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Abstract: A round-in-cross-section weakly guiding fiber optic light guide is considered. The system of Maxwellian equations for electrically
conductive transparent media without due regard to polarization with an index of refraction in the case under consideration is reduced to the
homogeneous Helmholtz equation, a particular solution of which is found using the Green’s function. For a unimodalmode, a common decision
was obtained for the field and energy inside the fiber in the general case of a gradient refractive index profile depending on the radial coordinate.
The concept of normalized energy is introduced as the ratio of the energy inside a fiber with gradient refractive index profile to the energy inside
a fiber with a step-index profile. Since in a single-mode regime the zero-order Bessel function, which describes the field inside a step-index
profile fiber, can be replaced by a Gaussoid, then, when extending this replacement to the case of a single-mode gradient fiber, as a first
approximation we shall obtain a finite expression for the normalized energy for a general gradient profile. The dependences of the normalized
energy on the waveguide number were obtained for each of the degrees from the first to the fourth inclusive. It is shown that in the considered
approximation, the energy increases up to a certain parameter values (for the first degree — a triangle profile) or slowly decreases (other profiles),
after this value the energy increases for all profiles. The results obtained will help to select a suitable single-mode fiber for practical application.
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1. Introduction

Science and technology have long used optical fiber (light
guides), through which optical rays can propagate. The most
common are well-studied fibers with stepped refractive index, and
to a lesser extent, graded-index profile fibers are studied.

Due to the huge range of applications of optical fibers, extensive
and mainly experimental research is being conducted to find optimal
fiber materials for various purposes. The analytical study of
waveguides has been well studied for step-index fibers. The studies
in respect of a graded-index profile become more complicated due
to the difficult problem of solving rather complex equations arising
from the spatial dependence of the refractive index profile.
Experimental studies have shown that a good model for the
mathematical study of physical processes with a gradient profile can
be a model of a power-law profile. The most famous precise
solution is related to an unconstrained parabolic refractive index
profile. Due to the difficulty of obtaining precise solutions for other
cases of gradient profiles, various approximate methods are being
developed for solving such equations.

Snyder and Love [1] can serve as a kind of encyclopedia, which
widely represents quite extensive information about various types of
optical waveguides with a brief description of both experimental and
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theoretical results with a large number of examples, and various
mathematical methods known at the time of writing the book.
Information about optical waveguides and dielectric waveguides is
available in monographs [2—4]. However, the time has long
passed since publication of these works, and research on this topic
has advanced significantly. We shall briefly note these directions.

Brientin et al. [5] present a discussion of a multimode fiber optic
device based on Fresnel reflection at the fiber end. When measured
with Fresnel sensors using single-mode and multimode fibers, the
differences in refractive indices are consistent with the values
obtained from statistical studies.

In Tong et al. [6], a fiber with multichannel core and gradient
refractive index in the shell is proposed. The fiber has low bending
loss due to low refractive index grooves in the shell. Compared with
the stepped ring, the refractive index gradient ring can also provide a
larger mode area, in addition, it also fosters the enhancement of the
bending resistance. To reduce cross-interference in space-division
multiplexing fiber, Wang et al. [7] proposed a novel fiber with a
composite index profile and dual auxiliary structure. The
properties of such structure are significantly better than those of
existing optical fibers, which promises broad prospects for use in
high-capacity optical communication systems.

Henneking et al. [8] provide modeling of a 3D Petrov-Galerkin
finite element model for simulating laser amplification in a fiber
amplifier. Zhang et al. [9] propose a new method for quick
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refractive index measurement of single-mode stepped index fiber
based on radially offset optical power scanning.

In the past few years, magneto-optical glasses have gained
popularity due to their diverse applications. In Henrique et al. [10],
the nonlinear refractive index of a new magneto-optical glass formed
in textured and optical fibers was studied. This result is relevant for
expanding knowledge about magneto-optical materials. Talukdar
et al. [11] discuss corrugated waveguides (waveguides in which the
guide layer mainly consists of a plate with a strip or several strips
applied upon).

Noteworthy is the work [12], where promising microstructures or
holey fiber light guides made of quartz were first proposed — in the
cladding of such light guides there are longitudinal holes made that
are located in the cross-section relative to each other in one or
another order. The large difference between the refractive indices of
the core and cladding reveals the special optical properties of such
waveguides. In particular, by changing the geometry of the
cladding, it is possible to control the dispersion properties of the
light guides. The mathematical apparatus for analyzing such fibers
can be found in Sharma et al. [13].

