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Four-flux and Two-flux Models Used for
Determining Light Intensity Gradients
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Abstract: Collimated, diffuse, and total light intensity gradients, for forward and backward light senses, were determined in a three substrate layers –
glass/electrolyte/glass – almost transparent sample, using optical constants and new equations for intrinsic and extrinsic scattering and absorption
coefficients. These new equations were obtained for the inner electrolyte layer from the systems of differential equations of the four-flux and
two-flux radiative transfer models, used for determining intrinsic and extrinsic coefficients, respectively, once knowing the optical constants of
outer glass layers, from a single glass substrate sample measured in advance. Extinction coefficients were determined from optical constants and
considering the wavelength compression of light when it enters into a material, decreasing its speed with respect to the vacuum. The same
extinction coefficients for glass and electrolyte layers were computed in three different ways. First, from optical constants, they were determined
using collimated transmittance and reflectance solutions of four-flux model. From them, collimated interface reflectance and attenuation due to
extinction were computed. These intermediate parameters for glass and electrolyte layers were required for determining inner collimated light
intensities at the interfaces, which were used at the collimated forward and backward differential equations, solving for the forward and backward
extinction coefficients. The three-extinction matching requirement was successfully satisfied for the glass and electrolyte layers. Two average
crossing parameters equations, for each sense, and four forward scattering ratios equations, for collimated and for diffuse light intensities for each
sense, were used in the system of diffuse differential equations (DDE) for intrinsic coefficients. For them, intuitive equations were proposed
based on collimated and diffuse light intensities at each interface. New equations for extrinsic parameters were determined by equalizing the
system of total differential equations of the two-flux model to the sum of the systems of collimated and DDE of the four-flux model.
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1. Introduction

The inverse problem of absorption and scattering of light by
small particles, from the transmittance (T) and reflectance (R)
measurements, was defined in Bohren and Huffman [1] as the hard
problem. The direct problem, defined as the easy problem,
considers input data such as concentration, shape, size, and
refractive index of particles and surrounding medium. When the
size of the particles is of the order or bigger than the incident
wavelength, scattering of light, besides absorption, becomes
important and the Lorenz–Mie theory provides a solution for the
single scattering direct problem [2]. Mie explicitly solved
Maxwell’s electromagnetic equations and investigated the scattering
of a single spherical particle in a non-absorbing matrix for a wide
range of sizes. Because of the work coming from Lorenz, the
complete solution was called the Lorenz-Mie theory that was
extensively summarized for small and large particles in [1, 3, 4]

and for complex shapes of particles different than spherical [5].
Inhomogeneities in heterogeneous materials are associated with a
macroscopic dielectric permeability and the optical properties are
governed by a spatial average, which is expressed through an
appropriate effective medium theory [6]. If the inhomogeneities in
the composite medium are large enough, the effective medium
theories are not valid and radiative transfer theories [7, 8] such as
the two-flux model (2FM) and four-flux model (4FM) are used
instead [9]. Multiple scattering and radiative transfer calculations,
of great importance in many areas of science and technology [4, 9],
were used to compare four-flux calculations of T in previous works
[10, 11]. Two-flux model considers two diffuse light beams in
opposite senses, forward (i) and backward (j) [12], at the
differential equations relating extrinsic scattering and absorption
coefficients, leading to the hyperbolic solution for R. Two
collimated light beams were added besides for the 4FM [13].
Scattering and absorption cross sections were related to intrinsic
scattering and absorption coefficients of the 4FM in Maheu et al.
[14] for the diffuse differential equations (DDE), leading to the
solutions for collimated-diffuse T (Tcd) and R (Rcd), that is, the
diffuse T and R when illuminating with collimated light. Extinction
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coefficients, that is, the sum of the intrinsic scattering and absorption
coefficients, are involved into the collimated differential equations
(CDE), leading to the solutions for collimated-collimated T (Tcc)
and R (Rcc), that is, the collimated T and R when illuminating with
collimated light. Although 2FM was originally designed for
completely diffuse samples, it can be approximated for samples
showing partly collimated and partly diffuse light transmitted and
reflected [15], considering the differential equations of 2FM as total
differential equations (TDE). The hyperbolic solution of the 2FM
for T was given in Maheu and Gouesbet [16]. A correction was
considered for taking into account the interfaces [17], leading to the
solutions for total T (Tt) and R (Rt). If 2FM is considered for total
instead of diffuse T and R, diffuse fractions of light at the interfaces
are required for determining total interface reflectance, computed as
the sum of collimated and diffuse components [15].

