Received: 19 December 2023 | Revised: 13 June 2024 | Accepted: 23 September 2024 | Published online: 29 Seprember 2024

RESEARCH ARTICLE

Journal of Optics and Phatonics Research

Role of Higher-Order . Vol XK(K) 136
. . 0Ol: 10 47852 bomviaw]OFR4 2022330

Scattering Coefficient and =

Residual Nonlinearities on =

Instability Criteria in . "

. . BONW VIEW PUBLISHING
Three-Body Bose-Einstein
Condensates

M3iA NOd

P. Mohanraj'’, R. Sivakumar?, Jayaprakash Kalivamurthy!, V. Kamalakar! and J. Gajendiran’
I Department of Plysics, Vel Tech Rangargjan Dr. Sagunthala R&D Insiitute of Science and Technology, India
2 Department of Physics, Pondicherry University, India

Abstract: We examine the mstability characteristics i 2 three-body condensate and the effect of higher-order nonlinear effects
caused by shape-dependent mprisonment and higher-order scatterimg cosfficients such as S-wave scattering length and effective
range for collisions. Usmg the lmear stability technique, we study the spreadimg relations and gam profile of the adapted Gross
Pitzevski equation with higher-order seattering coefficients and enduring nonlmezrity. The role of highetr-order intsractions S-
wave scattering length, residual nenlmearity, and effective range for collisions over the modulztionzl mstability m immiscible
znd miscible three-body Bose-Emstsin condensates has been discussed m detzil. M can be excited m miscible condensates and
changed m immiseible condensates because of residual nonlmearity, without tzkmg mto zccount higher-order nonlmearity and
thtee-body condensates. However, the resultz of this wotk demonstrate that the mfluence of higher-order residual nenlinesrity
can czuse the MI to change i both immiscible znd immiscible condensates. The discoversd M1 spectrum revezls 2 new soliton
production regime i three-body condemsates. The results exhibit thet higher-order scattering coefficient and remzinmg
nenlmearity mterplay can successfully switch the mstability gam profile m miscible znd mmiseible condensates. This makes 1t
possible to regulate the dynamics by varying the M1 in a temary combination of Bose-Emstein condensates.
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1. Introduction

A Bose gas may follow the T = 0 formzlism m the ultra-cold zone, where the homess iz significantly less than the
condenzation criticzl temperature. The nonlinezr mezn-field Gross Pitzevsld (GP) equation with duzl-compenent communication
is the foundation for the theereticel Bose-Emstem condsnsate (BEC) model, which can reproduce and explain mest BEC data In
this work, we considered 2 temary mixture of Bose-Emstem Condensztes (BEC). Such 2 system has three components of the
BEC, which means thers will be three kinds of mteratomic mteraction i this mixture of BEC. Therefors, our system has three
“condenzates wave functions” (BEC1 (y), BEC2 (w:) and BEC3 (y.)). The higher-order mteractions may intensely alter the
mstzbility gam profile of multicomponent condensates. Nonstheless, the typicz] BP approximation loses some of its predictive
power when higher-order alterations are meluded m the seattermg dymamies [1]. It becomes crucial to melude higher-order
cotrections i the GP equation i such 2 situation.

The result of the mter-ztomic relations 15 2 nonlinear expression in the GP eguztion that iz mversely related to the
condensate density and the s-wave scattering length [2]. The Feshbach resonance approach [3] cam be used to medify the
scattermg length*s sign end strength. This suggests that various experimenta] toels can be used to lmit how mtenze the contact is.
The GP equation zssumes the shape of 2 nonlinear Schrddinger equation with 2 range of accurate soliton solutions i the one-
dimensionzl (1D} identical limit. Experimentalists simulate this scientifically idvllic situation by radizlly restricting the
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condenzate in 2 stretched-out and prorate trap. However, weak axial harmoenic trapping that eliminates the system’s mtegrability
iz frequently present with this quasi-1D shape [4].

It iz kmown that duzl-component relations can be characterized by 2 sprinkling length where the properties of the higher-
order connections zre minimazl at small densities and where the inter-ztomic distances are substantizlly more significant than the
distanee scale of atom-ztem relations [3]. Howewer, in other smdies, the BEC density is relatively high. In particular, 2
constderable compression of the traps ocowrs durmg the formation of BECs on the surface of atomic chips and m atomic
waveguides, which mcreazes the densities of BECs [6]. As 2 result, more than the straightforward GP equation (using only the
two-body contzct) i3 required. Consequently, 2 better atom-2tom mteraction description i required for the dynamics of the BEC.
Dius to mcreased densities and intense confmement, a system like this has thres body mteractions and shape-dependent potential.
The steaightforwzrd GP equation is corrected by higher- “order factors in the extension of the phase shifts at smzll momentz which
are influenced by the effective range the shapﬂ parameter, etc. The higher-order scatterng term has been demonstrated to
significantly impact the energy levels, chemical potentizl, and condensate profiles of 2 hamenically imprizonsd BEC s the
scattering length approaches zero [7]. Additionslly, the trep potentizl would significanty mpact them because the form
patameter controls the higher-order mteraction. In thiz mstance, examining the dynamics of BECs while considering higher-order
connections is essential, particulatly m the case of exact resonances [3, 9], The current study is very differsmt from the form
dependency that results from a duzl-component zssecistion at shorter length scales at greater densities [10]. As a result, thers is 2
chanee to consider the three-body mtersetion, which s crueial m simztions of Effmov resonance and higher densities [11].
Additionally, m a near-collapse scenario, three-body exchamge: and the nenlocality of the dual-component crashes should be
considerad [12]. This system might be the best choice to evaluate the rJatmnshtps betwesn mesoscopic objects and light, to
comprehend the findsmental physics, and to forscast potentizl uses m current resezrch on quantum mformation dispensation with
ultrz-celd bosons in optical resonators [13]. The mpact of the optical latties and three body stomic mterzetions on solitons m
quasi one dimensional (1D BEC) has been documented by Golam Ali [14]. The BEC solitons cannot be destabilized by the three-
bedy interaction in this work because the connecting factor gl == g2. Nevertheless, it might be worthwhile to mvestigate whether
the perturbative mmpact of these communications could be wisely utlized to obtzin fresh physical data shout the BEC ztoms. Bam
et 2. [13] has reported zbout the mstebility of dual BECs striking. Motivated by this research work, we present a simple MI
zction of the condsnsates mixture with temary components. Twe GP equations contrel the dynamics of the temary components
of BEC i 2 purely growing mode. This article demonstrates how, at approprizte parameter fixings, higher-order communications
m temary-species condensates can be crucizl to determinimg BT criterions m miscible condensates and zltering M1 criterions m
mmiscible condensates.