Dai et al. [14] carried out a comprehensive study of the
characteristics of the output supercontinuum beam generated in a
gradient multimode fiber and their relationship with the refractive
index profile of the core. The simulation results provide good
direction for improving the quality of the external supercontinuum
produced by graded refractive multimode fiber.

A special task for the creation of condition monitoring systems for
devices is the reliable measurement of deformation in various areas of the
controlled structure. Fiber optic sensors are very good for solving such a
task. The paper by Matveenko et al. [15] presents the results of measuring
deformations in zones of uniform and gradient distribution of
deformations using fiber optic sensors based on Bragg gratings and
distributed fiber optic sensors based on Rayleigh backscattering.

Bado and Casas [16] present a work that aimed to introduce the
readers to various techniques for deploying distributed optical fiber
sensors (DOFS) for structural health monitoring (SHM) purposes. By
collecting the most recent advances and findings on such DOFS
SHM integrations, the authors contributed to the goal of collective
growth toward effective SHM. Jayawickrema et al. [17] draw
attention to the fact that structural health monitoring (SHM) systems
in civil engineering system are becoming a subject of great attention
by scientists and experimenters. In recent years, the technology of
fiber optic devices has developed rapidly and various types of
sensors have found practical applications in civil engineering.

The article by Matveenko et al. [18] presents a method for
detecting the occurrence and development of local damages in a
material. It is based on experimental strain values measured by a
limited number of sensors and the results of numerical modeling of
the stress-strain state. Fiber optic sensors using Bragg gratings were
used to measure deformation. The conducted experiments
demonstrated the possibility of detecting damage based on the
presented model. Wijaya et al. [19] review distributed fiber optic
sensor technologies and their application ideas for large infrastructure
health monitoring. The basic principle of distributed fiber optic
sensor technology is presented. Examples of infrastructure
monitoring are also discussed. In recent years, SHM has become an
important direction in the development of large-scale civil
engineering. The development and application of fiber optic sensing
technology in the field of SHM is becoming more and more stable.
This is the subject of paper by Wu et al. [20].

Optical fibers that support multimode light guidance are an
effective way to increase the capacity of an optical
telecommunication network. Pereira et al. [21] investigate the
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possibility of introducing electro-optical mode interference
steering in a few-mode fiber using a voltage applied to the
internal electrodes of the fiber.

For those who study optics, physics, electrical engineering, and
electronics, as well as for practitioners in related fields such as
material science and chemistry, the fourth edition of the well-known
manual [22] will be very useful. The monograph by Jeppesen and
Tromborg [23] discusses optical communications from a Fourier
perspective. The sections are devoted to wave propagation in optical
waveguides based on Maxwell’s equations and nonlinear
Schrodinger equation. It discusses the optical Fourier transform as a
time lens, such as modulation format conversion and spectral
amplification, and also discusses couplers and their use for optical
discrete Fourier transform. Some provisions of the theory are more
widely applicable beyond optical communications and are also
important for the development of communication means. The book
section on Fourier theory introduces the relationship between Fourier
series and Fourier integral, as well as the associated Laplace transform.

The review by Niu et al. [24] presents the manufacturing methods
and applications of fiber optic devices based on the core-bias structure.
First, the classification and manufacturing methods of the sensors are
presented. Then, the application areas of different types of sensors are
considered. Compared with traditional sensors, the sensor with a non-
axisymmetric core-bias structure has very good sensitivity
characteristics. The article by Alexeyev et al. [25] studies the
dispersion of optical vortices in twisted elliptical fibers with
torsional mechanical stresses. Based on the spectra of vortex modes
of twisted elliptical fibers with step and gradient profiles, analytical
expressions for polarization, topological, and hybrid types of
dispersion of optical vortices are established.

Polyakova et al. [26] studied the problem of improving the
characteristics of fiber optic measuring devices determined by the
mechanical reliability of a bent optical fiber. The dependence of the
luminous flux intensity on the change in the bending radius of an
optical fiber is established. A new method for calculating an optical
fiber is considered in Ivanov et al. [27]. The issue of extending the
principles of circuit theory to elements with dispersed elements, i.e.,
optical fiber, is studied. Zhang et al. [28] studied the high-temperature
connection of two types of optical fibers — an antiresonance hollow-
core fiber and a fiber with a solid core ensuring low loss during the
passage of laser radiation; for the study, it uses a bridge in the form of
a refractive index gradient fiber, one end of which is connected to a
hallow core fiber and the other to a solid core fiber. When the bridge
is precisely cut along its length and its parameters are respectively
changed, the required conversion of optical radiation passing through
it from single-mode to multimode corresponding to the mode
characteristics of a solid core fiber is achieved.