Collimated interface reflectance (rc), determined from optical
constants (complex refractive index) using Fresnel transmission and
reflection coefficients averaged for both light polarizations, shows a
bidirectional behavior, that is, obtaining the same value for light
traveling from the faster to the slower mediums and vice versa.
Despite other works [15, 18, 19] indicating the opposite, diffuse
interface reflectance (rd) also must show a bidirectional behavior
when considering the suggestion of Kottler [20] using the critical
angle (θc) of total internal reflection (TIR) as the limit of
integration, instead of 90°, following the expression for computing
rd of [21]. The bidirectionality of rd was observed in a previous
work of Barrios et al. [22], using the optical T and R measurements
of a suspended particle device (SPD) smart window, at both optical
states, that is, dark OFF and clear ON, without and with applied
voltage, respectively. Extrinsic scattering and absorption
coefficients for the SPD sample were determined in Barrios et al.
[22], considering total T and R for approximated 2FM method and
using the appropriate rd, solving mistakes of fittings observed in
previous works with the same SPD sample when no bidirectional rd
had been considered. Intrinsic scattering and absorption coefficients
of 4FM for the SPD sample were also determined in Barrios et al.
[22], thanks to a new proposed fifth equation required for solving
the system of four equations (for Tcc, Rcc, Tcd, and Rcd) and five
unknowns appearing at the solutions of the 4FM [14]. The
procedure carried out in Barrios et al. [22] for the SPD sample,
studied in a single-layer method, was divided into three steps. At
the first step, optical constants were determined from collimated
regular T (Treg) and specular R (Rspe) measurements using 4FM Tcc
and Rcc solutions [14]. Extrinsic scattering and absorption
coefficients were determined from total T (Ttot) and total R (Rtot)
measurements using 2FM Tt and Rt solutions in the second step
[14–17]. The third step consisted of determining intrinsic scattering
and absorption coefficients from diffuse T (Tdif) and diffuse R (Rdif)
measurements using 4FM Tcd and Rcd solutions [14], being the
unknowns the intrinsic scattering coefficients and the forward
scattering ratio (FSR). Intrinsic absorption coefficients were
determined subtracting intrinsic scattering coefficients to extinction
coefficients, being this one computed from optical constants. The
new equation proposed in Barrios et al. [22], for the average
crossing parameter (ACP), was computed from collimated and
diffuse light intensities at the interfaces, knowing that ACP= 1
when Tdif = Rdif= 0 (i.e., Treg = Ttot and Rspe = Rtot) and ACP= 2
when Treg = Rspe= 0 (i.e., Tdif = Ttot and Rdif = Rtot). A value of
ACP= 30.5 was considered for the homogeneous clouds of Venus
in Sagan and Pollack [23] (i.e., considering that light travels the
same distance in the three axis, i.e., the main diagonal of a cube of
side unity). Although the magnitude of the fluxes is irradiance
(mW/m2 per nm), they are considered unitless and normalized to

the forward collimated light beam, since the samples are only
forward illuminated through the front interface at the optical
characterization process. Intrinsic and extrinsic scattering and
absorption coefficients are expressed in m−1 units. The rest of the
parameters, that is, rc, rd, and FSR, and also all collimated, diffuse,
and total light intensities are unitless, with values varying from 0 to
1. The single-layer method used with the SPD [22] sample was
tested successfully with a polymer dispersed liquid crystal (PDLC)
smart window sample, at the translucent OFF and at the transparent
ON optical states.