Developing spatizl dynamics pattems m nenlinesr media i3 crucial to various physical processes [16-18]. Medulational
mstability (M) 13 necessary to understand pattern creation m 2 contmuous fiber. Due to the combmed effects of dispersion,
diffraction. znd nonlinearity, mstshility cocurs when 2 steady statewszve environment m 2 spatizlly nonlinear fisld becomes
unstable to stmulate medified sinusoidzl patterns. Itis generally kmown that MI causes 2 homegensous medium to fragment nte
pulsing “solitary waves” [19]. BEC has been developed to be 2 helpful selution for researching mstzbility and nonlimear matter-
wave dynzmics. The mteraction betwsen the atoms canses the nonlmezrity m these systems. Such systems have the advantage
that wave matter may be experimentally administered using standzrd optical, melecular, and stomic physics techniques. The
mflusnee of self-mteractions m nonlinesr media plays 2 vitzl role of the mstability m 2 single-compoenent structure, a5 several
studies [20] have highlighted. In our present wotk, results demonstrate that mnstzbility mzinly arises i defocusing nenlinearity-
basad nonlinear media =nd duzl-body condensztes [21]. In smple-body condensates, the mstability leads to seversl nonlmesr
excitation processes, including quantized vortices [22], bright solitons [23], dark selitons [24], and others. Severzl constiuent
constructions with parameters belonging to mers than one order can lead to new types of mteractions between various condensate
components. The M1 of the system as 2 whole may suffer as 2 result

The stzndzrd lmear stzbility method =nd mathematical aquation for the mstshility profile relation zre offered i Section 2,
the rasults and dizcussion, and the miscible and immiscible fllustration examination m Section 3, then the Conclusions m Section
4.

2. Mathematical Equation and Standard Linear Stability Method

The followmg GP equation can be used to represent BEC with three-body and higher-order relations ot extremely low
temperatures [3, 10, 23]:

. BE[ri] a s
ik = [— E‘F'Cﬁ[r,t] + V(r)®[rt] +g|®[rt]|"®[r.t] +h|®[rt]]*D[r,t] +

V(| @[rt]*) @[rt]| o
Whets m is denoted by the photon’s mass and the reduced planks constant is B The coefficients hand g arﬂ thﬂ mter atomic

strengths of two and thres-body Bose Emstem condensates (BEC). The parameter g is related to acby g = ——. The shape-

dependent mmprisonment zlteration of the duzl-component smash potential i3 deseribed by the fmal term. T]:l"' factor 1 is the
higher-order sprinkling factor. which hinges on the effective collision range 23 well 23 the s-wawve seatering length [253].
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According to Kartashow [26], the power of the three-body connsction iz typically relatively wezk compared to the dual
contact and depends on the strength of the two-body relationship. However, the three-body mteraction cam occesionally be
dominant znd have zhout the same size znd range 2z the dusl-component powser [27]. But given the predommance of temary-
component mtsractions zs seen m the case of Efimov resonances [23] and the current prospect of manipulating temary-
component relations mdependently of dusl-component connections, it is imperative to lock mte how higher-crder relationships
affect BECs [6].

The focus of this wotk is ob temary-component condensates, which are characterized by 2 system of modified elassical
time-dependent GP equations that zre temary and coupled. First, we begim with the temarv-componsent condensate goveming
equations, which meorporate higher-order effective range corrections [13].

¥ E-z 2 2 2 2 4
Ih?: |~ E?"-Fl +V(rjy, + gl|¢1|"-|-’1 + g12|‘-|-'2|"-|-'1 + 313|1|-'3|"-|11 + h1|‘-|-'1| Wy +

h12|‘|-’2|é1|11 + h13|1|13|é’~|’1 + 711?2(|’~|’1|2)1|J1 + 7112?2(|1|J2|2)1|11 + ﬂ13?2(|¢3|2)¢1] (2)

- z
A |~ ;_mvz‘-l-rz + V{r)w, +gz|¢2|21|12 + gzi|1|-f1|21|12 +gzs|1|-'3|2‘-|-fz + h2|1|-fz|é1|-fz +
h21|‘-|-'1|é‘-|-fz + h23|1-|-'3|é‘-|-'2 + ﬂ2?2(|‘-|-'2|2]‘-|-'2 + 7121?2(|‘-|-'1|2]‘-|-'2 + ﬂ23?2(|¢3|2]‘-|-'2] (3)

dhlrg

{ ?— __? s + V(r)b, +gs|¢3| l|13‘|'331|1|13| Wy +337N13|21|17 + h, |1|13|i' Ws T

hg, [y |* ‘-|11+h37|1|-'3| Wy + 3V (W3 )l + 5 V(W5 2 )Wy + 15, V(W P )'Ll-'c'] 4)

