy shift with increasing distance.
In contrast, the 3s state exhibits a notable increase in energy shift at
smaller distances, particularly evident with higher values of electric
field. This suggests that the electric field intensity amplifies the
initial energy shift at closer distances, while diminishing effects are
observed as distance increases towards 8 angstroms, where
convergence towards similar energy shift values occurs.

The transition states like 3s-2s and 3s-1s highlight distinct
behaviors influenced by electric field. For instance, in the 3s-2s
state, higher electric field values result in rapid initial decreases in
energy shift compared to slower decreases at lower electric field
values. Conversely, in the 3s-1s state, higher electric field values
lead to more pronounced reductions in energy shift, with
converging behaviors observed around 1 angstrom. This is
because at this distance the destructive interference take place and
result shifting is zero due to a larger transition gap between 3s-1s.

4. Conclusion

The computational analysis of the developed theoretical model
has demonstrated that the DCS and energy shifts are significantly
influenced by various parameters, such as electron distribution,
energy, electric field strength, and Bessel function orders. DCS is
primarily affected by electron orbital states and scattering angles,
with lower-order Bessel functions producing simpler patterns and
higher orders introducing more complex oscillations. The DCS
decreases more rapidly in the ground state and stabilizes over

time, while higher orbital states exhibit smoother transitions due
to their larger electron distributions. Conversely, energy shifts are
mainly influenced by electric field intensity, with stronger fields
causing rapid shifts at shorter distances and stabilizing over larger
separations. These interactions underscore the critical role of these
parameters in understanding atomic collision dynamics.
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