A multilayer collimated study of the SPD sample was carried out
in Barrios and Alvarez [24], following multilayer matrixial methods
[25–28]. The optical constants of the inner active layer of the SPD
sample were determined using the optical constants of the glass
outer substrate layers and indium-doped tin oxide (ITO) transparent
conductor thin film layers, both determined in advance from two
separated samples (i.e., a glass and an ITO-glass) and considering
five layers at the sandwich structure (i.e., glass/ITO/SPD/ITO/glass).
The inner SPD active layer, of thickness higher than incident light
wavelength of the solar spectrum range, was hence considered also
as substrate and not as a thin film. However, the new equation for
ACP [22] was not consistent with the multilayer diffuse study of
the SPD. In order to obtain the intrinsic and extrinsic scattering and
absorption coefficients in a multilayer method, the current work
describes the 4FM new equations discovered by its author in
another recent work [29], using a three-substrate-layer sample, that
is, a glass/electrolyte/glass (GEG) sample. Besides SPD and PDLC,
electrochromic devices (ECDs) are another type of electrically
controllable smart window technology. As explained in Barrios
Puerto [29], the inner electrolyte (E) substrate layer of the GEG
sample was also used in a WO3-NiO inorganic-based ECD, using
fluorine-doped tin oxide (FTO) instead of ITO, since indium
element is rare in nature. The sandwich structure of the whole ECD
was glass/FTO/WO3/E/NiO/FTO/glass, considering FTO, WO3, and
NiO as thin film layers and glass and E as substrate layers. The
optical appearance of WO3 and NiO are transparent colorless
without applied voltage. With a low DC applied voltage, a redox
reaction takes place between cathodic WO3 and anodic NiO inner
active layers, changing the optical appearance to bluish, for WO3,
and to brownish, for NiO, that is, obtaining a neutral gray optical
appearance for the whole ECD at the colored ON optical state and a
transparent colorless optical appearance at the bleached OFF
optical state.

In this work, it is detailed the new method discovered in Barrios
Puerto [29] for obtaining intrinsic scattering and absorption coefficients,
carried outwith the three-substrate-layer sample, that is,GEGmultilayer
sample, and using theCDE and theDDE of the 4FM [13, 14]. Instead of
one ACP and one FSR parameters, as in Tcd and Rcd solutions of
reference [14], two ACPs and four FSRs were required in Barrios
Puerto [29]. As a novelty in relation to reference [29], the new
equations for obtaining extrinsic scattering and absorption
coefficients were discovered, using the TDE of the 2FM [12] and
knowing that the TDE can be computed as the sum of the collimated
and the DDE, that is, TDE = CDE + DDE. The new equations
retrieved for all the parameters of the 4FM and of the 2FM
(dependent on the parameters of the 4FM) are explained in detail in
the present paper. The compression of wavelength of light when it
enters into a slower medium (keeping constant its frequency when
modifying the speed of light) was considered for obtaining the
extinction coefficients from the optical constants retrieved from the
first step of the previous method [22], that is, fitting Treg and Rspe to
Tcc and Rcc 4FM solutions, respectively [14]. Then, the same spectral
value for the extinction coefficients than the obtained from the

Journal of Optics and Photonics Research Vol. 1 Iss. 3 2024

132



optical constants were obtained from the forward and backward CDE,
once determined all collimated light intensities computed at the
interfaces. This phenomenon, named the three-extinction matching
requirement, was used for determining the rest of the new
equations. Finally, the retrieved 4FM and 2FM parameters were
used for plotting the thickness gradients of collimated, diffuse, and
total light intensities, for forward and backward light senses.