The system s tetnary distinet compoensnts ™ macroscopic wave functions are denoted 2z ry, Ypand Y3, respectively. Then,
g1, E2. g3 tzke the form for each besen component. The mass would be the decreased mass, a5 shown below m the equations for
mter-component interactions, g;.

anhla S anhla amhilagq anhla S _
1 2 _ 3 g _ 12 g _ 13 g _ 23 (5)
P 412 P H13 P 823

mi ml m3 mil mi3 m13

g1 =

Where, ajaz, aza12.a13 and az; are inter and mtrz-components S-wave sprinkling lengths. Higher-order residual nenlinearity,
which tzkes mto consideration the mprisonment caused by the form of condensates, is mcorporated mto the set of coupled
differential Equations (2)-{4). As stated below [10], the effactive range of interaction iz contzined m the residuzl nonlinesritias P,
and P

_ I:vlj_2 ajr, val]_:2 ajar,
Pr= 0. (3 -5) P = 92 (5~ %) ®

To keep things simple, we'll 2ssume that 2ach of the three masses, m;, i3 aqual. Next, by estzblishing zero potentizl, we
obtzin the active one-dimensional system for the trapless condensates. While non-dimensionzlzing, the oscillator length. ,i: and
radial frequency, JL zre used to express the timeframe and length sesles, respectively. The nenlinearity cosfficients m the
aforementioned set of squations are

25!1 2aq 2|.'.|3 Eﬂnl 25!31 _|:|3'|

1=, 827 .;.: 93 =8 =—‘:H31 = 9= P11 = gog1, P2 =
9092: P3 = 9093 P21 = o821, P3y ﬂﬂﬂslrp = Gofs2
(7)

We consider the mteractions to be symmetric in this case, whers gv= gy and py = py, and the p’s and g's stand for the
residuzl nonlinearmes znd mteraction streugths respectively. The sscond- order dtspersmn parzmeter iz determined by the
length scale employed to make the system dimensionless.
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In this wotk, the Laplacian operator represents the second dertvative of the concemed wave function ((wi), (v2) and
(w:)) with respect to the mter-atomic length (here considered a3 7).

Aszzume that the trap is twmed off, releasimg the condensates mto free space and V (x) = 0. As 2 consequence, the setof
equations that follows iz dimensionless and zpproprizte for 2 standard linear stability examinztion.

o¥ ﬂ=I=~
Ih L= _}31 1+gi|¢’1| Dy +81¢'|¢’¢'| Dy +813|¢’3| ®; +hy |¢’1| @, +

hya|®,|* ¢'1+h13|¢’3| ':I}l+ﬂl?_(|¢l|_)¢'l+ﬂlEE_(|¢'E|_)¢1 +T113E'(|¢'3 _j':bl] (&)

eI | LS
: = [— B ?;L—‘F g2|¢2|2¢’2 ‘|‘321|¢’1|2¢'2 ‘|‘323|¢’3|2¢'2 ‘|‘hz|¢'z|é¢'z +
hzil'i’l'é'i’z + h23|¢’3|é¢2 + ﬂzvztl'i’zlzj'i’z + "’|21vz (|-¢>1|2]-:p2 + 123 v (|¢3|zj¢z] 9

el 3
ih—= = —ﬁ?g L+ g5 | P52 Dy + g5, [ P57 D, + 850 | P;5]7 P, + hy|Ds 4, +

h31|¢’3| ¢'1+h32|¢’3| ¢2+ﬂ3?'(|¢’3|']¢3+ﬂ31?'[|¢’3|']¢'1+T132?'(|'i’3|')¢2] (10)

E=I=~]

2.1. Standard linear stability analysis

Generally, linear stzbility analysis (LSA) s to perub the steady-state solution and examine whether the distortion grows or
decays with transmission waves. The LSA of the linesr-state solution DfE.quuuun (11) reveals only the mitizl exponential growth
of wezk distortion through the gain. In this study, we are primarily mterested m how dual-._c-mpu-nsm mteractions zffect higher-
order residuzl nonlimearities. Therefore, we tzke mto zccount the condensate i the trapless environment. As a result, Vix) = 0.
We then sezrch for the followng answers to the findamentsl m-plane wave Equations (3)-10).

¢1lx, t] = By exp [i(kyx — pyt)]
@2lx, t] = By exp [i(kyx — p,t)]

¢slx, t] = B exp [i(ksx — pst)] (11)

Thus, for ezch of the temary components, w's and k's denote the frequency and wavenumber of the contimuous wave
backdrop. Equations (2) - (10) can be modified to use the plane wave approzch to produce the dispersion relation p (k).

py = aig, +a3gi, +aigy; +ath, +azhy, + ajhy; + k3B,
Hz = ﬂgﬁz + ﬂié’zl + ﬂégzs + ﬂzéhz + ﬂ'ith + ﬂséhzs + kgﬁz

Us = asgs + aigs, + aigs, +ashs + athgy + ashg, + k3f; 1

Next, we intreduce a little perturbation of the type i the ansatz (11).
Palx. t] = (By + £1[x. t]) exp [i(kyx — pyt)]
@alx, t] = (Ba + &3[x, t]) exp [i(kax — pat)]

