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Abstract: The aim of this study is to investigate the effects on the output field of curved (helical and toroidal) waveguides having a rectangular
cross-section made up of seven alternating hollow and dielectric layers. In this study, we will generalize the specific problem of a waveguide
with the above cross-section from a straight waveguide to both helical and toroidal-shaped waveguides. We use a technique based on the
inverse transforms of the Laplace and Fourier transforms for this purpose. This study clarifies how the cylinder radius and helix angle
affect power transmission and output fields in this particular instance of a periodic cross-section. The findings hold true in the
microwave and millimeter-wave domains and can be helpful in applications involving helical or toroidal waveguides with periodic
arrays of alternating hollow and dielectric layers. The results are true in the microwave and millimeter-wave regimes and can find utility
in applications using a periodic array with alternating hollow and dielectric layers in a helical or toroidal waveguide. According to the
logical results we get in the output profiles, we can determine what are the logical parameters that should be taken before any
experiment in the laboratory that we want to perform.
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1. Introduction

The literature on curved waveguides regards both optical
waveguides (e.g., Marcatili and Schmeltzer [1]) and metallic
waveguides (e.g., Marhic [2]), and are valid in the microwave
regimes. The first researchers who were interested in bending
waveguides for different applications were described in Marcatili
and Schmeltzer [1], Marhic [2] and Miyagi et al. [3]. According
to the theory of Marcatili and Schmeltzer [1], the bending is
considered as a small disturbance. A mode-coupling analysis of a
curved waveguide was proposed in Marhic [2]. An improved
solution for r/R≪1 was offered in Miyagi et al. [3].

Many articles were published over time.Wewill provide some
interesting examples of the applications in all kinds of fields, for
example in structures based on periodic photonic crystals, in
photonic integrated circuits, in photonic communication, and in
other fields. Curved waveguides with laser beam were proposed
in Wang et al. [4]. The huge curved waveguide’s design based
on a sunflower-graded photonic crystal was presented in Liu
et al. [5]. The characterization of optical spot-size converter
couplers was given in Qvotrup et al. [6]. The elastic wave
propagation in rectangular waveguides was studied in Groth
et al. [7]. Elastic-guided wave propagation in a helical
waveguide was given in Melloni et al. [8]. A numerical method
for computing the fields in curved rectangular waveguides was

described in Rosa [9]. Arbitrary curved waveguide for the lattice
photonic media was proposed in Krushynska et al. [10].
Propagation in a 3D waveguide with curved waveguide was
proposed in Guennoc et al. [11]. Propagation that relates to
Rayleigh wave and the influence on curved surfaces was given
in Zhang et al. [12]. A broadband acoustic bend featuring
homogeneously curved waveguides was introduced [13].

Articles that refer to periodic waveguide, periodic metal
structures, and periodic metamaterials were published over
time. We will give interesting examples of recently published
publications. Acoustic solutions in a periodic waveguide were
proposed in Sougleridis et al. [14]. A direct near-field
observation of the conversion in periodic structure between
waveguide modes and leaky modes was provided in Wu et al.
[15]. Analysis of waveguide for periodic medium was
presented in Darche et al. [16]. Periodic stub implementation
with a plasmonic cavity waveguide was proposed in
Tabatabaeian et al. [17]. Analysis of periodic waveguide with
arbitrary shaped corrugation was proposed in Salem et al.
[18]. Complex modes for periodic waveguide were proposed
in Abdrabou and Lu [19]. Complex Bloch modes in
optical chain waveguides were proposed Ghahremani and
Shahabadi [20].