2. Devices and Experimental Setup

Optical T and R measurements of the GEG sample were carried
out in previousworks [29] using a double-beam Perkin Elmer Lambda
950 spectrometer equipped with an integrating sphere, in the solar
wavelength range (300–2500 nm), in steps of 5 nm. The sandwich
structure of the GEG multilayer sample is shown in Figure 1. The
sample was illuminated only by the front outer interface at z = δδ,
that is, with Iδδ = Icδδ= 1, and therefore J00 = Jc00 + Jd00= 0 =
Idδδ, being the front and back inner interfaces at z = δ and z= 0 and
with the front and back outer interfaces at z = δδ and z= 00,
respectively. Figures 2 and 3 show the collimated and diffuse
results for the 4FM [13, 14] solved parameters, respectively,
obtained in Barrios Puerto [29] for the GEG sample. For the 2FM
[12] solved parameters, Figure 3(b) shows the results obtained,
comparing extrinsic (S and K) and intrinsic (α and β) scattering and
absorption coefficients obtained. The sandwich structure of the
GEG multilayer sample also appears in Figures 4, 5, and 6, not
from left to right as in Figure 1, but from top to bottom, that is, the
forward intensities pass to be descending from top to bottom, in
contour diagrams (a), (b), and (c), and the backward intensities

become ascending from bottom to top, in contour diagrams (d), (e),
and (f), for collimated and diffuse light intensities gradients of
Figures 4 and 5, and for total light intensities gradients of Figure 6.

The values of the light intensities shown in Figure 1 were
computed at the interfaces using the intensities labeled with an
asterisk (*), meaning that the intensity arrows do not end at the
interface, but rather begins. These asterisked intensities follow the
definition that at the interfaces light is neither scattered or
absorbed but only transmitted or reflected. Therefore, TregGEG,
Rspe

GEG, TdifGEG, Rdif
GEG, TtotGEG, and Rtot

GEG, the collimated,
diffuse, and total T and R measurements for the GEG sample are
actually the values of the external intensities with an asterisk,
divided by the incident intensity Iδδ = Icδδ= 1, that is, illuminating
only by the front external interface side at z = δδ and none
through the back external interface at z= 00 (J00= 0). The rest of
the intensities in Figure 1 are computed taking into account that
light attenuation due to extinction occurs in the three substrate
layers, that is, in the two outer front and back glass layers of
thicknesses dzG= 1.5 mm and especially in the inner electrolyte
layer, of thickness dzE= 25 μm, and not at the interfaces.

3. Theory

The theory presented below is developed for a three-substrate-
layer assembly (Figure 1) with the electrolyte substrate (showing
the main light scattering and absorption) placed inner and two glass
substrate layers placed outer. Despite the GEG sample shows a low
value of scattering and absorption, the equations developed in this
section are thought to be valid for materials with any level of

Figure 1
Sandwich structure of the glass/electrolyte/glass (GEG) sample. (a) Collimated and diffuse light intensities of the

four-flux model and (b) Total light intensities of the two-flux model (computed as the sum of collimated and diffuse)

Journal of Optics and Photonics Research Vol. 1 Iss. 3 2024

133



scattering and absorption. ACP (ξ) and FSR (σ) parameters and
ε, α, and β coefficients retrieved from the CDE and the DDE of
4FM [13, 14] were first used in Barrios Puerto [29], being detailed
in this section. The new equations for S and K coefficients were
derived from the TDE of 2FM [12] for the multilayer GEG sample.
Contrary to standard solutions of 4FM [14] and 2FM [12], the
current solutions show a dependence of the extrinsic parameters on
the intrinsic parameters, that is, S, K = f (α, β, ξ, σ). However,
instead of one ACP and one FSR parameters, ACP will be two
parameters (ACPi = ξi and ACPj = ξj), depending on forward and
backward light senses, and FSR will be four parameters (FSRci =
σci, FSRc

j = σcj, FSRd
i = σdi, and FSRdj = σdj), depending on

forward and backward light senses and also depending on
collimated and diffuse light components. Besides, FSR and
backward scattering ratio (BSR) are complementary, that is, σi= 1
−σj, for collimated and for diffuse flux, that is, σci= 1−σcj and
σdi= 1−σdj. This section begins with the determination of the
optical constants of the inner electrolyte layer, used to compute
collimated and diffuse light intensities, which added are the total
light intensities, required in the three systems of differential
equations, CDE and DDE of 4FM [13, 14] and TDE of 2FM [12].