¢slx, t] = (Bs + &s[x, t]) exp [i(ksx — pst)] (13)

The dyn=mical squations for the pertrbations can be obtamed by lmearizing the equations that follow from entering Equation
(13) mte Equations (8) - (10). These are the rezl-valued quaentities that we specify for convenience.
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I¥+ B4 e e ﬂigl(gl + &) — Eﬂf-lh{gl +£1*) — a1a:912 (82 + 527) — Eﬂlﬂghlz[ﬁ'z +

3 3 dzsl dgsl" ﬁzfg
£:*) — ajasgia(e; +53°) — 2aya3hy3(s5 + 25°) —aiPy (_+ P )_ a1a:P 45 ('d}; +

n n " Ii}::

) —@asPis (53 +55) =0 14)

fa;: + B i_szi_ azga2(e2 + £2°) — 2azha(e; + £2%) — aya2901 (1 + £1%) — 2a,a3h0, (&) +
£1%) — Q203005 (83 + £3%) — 2a,a3h,5(8; + £5*) — a3P, (Z—;.—-l— %) — a,a,P,, (Z—;-l—-l-
_L) — a,a;P,, [—}+—§—) =0 (15)

ax = = X ox

, B3 ez 2 2 3

1¥+ B e asgs(e3 + £3*) — 2a3hs(=3 + 53%) —a,a;95, (51 +51%) —2a,azh;, (s +
£27) — Qa03f32 (62 + £27) — Eﬂzﬂghaz(Ez +55t) — ﬂgps (2—}__523—+ %_;::] — aza,Pj; (Z—}__i"+
%) —ayazPa (Z—}__Ezi-‘F%) =0 (16)

Since the aforsmentioned set of equations for £'s 15 2 linearized set, we anticipate continuous wave elucidations i the form
shown below and sezrch for conditions that are met.

g [xt] = uy exp[i(@Qx — Qt)] + v, exp [—i(Qx — Q)]
g [x t] =u, exp [i(Qx — 0t)] + v, exp [—i(Qx — Ot)]

g3lx, t] = uz exp [i(Qx — Qt)] + v; exp [—i(Qx — Ot)] D)

The permrbation frequency and spatial frequency are representad by the varizbles Q and Q. respectively. Six harmenized
equations for the agitated amplitudes u’s and v*s can be obtzined by substituting E quations (13) — (13).

My Miz Myz Mg Myz Mg
Myp Myz Mz Mz Mz Mg
Mgy Mgy Mgz My Mzz Mg
My My Miyz My Miz My
Mgy Msp Mgz Msy Msp Mg
Mgy Mgy Mgz Mgy Mgz Mgy

=0 (18)

In the Appendix, 2 list of every matrix element iz provided. If the =6 determinant created by the coefficients matrix disappesrs,
zn arithmetical polynomizl with degres six can be found, as stated below, providing 2 nontrivial selution to the preceding matrix
problem.

LO® +M0O° +NN*+00° +PO2 +Q0O+R=0 (19)

The roots of this polynomial zre used to obtzin the mstzbility gain by applving the generic expression for the I gam, which is
given by.

Gain = |[Im(0,..)] 20)

Whete I represents the maginary portion of the reot and the suffix max mdicates the maximum value of the reot.
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From Equation (200 represents the critenia for the cocwrrence of medulational mstability 23 well as the mstability gain. In fact, the
system becomes unstzble when zt least one of the permrbed frequencies zequires an maginery pert It 13 therefore sufficient to
have 1+ negative for the condensates to undergo modulztional mstzbility. The DMI gzin i this czse i3 expressed in terms of
|[Impmar )| 2nd depends on the parameters of mtraspecies (gj) and mterspecies (g j,4—)) three-body nteractions as well 2z on
the strength of mtraspecies (pj) and mterspecies (p j.4-7) residuzl nteractions.

Famzlrishnan and Subramaniven [10] used the standard linear stability analysiz to mvestigate the MI gam over two-body
condenzates with higher order corrections, such zs residuzl nonlinesrity and imter- and mtra-species mterzction. They
demonstrated how the MI was strongly correlated with higher-order residuzl nonlimezrity without trapping potentizl. In addition,
Sabari et 2l [17] mtroduced the veriztionsl approach to examine the MI gam over three-body condensates with higher crder
cotrection, imcluding residuzl nonlimearity and nter- and intra-species mteraction. They explzined the strong relationship between
the effective potential and higher -order residual nonlimezrity.

Our current fmdings diverge from the literature previously mentionsd. Becamusze the MI gaim spectrum hes expanded with slight
adjustments to the residuzl nenlinearity, the stzble and unstable regions are heavily mfluenced by the higher-order mter and ntra-
species strengths. The novelty of the present work was the MI gam spectrum i three bedy condensates without effective
potentizl using limear stzbility analvsis, and their results wers diseussed i detzil.