A numerical technique was presented for the propagation
along a straight dielectric waveguide with an arbitrary cross-
section in Menachem and Jerby [21]. An efficient technique to
solve a periodic array in the case of a straight waveguide
was proposed in Menachem [22]. An effective technique for
resolving inhomogeneous problems with dielectric material
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between the metal of curved waveguides and the hollow rectangle

was introduced in Menachem [23].
This study aims to investigate the effects on the output field

of curved waveguides with 7 alternating hollow and dielectric
layers in the cross-section. The ωε function was proposed in
Vladimirov [24] to solve inhomogeneous cross-section.
In this study, we will generalize the method outlined in
Menachem [22] from a straight waveguide to curved
waveguides for the given periodic cross-section. For this
purpose, we will use the method for curved waveguides [23]
for the specific case of the periodic cross-section (Figure 1(c)).

2. Curved Waveguides with the Periodic
Cross-Section

Figure 1(a) shows a rectangular helical waveguide in three-
dimensional space (δp= 0.2–1.0), and Figure 1(b) shows a
rectangular toroidal waveguide on a two-dimensional plane (δp= 0).
Namely, the bending in Figure 1(b) refers to bending in the plane.
On the other hand, the bending in Figure 1(a) refers to bending in
three-dimensional space. The coordinate along the helix axis is
denoted by ζ, and the cylinder radius is denoted by R.

From the deployment of the helix (Figure 1(d)), δp is the helix
angle, øc is the planar and peripheral angle, where 0 ≤ øc≤ 2π and
øc = (ζ/R) cos(δp). From this, it can be seen that the radius of
the cylinder of the helical waveguide (Figure 1(a)) depends
on the three parameters ζ, δp, and øc according to the following
relationship:

R ¼ ζcos δp
� �
φc

(1)

Figure 1(c) shows the waveguide cross-section. This cross-section
is an interesting structure of a periodic array. This cross-section of a
periodic array has an intriguing structure. There are 7 alternating
hollow and dielectric layers that make up the periodic
cross-section. The layers 2, 4, and 6 are represented by the
thicknesses d1, d2, and d3, correspondingly. It is assumed in this
study that d1 = d2 = d3 = d. The dielectric material (εr1, εr2, εr3)
of layers 2, 4, and 6 can be different. We suppose in this study
that according to Figure 1(c), that L1 = a/4, L2 = a/2, and
L3 = 3a/4, respectively.

3. Generalization of the Periodic Cross-Section
from a Straight Waveguide to a Curved
Waveguide

The aim of this research is to investigate wave propagation
along curved waveguides with periodic cross-sections. In this
study, we will generalize the method introduced in Menachem
[22] from a straight waveguide to curved waveguides for the
specific periodic cross-section (Figure 1(c)).

Seven alternating hollow and dielectric layers make up the
periodic array that makes up the cross-section under study. In this
study, we will generalize the method introduced in Menachem [22]
from a straight waveguide to curved waveguides for the specific
periodic cross-section (Figure 1(c)). For this purpose, we will use
the method in Menachem [23] for helical and toroidal waveguides
for this specific case of the periodic cross-section (Figure 1(c)). The
inverse Laplace and Fourier transforms constitute the basis of the
procedure. Salzer proposed the inverse Laplace transform in the s-
plane [25, 26]. The computer program was written using NAG
subroutines (https://nag.com).

Figure 1
Schematic illustration of the rectangular cross-section waveguides: (a) the helical waveguide; (b) the toroidal waveguide; (c) the

rectangular cross-section with 7 alternating hollow and dielectric layers; (d) deployment of the helix
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Wemust create precise phrases for each matrix element. The ωε
function was proposed in Vladimirov [24] and is given by

ωε rð Þ ¼ Cεexp � ε2

ε2 � jrj2
� �

(2)

for |r| > ε, where Cε is a constant, and ʃ ωε(r)dr = 1.
Figure 2 shows the proposed ωε function according to

Equation (2) and according to Vladimirov [24]. The function
(Equation (2)) is important to solve an inhomogeneous transition
at the boundary between medium 1 to medium 2, between
medium 2 to medium 3, and etc., as shown in Figure 1(c). The
elements of the matrix are based on Equation (2) and are
calculated by

g n;mð Þ ¼ 1
ab

I1 xð Þ þ I2 xð Þ þ I3 xð Þ þ I4 xð Þ þ I5 xð Þ þ I6 xð Þðf

þ I7 xð Þ þ I8 xð Þ þ I9 xð ÞÞdxg
ð
b

0
cos

mπy
b

� �
dy

� 	
;