3.1. Optical constants of outer glass and inner
electrolyte layer with matrices

Complex refractive index or optical constants (n and κ) of a
material is shown in Equation (1). At an interface between outside

(o) and inside (i) media, Fresnel transmission (τ) and reflection (ρ)
coefficients at normal incidence, for S and P polarized light, are
shown in Equations (2) to (5). Interface transmittance (t) and
interface reflectance (r) are computed using Equations (6) and (7),
respectively, being X = S, P, for both polarization of light,
multiplying τ and ρ coefficients by its conjugated:

n0 ¼ n� iκ (1)

τoi
S ¼ 2n

0
o

n
0
o þ n

0
i

(2)

ρoi
S ¼ n

0
o � n

0
i

n
0
o þ n

0
i

(3)

τoi
P ¼ 2n

0
o

n
0
o þ n

0
i

(4)

ρoi
P ¼ n

0
i � n

0
o

n
0
o þ n

0
i

(5)

tXoi ¼ Re
n

0
i

n
0
o

� �
� τXoij j2 ¼ Re

n
0
i

n
0
o

� �
� τXoi � τ̂Xoi (6)

rXoi ¼ rXoij j2 ¼ ρXoi � ρ̂Xoi (7)

Figure 2
Collimated-collimated (cc) transmittance and reflectance fittings and measurements of glass (G) and glass/electrolyte/glass (GEG)
samples: (a) Regular transmittance and (b) specular reflectance. Comparison of extinction coefficients retrieved with collimated

differential equations and with matrix form for glass (c) and electrolyte (d) substrate layers

Journal of Optics and Photonics Research Vol. 1 Iss. 3 2024

134



Interface matrixMoi of Equation (8) using toi and roi parameters (i.e.,
themean of two S&P polarized t and r) relates Io& Jo and Ii& Ji, that
is, the radiation intensity propagating forward (I) and backward (J)
from an interface in the direction from the outside (“o”) medium to
the inside (“i”) medium:

Io
Jo

� �
¼

1
toi

�rio
toi

roi
toi

tio � rioroi
toi

" #
� Ii

Ji

� �
¼ Moi � Ii

Ji

� �
(8)

Substrate layermatrixNs: The extinction attenuation factor τc of a thick
layer or substrate describing the reduction in intensity of radiation of
wavelength λn = λ/n, from an initial value I1 to the final value I2 as it
traverses the substrate layer of thickness d, is shown in Equation (9).
Substrate layer matrix Ns describing the attenuation of a wave, as it
traverses the medium within the substrate layer from initial (1) to
final (2) positions, is shown in Equation (10). Matrix multiplication:
Interface matrix and substrate layer matrix are used in two samples,
that is, the glass sample, with a single substrate layer, for
determining nG and κG, and the GEG sample, with three substrate
layers, for determining nE and κE:

τc ¼
I2
I1

¼ exp � 4πκ
λn

d

� �
¼ exp � 4πκn

λ
d

� �
(9)

Is 1ð Þ
Js 1ð Þ

� �
¼

1
τc

0
0 τc

� �
� Is 2ð Þ

Js 2ð Þ
� �

¼ Ns � Is 2ð Þ
Js 2ð Þ

� �
(10)

Glass sample: Computing the substrate layer matrix between the two
o-G and G-i interface matrices is shown in Equation (11). When
illuminating only from the outside medium (“o”) in the forward
(I) direction, Io= 1 and Ji= 0. Then, Equation (11) becomes
Equation (12) and the forward intensity of the inside medium (Ii)
and the backward intensity of the outside medium (Jo) are related
to TccG and Rcc

G, respectively, that is, the T and R of an outside-
glass medium interface matrix (MoG), a glass layer matrix (NG),
and an inside-glass medium interface matrix (MGi):