3. MI Dynamical Behavior in Three-Body BEC System

3.1. The g3 — g32 parameter plane

We may discover the mstability regions and dynamics of the temary ._c-ndensatﬂ stucture by relating the mstzbility gam
provided by E.quzmu-n (200 and the M condition to E.quanu-n (19). We utilize gl=g2=pg3 hl= hl= h3. hi2 =h21 =h23=h32,
and similarly for our study’s higher-order connsctions p's. This section displays 1:h=~ MI gzin 25 contour plots, which show both
the I gain"s mzgnitude and its geographic distribution. The analysis would be most effortless when zll higher-order outstandmg
nonlinezrities are missing of pi = pij = 0. In this mstance, we display the mstzbility gain on the h3-g32 plane (Figure 1). Such a
graph demonstrates the typical mmiscible and miscible regions of 2 three-body system for 2 three-body BEC. While the other
regions contzin unstzble zones, the uncheanging medes can be found m the blue zrezs. The white dashed lines depict the lteration
from zn unchanging to =n unhinged ragime in the parsmetsr plane. The stzbility region i the plane smilaly grows when we
raize the strength of h3. These findings indicate that the nstability occurs when the intra-species interaction is repulsive (g3 = 0)
and the mteratomic mteraction is attractive (g32 < 0), thersby satisfying the requirement stated by the white dashed lines.
Therefore, the repulsive two-body condensate also exhibits anti-symmetric M1 behavier, reversmg the sign of the mteraction
strenpth m 2 manner zkin to atractive condensates. This indicates that enerpy excitztion beyend the mitizl pertrbation has
E.'-_._hsmzﬁd symmetry conceming thres-body and  higher-order mteractions govemed by the u-pu.,al potentizl strength.
Additienally, 'if we disable the higher-order mteraction as well, we discover the stebiity condition 25 stated in Rzmakrishnan znd
Subrammt}an [10]. Our model exhibits the mstability condmion reported m Ramakrishnan znd Subramemiyan [10] when the
thtee-body mteraction iz removed. There have been a number of theoretical mvestigations on how higher-order effects nfluence
the MI i single-componsnt BECs and mvestigations that take into account thres-body mteractions [29]. The effects of three
body atomic mteraction and optical lzttices on solitons m quasi-one- dimensienal 1-D BEC were reported by Golam Al et 2l
[14]. The BEC solitons cannot be destshilized by the three-body mteraction m this smdy because of the coupling constant
gl==gd Nevertheless, it might be worthwhile to investigate whether the perturbative impact of these interactions could be wisely
utilized to obtzin fresh physical dzta zbout the BEC ztoms. Thekzla Scloman Paju ot &l reported the mstability of two BECs
collidmg. Inspired by this wotk, we are providng 2 basic treatment of the MI of the three-species condensate mixture. For the
purely growing moede, two GP equations control the three-species BEC dynamies.

A three-compeonent Gross Pitaevskil equation with higher-order residusl nonlimezrities describes 2 temary mixture of Bose-
Emstein condensates. These mteractions zre mfluenced by the shape-dependent confmement of the particles, which has been the
subject of our mvestigation. In the framework of atomic Bese-Emstein condensates, we outlined the mathematicz] medel and
highlighted the physical significance of higher-order nonlinear terms. Next, we determined the system™s mstability criteria and
the rate at which unstzble medes were growmg usmg the lnear stability analysis. This mmzlysis revezls thet modulationzl
mstahility ccours even m miscible three-component condensates. when higher-order shepe-dependent mteractions zre meluded.
Furthermoere, the modulational mstzbility in immiscible condensates is strongly medified by the type of higher-order mteractions.
Famzkrishnan and Subramanivan [10] has noticed the same type of behavior i two-bedy condensates. To support their
anzlytical resezrch the suthor conductsd direct numerical smulations, and the outcomes wers found to be m excellent zoreement
with their analytical predictions. In the scenario whete the mixture iz expected to be modulztionzlly unstable regzrdless of
mmiscibility and nen-evetlapping chains of bright selitons have been produced. When the unstzble mixturs is anticipated to be
miscible, these solitons zre static and thinner m both condensates. If, on the other hand, the unstzble mixtre is predicted to be
mmiscible, then the selitons m both condensates are thicker and periodically collide.
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Figure 1
Modulationaly stable and unstable zones in the gs: —h3 Plane with other nonlinear parameters. The properties of
MI are changed dramatically by gs: and hs
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A mote prosperous MI excitation scenario is achievable i the presence of higher-order connections. Figures 2(2)-2(c) depict
the zenes of mstability for various mtensities. The g3 v, g32 plane flustrates the impact of mtra-species higher-order mteractions
(p3) m particulzr when p32 = 0. As observed, the mstability region contrzets, and stzble modes move mte the mmiseibility
region 23 p: increases (assuming positive values signifying imtra-species higher-order repulsion). The stability zone widens,
zdmitting mors stzble methods 25 well 25 those with negative g: values, 25 mtra-species highet-order commumications becomes
supplementary desirzble, ie., when p: drops while tsking negative values. As z result, stronger intra-species repulsive forces are
required to achieve stzbility with positive p: vzlues. Accordmgly, the temazry condensate iz stzbilized by mirz-species higher-
order attraction, while it iz destabilized by mtrz-species higher-order repulsion. Te expand the mstability band of three-body
condensates, mterspecies higher-order relations may be equelly 25 significant as intraspecies higher-order communications. When
mirz-species higher-order collaborations are afractive, the mstability zones m the g: - g plane for mnumerable powers of
mterspecies higher-order communications zr2 shown m Figures E{d)-z{f} The lne E;SZ = 0 m the dizgram represents the
symmetry of the stability region. Similar to p32 =0, it denotes the lack of Iy remaining interspecies nteractions. When the
mter-component higher-order collaborations are striking, the stability zone moves to lesser values of the mter-component three-
bedy communication. The miscible zrea swmgs to larger values of the mterspecies three-body relztions for revelting miter-
component higher-order connections (p:2= 0). The behavier will be the same whether there are zero (p: = 0) of repulsive (p:= )
mtrz-species higher-order mteractions. As 2 result, stzbility 13 meoreased when the higher-order and temary condensates
mterspecies connections are identiczl. The conclusions sbove mmply zdditionsl requirsments for mstability and miscibility when
higher-order connections zre not msignificant. The transfer slong the g axis m Figures 2(d)-2(f) i3 comparable to the shortenmg
of the steadiness area in those figures. Figures 2(a)-2(c) shows a shift along the g+ axis. As a result, the higher-order relations
move the MI diagram s pesition conceming the miscibility lustration m two different directions: to the right for rising p: and the
left for lowermg p. and m the other direction for changmmg p.o. Thus, we mfer that the miscibility eriterion would changes to
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The efficient contact powets have 2 significant impact on the M1 The wave-number reliznes would entzil 2 very complex M
cascade situztion. The supplementzry enthusizstic manners merezase the scheme’s mvelvement when second-order MI develops.
Effective mteractions can improve of change a condensate mixture’s immiscibility-miscibility, which can impact the mstability
excitztion. In miscible or phease-mixed states, pesitive pr can, for instance, decrease repulsive three-body mteraction and M
excitation. When p: and pe are zero, the effective mteraction strengths g0 and gomay change the MI excitation i miscible states.
The results obtamed by MMithun and Kasematsu [16] as well 2z Remalrishnan znd Subrameniyan [10] are completely in lme with
these fmdings m terms of quelity. The aforementioned fmdings give us 2 better understanding of how stzble BECs with three-
bedy and higher-order mteractions are. Our research should encourage other experimentalists i this direction.
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Figure 2
Instability domain in the g3 vs. g32 plane with higher order scattering effect [{a)—(c)] when h1=h2=h3=0.5,
h12=h21=h31=h32=h23=0, and p12 = p21 = p3l = p32 = p23=0 (no interspecies higher-order interaction) and for
numerous powers higher order intra species communications p3 =0, 6, —6; and [(d)~(f)] when p3 = -6 (pretty intra
species higher-order interaction) and for innumerable influences of the interspecies higher-order communication p32=10,
=3, +3, respectively. The red regions characterize steady modes, whereas the rest of the area embodies unbalanced modes,
with the greatest unbalanced in the black regions. Black dashed lines separate the miseible and immiscible zones