Where:

I1 xð Þ ¼ g01

ð
0:5aþd1þεð Þ=2

0:5a�d1�εð Þ=2
exp 1� ε2

ε2 � x � 0:5a� d1 þ εð Þ=2½ �2
� �

cos
nπx
a

� �
;

I2 xð Þ ¼ g01

ð
0:5aþd1�εð Þ=2

0:5a�d1þεð Þ=2
cos

nπx
a

� �
;

I3 xð Þ ¼ g01

ð
0:5aþd1þεð Þ=2

0:5aþd1�εð Þ=2
exp 1� ε2

ε2 � x � 0:5aþ d1 � εð Þ=2½ �2
� �

cos
nπx
a

� �
;

I4 xð Þ ¼ g02

ð
a�d2þεð Þ=2

a�d2�εð Þ=2
exp 1� ε2

ε2 � x � a� d2 þ εð Þ=2½ �2
� �

cos
nπx
a

� �
;

I5 xð Þ ¼ g02

ð
aþd2�εð Þ=2

a�d2þεð Þ=2
cos

nπx
a

� �
;

I6 xð Þ ¼ g02

ð
aþd2þεð Þ=2

aþd2�εð Þ=2
exp 1� ε2

ε2 � x � aþ d2 � εð Þ=2½ �2
� �

cos
nπx
a

� �
;

I7 xð Þ ¼ g03

ð
1:5a�d3þεð Þ=2

1:5a�d3�εð Þ=2
exp 1� ε2

ε2 � x � 3a=2ð Þ � d3 þ εð Þ=2½ �2
� �

cos
nπx
a

� �
;

I8 xð Þ ¼ g03

ð
1:5aþd3�εð Þ=2

1:5a�d3þεð Þ=2
cos

nπx
a

� �
;

I9 xð Þ ¼ g03

ð
1:5aþd3þεð Þ=2

1:5aþd3�εð Þ=2
exp 1� ε2

ε2 � x � 3a=2ð Þ þ d3 � εð Þ=2½ �2
� �

cos
nπx
a

� �
;

(3)

where ε = a/50. The matrix G is given by the following relation

g n;mð Þ n0;m0ð Þ ¼ gn�n0;m�m0 ; (4)

and this is a special matrix.

4. Numerical Results

The comparison of our model to the known analytical method
[27] is shown in Appendix A.

Several examples are shown in this section to examine the effect
of curved waveguides on the output power transmission and the field
for TE10 mode. The following examples are demonstrated for
ζ= 0.15 m and where a = b= 20 mm.

Figure 3 shows the influence of the bending (1/R) for different
helix angles (δp= 0.0, 0.2, 0.4, 0.6, 0.8, 1.0) on the output
power transmission in normalized units, where ζ= 0.15 m,
a = b= 20 mm, εr1 = εr2 = εr3= 9, L1 = a/4= 5 mm,
L2 = a/2= 10 mm, and L3= 3a/4= 15 mm, where the thickness
of each of the three dielectric layers is d = a/8= 2.5 mm. The
results show the following. First, for a given value of R, the
output power transmission is high for large values of δp. As the δp
decreases, the output power transmission decreases as well. This
indicates that increasing the helix angle can lead to improve the
output power transmission through the helical waveguide. Second,
for a given value of δp, the output power transmission is high for
large values of R. Conversely, as the R decreases, the output
power transmission also decreases. This suggests that increasing
the cylinder radius can enhance the output power transmission
through the helical waveguide. These results enable us to find the
parameters of δp and R to obtain improved the output results of
the output power transmission.