Io
Jo

� �
¼ MoG � NG �MGi � Ii

Ji

� �
(11)

1
RG
cc

� �
¼ MoG � NG �MGi � TG

cc

0

� �
(12)

GEG sample: Two outer interface matrixes (MoG andMGi), two inner
interface matrixes (MGE and MEG), two outer layer matrixes (NG),
and one inner layer matrix (NE) are required for the GEG sample
in order to calculate the electrolyte optical constants nE and κE by
fitting TccGEG and Rcc

GEG to TregGEG and Rspe
GEG measurements,

Figure 3
(a) Diffuse transmittance and reflectance measurements of glass/electrolyte/glass (GEG) sample (error of calibration
of the spectrometer detector at 900 nm), (b) Intrinsic and extrinsic scattering (α) and absorption (β) coefficients,
(c) Forward scattering ratio (FSR = σ) for collimated and diffuse, forward (i) and backward (j) light intensities,

light intensities, and (d) Average crossing parameter (ACP = ξ) for (i) and (j) light intensities
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respectively. Hence, four interface matrices (MoG, MGE, MEG, and
MGi) and three layers matrices (NG, twice, for front and back glass
layers, and NE) are observed in Equation (13):

1
RGEG
cc

� �
¼ MoG � NG �MGE � NE �MEG � NG �MGi � TGEG

cc

0

� �
(13)

Once glass and electrolyte optical constants are determined using
matrix formulation of previous section by using Equations (12)

and (13), respectively, collimated and diffuse light intensities are
computed to be used in CDE and DDE of 4FM [13, 14].

3.2. Collimated and diffuse differential equations
of 4FM

Showing a symmetrical behavior for forward and backward
light senses, Equations (14) and (15) are the CDE [13, 14] that
were used to obtain the forward and backward extinction
coefficients εi and εj of the inner electrolyte layer of the GEG

Figure 4
Collimated light intensities gradients of a glass/electrolyte/glass (GEG) sample. (a), (b), and (c) Forward light decreasing. (d), (e), and
(f) Backward light decreasing. (a) and (f) Top glass outer layer. (b) and (f) Inner electrolyte layer. (c) and (d) Bottom glass outer layer
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sample. In order to obtain all light intensities appearing at Equations
(14) and (15), the following procedure from the outside to the inside
of the sample should be carried out. Since Icδδ= 1 and Jc00= 0 in
Figure 1, Ic00 and Jcδδ are calculated from Equations (16) and (17)
for the regular T and the specular R or collimated components,
respectively. Hence, TregGEG = (Ic00)* and Rspe

GEG = (Jcδδ)*.
Then, Icδ and Jc0 are calculated with Equations (18) and (19),
respectively. The system of Equations (20) and (21) was solved
for Ic0 and Jcδ in Equations (22) and (23), respectively. Collimated
light intensities with asterisk (Icδ)* and (Jc0)* of Equations (14)
and (15) are computed with Equations (24) and (25), respectively.

Extinction coefficients for glass and electrolyte substrate layers εG

and εE are given in Equation (26) and used to compute collimated
attenuations τcG and τcE with Equation (27):

dIc
dz

¼ Iδcð Þ� � I0cð Þ
dzE

¼ εi � Iδcð Þ� (14)

dJc
dz

¼ Jδcð Þ � J0cð Þ�
dzE

¼ �εj � Jδc (15)

Treg
GEG ¼ 1� rGcð Þ � I00c (16)

Figure 5
Diffuse light intensities gradients of a glass/electrolyte/glass (GEG) sample. (a), (b), and (c) Forward light increasing. (d), (e), and (f)
Backward light increasing. (a) and (f) Front glass outer layer. (b) and (f) Inner electrolyte layer. (c) and (d) Back glass outer layer
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Rspe
GEG ¼ rGc þ 1� rGcð Þ � Jδδc (17)

Iδc ¼ 1� rGcð Þ þ rGc � Jδδcf g � τGc (18)

J0c ¼ rGc � I00c � τGc (19)