(4 (=) 3]

3.2. The h3 — h32 parameter plane

In thiz mstamee, we display the mstability gzin on the Aeg:: plane (Figure 3). Such 2 graph demonstrates the typical
miscible and mmiscible regions of 2 three-body system for a three-body BEC. While the other regions contzin unbalanced areas,
stable modes can be found m the blue zress. The white dashed lmes depict the changeover from = unchangmg to zn unhmged
regime m the perameter plane. The stahility repion m the plane similzely prows when we raize the strength of be This findmg
mdicates that the instability arises when the itra-species collaboration is repellent (A= () and the nteratomic exchange is
attracting (A= ), satisfying the requirement stated by the white dashed lines.

A more prosperous LI excitation scenario 15 conceivable when higher-order mteractions are present. The mstzbility
zones for sltered mtensities of mtrz-species higher-order connections pe i the A v, e plane when pee = 0 zre shown i Figure
3(z)-c). As cbserved, the mstzbility region contracts, and stable modes move mto the mmiscibility region 23 pe increases
(zssuming positive velues signifying mtrz-species higher-order repulsion). The stability region widens, zdmitting extra
unchangmg modes, contzining those with negative /i values, as mtra-species higher-order collaborations become extra destrable,
ie., p: drops while captivating negative values. As aresult, stronger intra-species repulsive foroes are required to achieve stability
with positive po values. Accordimgly, the temary condensate is stzbilized by mtrz-species higher-order attraction while it is
destzbilized by mtrz-species higher-order repulsion. To expend the mstebility bemd of three-body condensates, mterspecies
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higher-order relations may be equally as significant as intra-components higher-order relations. When intra-species higher-order
dezlings zre strikimg (g 0, the mstebility zones m the Ae-f: plane for diverse strengths of mterspecies higher-order
communications are shown in Figure 3(d)-(f). The lme h32 =0 in the dizprem represents the symmetry of the stebility region.
Similar to p32 = 0, it denotes the lack of any remzinimg mterspecies mteractions. When the mtsr-compoensnts higher-order
communications are attractive (peo= (), the stability zons moves to lower values of the mterspecies three-body communication.
The miscible arez shifts to larger idezls of mter-components temary-species relztions for repulsive mter-component higher-order
collaborations (p::= (). The behavior will be the same whether thete zre zeto (p: = (0 or awiul (p:= 0) ntrz-species higher-order
mteractions. As z result, stzbility i3 mcressed when the higher-order and temary condensate connections are similar. The
conclusions zhove fmply dditionsl requirements for istshility and miscibility when higher-order mteractions are not negligible.
The swing slong the /. axis m Figurs 3(d)-(f) iz comparable to those figures shortening of the constancy arez. Figuras 2(a)-20c)
show a shift along the - axis. Asa result, the higher-order relations move the msmhilirj,r ilustration s position concsming the
miscibility drawmg i two differsnt dirsctions: to the right for rising g and the left for lowermg pe. and to the other direction for
changmg p.:. Thus, we mfer that the mizeibility eriterion would changs to

Ryhege= R Byihs= g Byhzhe= By

Efficient communication powsr has 2 significant impact on MI The wave-number dependence would entzxil 2 very
complex M1 cazscade situztion. The supplementzry enthusizstic modes mersase the system’s complexity when second-erder M1
develops. Effective mteractions can mmprove of change 2 condensate mixture’s mmiseibil ty-misetbility, which can mmpact the
mstabil ity excitation. In mizcible stztes or phase-mixed, positive pr can, for mstance, decrease repulsive three-boedy interzction
and mstability excitation. When pe and peo are zero, the effective mteraction strengths iy and Ao may change the mstability
exeitation i miscible states. Accordmg to Famakrishnan and Subramaniyan [10], these results qualitatively match the latter’s
exactly. Our understanding of the stzbility of BECs with thres-body and higher-order mterzetions i3 despened by the
aforementioned findings. It is our hope that our study will encourage researchers to take this approach.