Optical fiber bundles are widely used in various fields of fiber
optics, despite the relatively low resolution of such devices. To solve
this problem, materials with a high refractive index are used. The
review by Melikyants et al. [29] shows the use of sapphire fibers
with a high refractive index for this purpose.

As for classical gradient fibers, so far, an exact solution
for the field in the fiber has been obtained only in the case
of an unbounded parabolic profile — generalized Laguerre
polynomials in cylindrical coordinates or Gauss-Hermite
functions in Cartesian coordinates. A detailed analysis of this
solution can be found in the classical literature by Adams [30].
In publication by Kotlyar et al. [31], for an arbitrary gradient
planar waveguide, mode solutions of the Helmholtz equation
are obtained: the mode amplitude is presented in the form of an
exponential with an indicator in the form of a Taylor series, the
coefficients of which are found from recurrence relations.



Journal of Optics and Photonics Research Vol. 00

Iss. 00 2024

Simulations show that Mikaelian gradient microlenses and
Maxwell “fisheye” can produce super-resolution images.

For a 3D graded-index light guide with a circular cross-section,
in Gladkikh and Vlasenko [32] we obtained an analytical expression
for the field and energy in a single-mode regime inside a weakly
conductive fiber with a power-law refractive index profile with an
arbitrary degree (taking into account polarization) by solving the
Helmholtz equations using the Green’s function. A regression of
energy on the waveguide number for the second and third powers
of the refractive index profile of the expression was constructed. It
was demonstrated that in the one-dimensional approximation, the
energy increases with the waveguide parameter up to a certain
value of the parameter, after which the increment values for the
powers of n =2 to n =3 change places.

2. Equation for a Field in a Fiber with Gradient
Refractive Index Profile

Let &(t, R) , h(t, R) be the electric and magnetic elements of the
electromagnetic field respectively (¢ — time, R = (x, y, z) — coordi-
nates). When separating a time-dependent part from the Maxwell’s
equations for dielectric media with the index of refraction #n%(R), as a
result of transformations for the electric component of electromag-
netic field (likewise for a magnetic component), we will gain [1]:

é(t,R) = E(R) exp(—iwt) — AE + K2n*E

= —V/{[E, V:(In(n*))]} , (1)

V,=0/0x+0/0y, A, =0*/0x> + 8*/0y?,

where k = w/c, @ — cyclic frequency, ¢ — light speed. For a fiber
(a core) of a gradient light guide n? = #?(r), r = /x> + )7, the field
in the fiber also depends on 7 and propagates along the axis z. For the
field E, let us write

E(R) = ii, exp(iz) exp(im ¢) E(r), )
where 7i,, @, p — respectively the normal vector, the distribution
parameter, and the angle in the plane (x, y).

The case with a nonzero right part in Equation (2) was
considered in a first approximation in the work by Gladkikh and
Vlasenko [32]. Disregarding in Equation (1) the right part (not
considering the polarization properties describe by terms,
containing V{Ilnn?}), let’s move from the Equation (1), Equation
(2) to the scalar equation in polar coordinates for the fundamental
mode (m =0)

d*E(r)
dr?

1dE(r)
rodr

+{kn*(r) = B}E(r) = 0 3)
The refractive index for a waveguide is usually written as follows
(nZ,, n% — the refractive indices of fiber and shell, A — the profile

height, p — the radius of a fiber that is round in diameter)

n2,[1 —2Ah(r)], 0 < r<p,
n(r) = )
>

r>p,
(4)
B n2, —n4  h(0)=0,
2nk, 7 h(p) = 1.

The function A(r) increases from 0 to 1, 0 < r < p.

Inserting Equation (4) in Equation (3), let’s write the results in
the form of

d*E(r) 1E(r) B
i +;d—+ ( )——471F(r),
V2
F(r) = = o hOE(D), )
= knl, — B

(here V = kpNA — the waveguide index, NA = \/nZ, — n%, — the
numerical aperture).