I0c ¼ 1� rGEcð Þ � Iδc þ rGEc � Jδcf g � τEc (20)

Jδc ¼ 1� rGEcð Þ � J0c þ rGEc � I0cf g � τEc (21)

I0c ¼ τEc � τGc � 1� rGcð Þ � 1� rGEcð Þ þ I00c � rGc � rGEc � 1� rGEcð Þ � τEc þ Jδδc � rGc � 1� rGEcð Þ
1� rGEc � τEcð Þ2

(22)

Jδc ¼ τEc � τGc � r
GE
c � 1� rGcð Þ � 1� rGEcð Þ � τEc þ I00c � rGc � 1� rGEcð Þ þ Jδδc � rGc � rGEc � 1� rGEcð Þ � τEc

1� rGEc � τEcð Þ2

(23)

Iδcð Þ� ¼ 1� rGEcð Þ � Iδc þ rGEc � Jδc (24)

Figure 6
Total light intensities gradients of a glass/electrolyte/glass (GEG) sample. (a), (b), and (c) Forward light decreasing.

(d) and (f) Backward light decreasing and (e) increasing. (a) and (f) Front glass outer layer. (b) and (f) Inner electrolyte layer.
(c) and (d) Back glass outer layer
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J0cð Þ� ¼ 1� rGEcð Þ � J0c þ rGEc � I0c (25)

εX ¼ 4 � π � κX
λnX

¼ 4 � π � κX � nX
λ

¼ αX þ βX ;X ¼ G; E (26)

τXc ¼ e�εX �dzX ;X ¼ G;E (27)

As observed in Equation (9) for determining τc, the Equation (26) can
be used to verify that the wavelength (λ) must be λn= λ/n instead of λ,
that is, lower wavelength than that of empty space or air, since n≥ 1.
Taking this into account, the forward and backward light extinction
coefficients εi and εj were obtained according to the CDE in
Equations (14) and (15) and compared with εX from Equation (26)
when x = E (electrolyte), turning out to be equal when using the
sandwich structure of Figure 1, suitable for the measured GEG
sample, with three substrate layers. Then, in the same way, α and
β intrinsic coefficients can be obtained by means of the DDE, that
is, from Equations (28) and (29). In order to obtain all light
intensities appearing at the DDE in Equations (28) and (29), as at
the CDE in Equations (14) and (15), the following procedure from
the outside to the inside of the sample should be carried out.
Since Idδδ = Jd00= 0 in Figure 1, Id00 and Jdδδ are calculated from
Equations (30) and (31), for the diffuse T and R components,
respectively. Hence, TdifGEG = (Id00)* and Rdif

GEG = (Jdδδ)*. Then,
Idδ and Jd0 are calculated with Equations (32) and (33), being Id0

and Jdδ with Equations (34) and (35). Diffuse light intensities with
asterisk (Idδ)* and (Jd0)* of Equations (28) and (29) are computed
with Equations (36) and (37), respectively. Then, rdG and rdGE are
computed using the Equation (38) [19] with m = n2/n1, being n1
< n2, that is, when traveling from the faster to the slower
medium. As with rc, rd also shows a bidirectional behavior when
integrating up to θc [20–22]. The collimated attenuation of glass
(τcG) was computed with Equation (27) for X = G (glass) and the
diffuse attenuation of glass (τdG) was computed with Equation
(39), integrating the extinction attenuation of light, inside the
glass layer, up to θc:

dId
dz

¼ Iδd
� �� � I0d

dzE

¼ � Iδcð Þ�σj
cα� Jδc σi

cα� Jδdξ
jσi

dαþ ξiβþ ξiσ
j
dα

� 	
(28)

dJd
dz

¼ Jδd � J0d
� ��

dzE

¼ Jδc σ
i
cαþ Iδcð Þ�σj

cαþ Iδd
� ��ξiσj

d � Jδd ξjβþ ξjσi
dα

� �
(29)

Tdif
GEG ¼ 1� rGd

� � � I00d (30)