Fi 3
Instability domain in the hd vs. ha2 plane [{l}—{c]l-]g:il:ﬁmpli =p2l=p3l =p3l=pl3 =0 (nointerspecies higher-
order interaction) and for innumerable powers higher order intra species interactions p3=10, 6, —6; and [(d)—(f)] when p3
=—6 (intelligent intra species higher-order interaction) and for innumerable strength of the interspecies higher-order
communication p32 =0, -3, +3, respectively. The red regions denote unchanging modes, whereas the rest of the realm
signifies uneven modes, with the most nnsteadw in the black regions. Black dashed lines separate the miscible and
immiscible zones
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3.3. The p3 — p32 parameter plane

We may be attracted to carefully cheosimg highet-order connections when the temary condsnsate communication powers
are fined on attzining or preventing modulations]l mstzbility. This section fllustrates the three-component condensate mstability
zones for BECs with three-body repulsions m the higher-order commumications region p3 vs. p32. Wezker and prester nansess of
mterspecies three bodies are the two sorts of repulsions that concern us. We show the MI regions of the condensates i the p3
versus pi2 plane for severs mterspecies temary condensate revulsion (Figure 4(2)-(c)) and msignificant mterspecies temary
condensates nausea (Figures 4(b)-4(d)). Instzbility unchangmg znd unhmged zreas are represented by the letters WS and DU
respectively. The undermining effect of repulsive ntra species” higher-order dezlings is further proven hers simee bipger values
of p3 exist i the MU area regardless of how mtense the mterspecies three-body repulsion is (gl2 =g21 = g23=g32 = 4) or how
moedest the repulsion is berween the species (gl2 = g21 = g23=g32 =10.3). The image zlzo shows the mflusnce of higher-order
communications between species. See 2 superior MS ares m the greater left comer of Figures 4(z) and 4(c) for additionzl
evidence. Positive values of p32, as can be shown, subsidize extra stebility for strapping interspecies temary condensates
revulsion than for feeble mterspecies temary condsnsate repugnance. On the other hand, 25 the MS provines becomes symmetric
for miner nterspecies temary-component revulsion, positive and negative values of p32 wirtuzlly have 2 similar effect on the
mstahility; se= Figures 4(b) and 4(d). The results obtamed by Ramakrizshnen and Subramaniven [10] are completely m lme with
these fmdings m terms of quelity. The aforementioned fmdings give us 2 better understanding of how stzble BECs with three-
bedy and higher-order mteractions are. Itis our hope that this mvestigation will serve 25 zn mspiration to other experim entalists.

Figure 4
Association of constancy areas when the inter-components revulsion is (a, ¢) intense, say h23 =4, and (b, d}
feeble with h23 =0.5. The comparison is done in the p3-p32 plane. We have motionless the values gl =g2=g3 =1 and
hl=h2=h3=0.5. Unchanging iz MS, and unhinged iz denoted as MU
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(e gu= dg=03
3.4. Higher order effects

In this part, we examine the mstability growth for 2 few modes relevant to the numericzl computstions 2s a funetion of Q).
As shown m Figures 3(2)-3(c), lowsr spatial frequencies are unchanging for mtrz-species hicher-order fasemation (pe 0,
wherezs higher wave numbers are unhinged. The spectrum of unstzble modes widened as we raized p: The thres-dimensional
mstzbil ity growth cuflines i Figures 3(2) and 3(b) display duzl symmetric sidebands i the center of the excitztion spatizl vector
plane Q. The MI gzn thus permits the grestest 300 m-', which are reached at nil O and p: = 0 cotrespondmgly. The lobes
dizappesr az the value of p; mereaszes, 23 can be seen when comparing the two panels. The two-dimensional conspiracies zlong
the line Q in Figures 5(c) and 3(d) show the standard ons-component condensate MI gzin profilss. For ntra-species higher-order
repulsion (p:= (), smaller wave numbers become unchanging, wherezs larger wave numbers become unhingsd, 23 seen m
Figures 5(2) and 3(f). When we rzized g and go the stzble mode range grew. The 3D MI gam outline m Figure 5(¢) displays 2
stability zrea in the excitation wave-number plane (). The mstability side bands were zlmoest fully expanded i Figure 5(c), when
the strength of interspecies temary condensates revulsion proliferations. A valley-shaped MI gain profile i seen i Figure 5(g),
znd zn uptumed tzpering hat i3 shown m Figure 3(h) m the associasted two-dimensional plots slong lme (). In both scenarios, the
mstahility gain i3 at its extreme; larger spatial vector numbers zre less stzble them lesser ones. The combinztion of repulsive two-
body contact, three-body mteraction, and higher-order mteraction leads to modulationzlly unstable regimes for the negative
optical potentizal strength. The graphic llustrates the enhanced ares within the region that corresponds to the negative domam of
optical potentizl Hers we note that addmg the higher order mteraction three-body mteraction to the repulsive condensate can
amplify the system mstability. This often contradicts the dynamics of mstebility i 2 basic non-lmexr frame without 2 trzp. The
obtzined results zre gqualitatively m good zgresment with the cutcome found by Ramakrishnan and Subramaniyan [10]. The
aforementioned findimgs give us a better understanding of how stable BECs with three-body and higher-order mteractions zre In
this present wotk, sncouragement can be used to test the other experim entalists i this direction.