The following examples refer to the input wave profile TE10

mode and demonstrate the behavior of the profiles of the output
field of the helical waveguide. From the results of Figure 3 we
take the curve for δp = 1. The output field for the given cross-
section is displayed in Figures 4(a–e), 5(a–e), and 6(a–e) for
δp = 1, ζ = 0.15 m, and where a = b = 20 mm.

Figure 4(a–d) demonstrate the output field for four values of the
radius of the cylinder, R= 53 mm, R= 44 mm, R= 38 mm, and

Figure 2
The ωε function used for solving the inhomogeneous problem of

the cross-section described in Figure 1(c)

Figure 3
The influence of bending (1/R) for different helix angles

(δp= 0.0, 0.2, 0.4, 0.6, 0.8, 1.0) on the output power transmission,
where ζ= 0.15 m, a = b= 20 mm, εr1 = εr2 = εr3= 9, L1 = a/4= 5

mm, L2 = a/2= 10 mm, L3= 3a/4= 15 mm, where the
thickness of each of the three dielectric layers is

d = a/8= 2.5 mm
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R= 33mm, respectively. The thickness of each of the three dielectric
layers is d = a/6= 3.33 mm, εr1 = εr2 = εr3= 7, L1 = a/4= 5 mm, L2
= a/2= 10 mm, and L3 = 3a/4= 15 mm. The output field for the
results of Figure 4(a–d) is displayed in Figure 4(e) for R= 53
mm, R= 44 mm, R= 38 mm, and R= 33 mm, where y= 0.5 b
and for the x-axis.

Figure 5(a–d) demonstrate the output field for four values of the
radius of the cylinder, R= 53 mm, R= 38 mm, R= 29 mm, and

R= 27 mm, respectively. The thickness of each of the three
dielectric layers is d = a/7= 2.86 mm, εr1 = εr2 = εr3= 10,
L1 = a/4= 5 mm, L2 = a/2= 10 mm, and L3= 3a/4= 15 mm.
The output field for the results of Figure 5(a–d) is displayed
in Figure 5(e) for R= 53 mm, R= 38 mm, R= 29 mm, and
R= 27 mm, where y= 0.5 b and for the x-axis.

The behavior of the output results of Figure 5(a–e) is changed
significantly in relation to the results of Figure 4(a–e), through the

Figure 4
The results for TE10 mode for four values of R: (a) R= 53 mm; (b) R = 44 mm; (c) R= 38 mm; and (d) R= 33 mm

for the periodic cross-section given in Figure 1(c). The other parameters are d = a/6= 3.33 mm, εr1= εr2 = εr3= 7, L1 = a/4= 5 mm,
L2 = a/2= 10 mm, and L3= 3a/4= 15 mm; (e) the output field for the results (a)–(d) for R = 53 mm, R= 44 mm, R = 38 mm,

and R= 33 mm, where y= 0.5 b and for the x-axis
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change of the thickness of each of the three dielectric layers from
d = a/6= 3.33 mm to d = a/7= 2.86 mm and by increasing of εr
from εr= 7 to εr= 10. By changing only the radius of the
cylinder, we can see from the results of Figures 4(a–e) and 5(a–e)
that the field amplitude is greater when the radius of the cylinder
is greater and that the width of the output profile is narrower.

The output field for each of the four-cylinder radius values is
shown in Figure 6(a–d), R= 53 mm, R= 38 mm, R= 29 mm, and
R= 27 mm, respectively. The thickness of each of the three
dielectric layers is d = a/8= 2.5 mm, εr1 = εr3= 8, εr2= 9, L1 =
a/4= 5 mm, L2 = a/2= 10 mm, and L3= 3a/4= 15 mm.

Note that in this example, the value of εr2 is different from
the value of εr1 and εr3. The output field for the results of
Figure 6(a–d) is displayed in Figure 6(e) for R= 53 mm, R= 38
mm, R= 29 mm, and R= 27 mm, where y= 0.5 b and for the x-axis.