3. The Solution of Equation

Let’s take the Equation (5) in the original Cartesian coordinates

O T V() = —4nF(x.y) ©6)
o2 T oy xi |E(x,y) = —4n F(x,y).
Representing F' as
F(x,y) ://dx/dy/ﬁ(x/—x)(s(y/ —VEE.Y), @

here 6(x) — the delta-function, let’s find a particular solution of the
inhomogeneous Helmholtz equation in the following form

E(x, y) / dx!dy/ G(x,y; x/,y/ ) E(x/, y/), (8)

Inserting Equation (7) in Equation (8) in Equation (5), we come to the
equation for the Green’s function G

(A +x3) G(x,y;x/,y/) = —4m3(x/ - x) (S(y/ —y),

the solution to which is

2y (y—y/)?
)

G(x,y,x/,y/) = iJ'[H(()l)()(lrlz)7 ry = \/(x —x/)

here Hél)(x) the Hankel function.
Inserting Equation (9) in Equation (8) and considering the
Equation (5), in the polar coordinates we receive

—(iV2/4p2)7d¢

0

P
E(r) = //dr/r/Hél)(Xlrlz)h(r/)E(r/). (10)
0

Having used the expansion [33]

Hél)(Xlrlz) = H(()l)()ﬁr)]O(Xlr/)

+2 Z Hlil)(Xlr)]k (Xl"/) Cos(k(p/),
k=1

where H; () (x) = Ji(x) + iNi(x)— the Hankel function of the first
kind of k th order, Ji(x) — the Bessel function of 4-th order, Ny(x)
— the Neumann function of k-th order, for Equation (10), we will
receive
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E(r) = —(inV?/2p*)H} (xlr)/dr/r/fo(xlr/) (r)E(r) (11)

The solution of the Equation (6) without the right part (for the
considered case of fundamental mode) has the form of

Eo(r)

Omitting the primes in Equation (11), let’s write the common
decision E,,; in the form of

= Jo(xar).- (12)

En(y) = Ealy) + E(y) = wnst{fo(xlmf) T oy <x1p>},

W(xip) = V2 / Jolapy) h()E(Y) ydy .

0
(13)

4. Finding First Iteration and Energy in Optic Fiber
Let be
o f E}(

a step profile (E(r) which is the solution (Equation (12)) of Equation
(6) without the right-hand side when passing to polar coordinates

W, = consth2 Yrdr = (y = r/p) = const-

y)ydy the power of the radlcal mode inside the fiber with

P
(r, @) for ¢ =0); similarly, let be W, = const [|E;,(r)|*rdr =
0

(y=r/p) = const - p f\Em

the fiber with a gradlent profile under consideration (E,,r) is the
Equation (13)). Since it is not the absolute values of physical
quantities that matter, but the relative ones, we will define the
relative dimensionless power quantity — the normalized energy
W,0rm> s the ratio of the transmitted energy inside the fiber to
the power of the fundamental mode inside the fiber with a step
profile.

Inserting to the right part ¥ from Equation (13), £, from
Equation (12) instead of E, for the normalized energy W,,,,, we
fin (No(x) — the Neumann function of zero order)

|2y dy the transmitted energy inside

1

J Bt (v)Pydy . - 1

o =1 |:1+Z\112(X1p):| /fé(xlpy)ydy+
bf E3(y)ydy Of JB(xipy)ydy 0

anm =

1
7.[2
+ Z\{ﬂ(le)/Ng(leV)VdV + 77‘1/()(1p)/]O(leV)NO<ley)VdV:| ;
0 0

(14)

1

Y(x0) = Vz/]é(xlpy)h(y)yd%

0

(15)
Using the known formulas [33]:

2§(X1py)ydy——{lz (oY) = Zpr (X1PY) Zpia (1PY) }
n(2) = (=1)"Z,(2),

04

@M@} = ~{I@.N@)} .
2 = dZiZ)y

~ 2 (1nZ+¢) (e K}

(16)
(Z, — any cylindrical function, C — constant Euler-Mascheroni,

C=0.5772156649, n=0, 1, 2, ...), let’s write for the integrals
in Equation (14)

/]é(xlmf)ydy = 12{]3()(1/)) +Iéz(xuo)},
0

where from

1

/Né(xlpy)ydy =
0

{Jé(xlp) +]0/2(XIP)}><

N =

% {Né(xlp) + NO/Z(XIP)} ~

1

2 n(ap/2) + CF [Rapyvay

0

~|->

x L (n(ue/2) +CF =
1‘ 2
/]O(ley)NO(ley)de ~ ;/Jé(xlpy)(ln(xlpﬂ) +C)ydy =
0 i 1. 0 X 1‘
= _(n(p/2) + C)/Ié(xlpy)ydy +100p), 10ap) E/dwlé(xlm/) Iny.
0 0
(17)

Considering the last integral as the function from the parameter y,p,
we will receive

I(x1p) = —14{(ap) + 21 (x1p) — oG h(xip)} - (18)