11
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Figure 5
Imsatability growth profile for numerons modes (a) pl =p2=p3=0; gl2=g21 =g32=g23=4(b) pl=pl=p3
=1l;gl2=gll=g32=gl3=4,(e)pl=p2=p3=6;gl2=gll =g3l=g23=4, and (f) pl =p2 =pi=—G; gl2=g2l =g32 =
g23=4. The 2D designs (a), (c). (e), and (g) are the cross-sectional vision of 3D schemes (b}, (d), (f). and (h), respectively.
The impact of intra-species higher-order dealings in the instability gain sketch for revolting interspecies ternary
condensates communications is exposed in sections (a)-{d). At stumpy wave numbers, two side bands emerge, which
narrow as the intensity of higher-order connections declines. Unchanging basin appears at lowest wave numbers in panels
{e)-(h}, where the intra-species higher-order exchanges are revolting. However, the interaction between ternary
condensates across species is strengthened
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4. Conclusion

Using an anzlyticz] approach, we have theorstically examined the MI of trapped BECs m the presence of thres-body and
highet-order mtetactions. It iz observed that the three-body and higher-crder interactions can play an importznt and prominent
role in defming the stability of the BECs, particularly when examining the evelution of BECs i stomic waveguides with strong
trap compression and on the surface of ztomic chips. In these simations, there is 2 noticezble merezse i the BEC density. With
the aid of the LA, wehave analytically solved the medified GP equation. The ODEs for the time evelution of the perturbation
parameters have been derived and anzlyzed. How the three-body and higher-order mteractions affect the BEC dynamics through
the LSA and without the need for 2 trapping potential wers discussed. We found that the stzble and unstable modes are equally
divided due to shape-dependent confmement. The stzbility region m the plane simiarly grows when we rzise the strength of the
h3 parzmetsr. These fndngs mdicate that mstsbility ccours, when the mtra-species mtersction is repulsive (g3 = () md the
mteratomic imteraction is attractive (g32 < 0). In addition, the higher-order relations move the MI dizgram®s pesition
conceming the miscibility (W3)  llustration i two different directions: to the right for rising p3 and the left for lowering p3
coeffictent, and m the other direction for changmg p32 coefficient. On the other hend, 2s the MS provimes becomes symmetric
for minor interspecies temary-componsnt revulsion, pesitive and negative values of p32 virtually have 2 similar effect on the
mstability. The stable mode range grew when we raizsed the g25 and g32 coefficients. The 3D MI gain displays a stability arez in
the excitation wave-number plane (Q). The mstability sidsbands almoest fully expand when the strength of mterspecies temary
condensates revulsion proliferations. Mere specifically, unstzble modes arise from two-body mteractions when thers are no thres-
body ot higher-order interactions. Conversely, the manifestation of M iz contingent upen the magnituds and orientation of three
-body and higher-order mteractions, which zre under the control of the LS A technique.
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Recommendations

The rezults showed that the optical fiber communication system is beneficizl i addressing the issue of data transmission
failure. It is therefore advised to use the current result, which is beneficizl for both communication and other technelogies. Az a
result, it was zdvised that tutors employ 2 range of mstuctionzl technelegy resources for mstruction and evaluztion.
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Appendix

The following lists the non-zere matrix entries.
My, =w—alg, — 2ath, + @alP, — Q28

My, =M, =—ao,9,; — 2a,00h, + QM a0.P 08
My = My =—aya gz — 2apachy: + @Pagas Py
M, =M, =—alg, —2ath, +Q%lP;

Myz = Mz =— @y g — Za_a'}h_; +Q!ﬂ.ﬂzP.z=
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My=M, =—a89,;— Ealaihl.!- + qlala.!-Pl.!-i
My =— i _a}.ﬁ'l - Ea}hl + Qlﬁ}PJ - Qlﬂli
My =My =—aya g9, — Ea'ialhh + qlalalPlﬁ
M,, = w —alg, — 2ath, + P1alP, — Q28

Mz =Mz =— a6t gs — Eﬂzﬂihu + Qlﬂaﬂ.&Fui
My =My =—a g — Eﬂ':'ﬂahu + APy
My, = M,, =—aig, —2ath, +Q%aiPy

M. =— w—aig, — 2ath, + Q*aif, — Q" fy
My = My =— 82003 — 2ny03hy + P apna Py
‘“F._J = ‘HAJ =Tae gy T Eﬂ.?u.%h.h + Qlﬂj'ﬂ.!-P.Mi
Mz = Mgy =—a;0: 03 — 2a3azhy; + QP aye Py
Mz = —aig: — 2aths + ¢ alP: — Q*Fu

My =M, =—a, &g, — 2@ 6.k, +QaaPyy;
My = Mgz =—apaa gy — 2a3azhs; + @lammsPay)
My =— _ﬂ;{-‘.& - Eﬂ.ih.a +a lﬂ},P.!. - Qlﬁsi
M, =M, = a}fg.,f - 24:1..{?1.,? + @141.%3,?:
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