The behavior of the output results of Figure 6(a–e) is changed
significantly in relation to the results of Figure 5(a–e), through a
change of the thickness of each of the three dielectric layers
from d = a/7= 2.86 mm to d = a/8= 2.5 mm and by changing of
εr from εr= 10 to εr1 = εr3= 8, and εr2= 9. By changing only
the radius of the cylinder, we can see from the results of
Figures 5(a–e) and 6(a–e) that the field amplitude is greater when

Figure 5
The results for TE10 mode for four values of R: (a) R= 53 mm; (b) R = 38 mm; (c) R= 29 mm; and (d) R= 27 mm

and cross-section given in Figure 1(c). The other parameters are d = a/7= 2.86 mm, εr1 = εr2 = εr3= 10, L1 = a/4= 5 mm,
L2 = a/2= 10 mm, and L3= 3a/4= 15 mm; (e) the output field for the results (a)–(d) for R= 53 mm, R= 38 mm,

R= 29 mm, and R= 27 mm, where y= 0.5 b
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the radius of the cylinder is greater and that the width of the output
profile is narrower.

5. Conclusions

The aim of this research was to examine the influence of curved
waveguides with 7 alternating hollow and dielectric layers in the
cross-section on the output field.

We generalized a previously published method [22] from a
straight waveguide to both helical and toroidal waveguides for a

specified periodic cross-section (Figure 1(c)). For this purpose, we
used the method for curved waveguides [23] for the specific case
of the periodic cross-section (Figure 1(c)).

The output field and the output power transmission are improved
by increasing the δp or R, as demonstrated by numerical studies. The
results of Figure 3 indicate that increasing the helix angle and the
cylinder radius can lead to improve the output results of power
transmission through the helical waveguide. Overall, the results of
Figure 3 emphasize the significant impact of the helix angle and
cylinder radius on the output power transmission.

Figure 6
The results for TE10 mode for four values of R: (a) R= 53 mm; (b) R = 38 mm; (c) R= 29 mm; and (d) R= 27 mm and

for the periodic cross-section (Figure 1(c)). The other parameters are d = a/8= 2.5 mm, εr1 = εr3= 8, εr2= 9, L1 = a/4= 5 mm,
L2 = a/2= 10 mm, and L3= 3a/4= 15 mm; (e) the output field of the results (a)–(d) for R= 53 mm, R= 38 mm, R= 29 mm,

and R = 27 mm, where y= 0.5 b and for the x-axis
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By changing only the radius of the cylinder, we can see from the
results of Figures 4(a–e) and 5(a–e) that the field amplitude is greater
when the radius of the cylinder is greater and that the width of the
output profile is narrower.

The results are true in the microwave and millimeter-wave
regimes and can find utility in applications using a periodic array
with alternating hollow and dielectric layers in a helical or
toroidal waveguide. According to the logical results we get in the
output profiles, we can determine what are the logical parameters
that should be taken before any experiment in the laboratory that
we want to perform.
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Appendix A

A comparison between our method and the analytical problem
according to Collin [27] is shown in Figure 7(a) and according to the
next equations.

Ey ¼

j kz
ε0
sin vxð Þ 0 < x < t

j kz
ε0

sin vtð Þ
cos µ t�a=2ð Þð Þ cos µ t � a=2ð Þð Þcos µ x � a=2ð Þ½ � t < x < t þ d

j kz
ε0
sin v a� xð Þ½ � t þ d < x < a

8>>>><
>>>>:

where v � k2o � k2z½ �1=2 and µ � k2o � k2z½ �1=2.

This is the input field at z= 0, where a= 2 cm, b= 1 cm,
d= 0.33 cm, t= 0.835 cm, cr= 9, and λ= 6.9 cm.

Our method is dependent on the number of the modes in the
system. The order (N= 1,3,5,7, and 9) increases, and we
show from Figure 7(b) that Ey(N= 9) approaches the result Ey of
the analytical solution [27]. The comparison gives us good
agreement.

Figure 7
(a) A cross-section for the straight waveguide and

(b) the result between our model and theoretical model
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