Inserting Equation (17) and Equation (18) in Equation (14), we
receive
72
W (V) = 1 {7 + 10 (aan/2) + CF ¥+

+2(In(x10/2) + C)¥(x1p)
I ae) + 218 0ap) = J(ae)l(xip)}

1
2 [ROapy)rdy
0

19)

¥(x10)-

The Bessel function Jy(y1py), describing regime of a waveguide with
a stepped profile, as it is known, can be replaced by the Gaussian
function (¢ — the mode spot radius):

JoOapy) — exp{—ay?/2}, a = p*/rg, (20)

and (see [32, 34]):

ro—%—wzzp—z%o.sz.
NA 2

As in Gladkikh and Vlasenko [32], according to Equation (20), let’s
now require that for two descriptions different in form, the energy
flux through the cross-section be the same:
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1
/Jé(xlm/)ydy = /eXp(—ayz)ydy =g L —exp(-e)}. (1)
0 0
Inserting in Equation (19), we receive:

2
Wiorm(V) =1+ {% + (1n LS C)Z}‘Pz(xm) + 2(1n¥ + C)‘P(xlp)

2
ol (x1p) + 27 (x10) = Jo(up)(xi0)}
11— exp( )} Far):

(22)

The Equation (22) coincides in form with the Equation (19) from
Gladkikh and Vlasenko [32], which is expected (the method of
approximate solution is the same), but they differ in the content of
the function Y(yp).

Further, according Equations (16) and (20)

1

, 1y, 1 [d ?

0/10 (x10v) ydy = 5 {]o(ley) + Tk [dy]O(XIpV):| .
~t {GXP(—CWZ)

cAerten oplaee D
:%{1 +&} exp(—a).

Comparing to Equation (21), we get an expression for y;p

ol

1/2
(xlp)(V)%{ } . a=016V2.  (23)

expa—1—«a
Finally, we have computed the functions ¥(yp).

5. The Function ¥ = ¥, for Power-Low Refractive
Index Profile and Dependence of “Normalized”
Energy from a Waveguide Parameter and
Power-Low Profile Degree Index

According to Equation (15), for the power-low profile we get (n =1,
2,3, ...)

1

h(y) =y" — ¥,(0p) = VZ/]é(xlpV)V"“dV (24)
0

1
Since it is difficult to take integrals of this type [ J3(x, py)y*dy fork > 2,

then using Equation (20) for Equation (24), v(/)e can write under the inte-
grals
1
h(y)=y" =¥, =%,(V) ~ Vz/exp(—otJ/Z)y"“dy. (25)
0
Having confined to the values n =1, 2, 3, 4, we find

nw) - { Lo —2ewi-a . o)

= gep(w), @)

Iss. 00 2024
W;(V) :8%;{3\/34%\/&) —2(3+2a) exp(—a)} . (28)
(V) =y 2@ 20 aesp(-a)),  (9)
d(x) = 2 exp(—12)dt |
VT 0

(function ®(x) — the integral of error function). The Equations (22) — (29)
solve the problem. The calculations lead to the following regression of
energy W,.,m(V) on the waveguide parameter at various values of the
number 7 (Figure 1).

Figure 1
Regression of the energy W,,,,,,(V) on the waveguide number V'
without taking into account polarization

6. Conclusion

At a first approximation for a power-low profile with the values
ofthe degrees n = 1, 2, 3, 4, there have been plotted the dependences
of the energy W,,,,..(V) on the waveguide number V. It is calculated
that up to a value V, = 1.43, the energy for the profile with n = 1
increases; for the profile with n = 2, it slowly decreases to V' ~
1.2 and then slowly increases up to V,; for the profiles with n = 3
and n = 4, the energy slowly decreases to V.. At V' > V,, the
energy for the profiles increases, and here the triangle profile with
n = 1 is energetically more advantageous than other profiles. The
value W,,,(V) reaches one at V' ~ 1.52 n = 1), at V' ~ 1.8
(n=2), and at V' ~ 2.4 (n = 3), but for n = 4 the value W,,,.,(V)
does not reach one in the considered interval V' € (0.9; 2.4). Here,
we didn’t take into account polarization effects (we solved the scalar
equation). The accounting for these effects, earlier considered in the
work by Gladkikh and Vlasenko [32] profiles with n =2 and n = 3
(Figure 2), leads to a shift of V.. to the right — V. ~ 1.43— V.= 1.55,
the rise being small for n = 3 and a more sharp rise for n = 2.

The results obtained in this work can be used in designing
waveguides taking into account specific applications.
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