Rdif
GEG ¼ 1� rGd

� � � Jδδd (31)

Iδd ¼ Iδδd
� �� � τGd ¼ rGd � Jδδd � τGd (32)

J0d ¼ J00d
� �� � τGd ¼ rGd � I00d � τGd (33)

I0d ¼ I0d
� �� � rGEd � J0d

1� rGEd
¼

I00
d

τGd
� rGEd � J0d
1� rGEd

(34)

Jδd ¼
Jδd
� �� � rGEd � Iδd

1� rGEd
¼

Jδδd
τG
d
� rGEd � Iδd
1� rGEd

(35)

Iδd
� �� ¼ 1� rGEd

� � � Iδd þ rGEd � Jδd (36)

J0d
� �� ¼ 1� rGEd

� � � J0d þ rGEd � I0d (37)

f mð Þ ¼ 1
2
þ m� 1ð Þ 3mþ 1ð Þ

6 mþ 1ð Þ2 þ m2 m2 � 1ð Þ2
m2 þ 1ð Þ2

� �
ln
m� 1
mþ 1

�� 2m2 m2 � 2m� 1ð Þ
m2 þ 1ð Þ m4 � 1ð Þ þ 8m4 m4 þ 1ð Þ

m2 þ 1ð Þ m4 � 1ð Þ2
� �

ln mð Þ
(38)

τGd ¼
Z

θC

0
e�εG �dzG

cosθ � dθ (39)

ξ ¼ 1þ I0d þ Jδd
I0c þ I0d þ Jδc þ Jδd

(40)

Once calculated all light intensities of the system of the DDE in
Equations (28) and (29) in Barrios Puerto [29] and based on the
Equation (40) used for ACP in Barrios et al. [22] as the fifth
equation, intuitive expressions were proposed: Equations (41) and
(42), for the two ACPs (ξi and ξj) and Equations (43) and (44), for
the two FSR parameters for diffuse light intensities (σdi and σdj), in
both light senses, that is, FSR and complementary BSR, that is,
σxi= 1−σxj, x = c,d. The complementary of σdi and σdj can be easily
observed in Equations (43) and (44). Now the system of the DDE in
Equations (28) and (29) can be solved for α and σci in Equations (45)
and (46), respectively. According to Equation (26), for the electrolyte
layer, intrinsic absorption coefficient β is calculated subtracting
extinction and intrinsic scattering coefficients:

ξi ¼ 1þ I0d
I0c þ I0d

(41)

ξj ¼ 1þ Jδd
Jδc þ Jδd

(42)

σi
d ¼

I0d
I0d þ Jδd

(43)

σ
j
d ¼

Jδd
I0d þ Jδd

(44)

α ¼ I0d � Iδd
� �� � J0d

� �� þ Jδd þ hξi � Iδd
� �� þ ξj � Jδdi � εE � dzE

dzE � h Iδcð Þ� þ Jδc þ ξi � Iδd
� �� þ ξj � Jδdi

(45)

σi
c ¼

Aþ B1þ B2þ C
D

(46)

A ¼ Iδcð Þ� þ Jδc þ ξjJδd

 � � I0d � Iδd

� ��
 �
B1 ¼ ξi Iδd

� �� J0d
� �� � Jδd þ Iδcð Þ� þ Jδc½ �εEdzE� 


B2 ¼ ξi Iδd
� ��σj

d I0d þ Jδd � J0d
� �� � Iδd

� �� þ þεEdzE ξi Iδd
� �� þ ξjJδd


 �� 


C ¼ ξjσi
dJ

δ
d Iδd
� �� þ J0d

� �� � I0d � Jδd þþεEdzE ξjJδd � ξi Iδd
� ��
 �� 


D ¼ Iδcð Þ� þ Jδc½ �I0d � Iδd
� �� � J0d

� �� þ Jδd þþεEdzE ξi Iδd
� �� þ ξjJδd


 �

3.3. Total differential equations of 2FM

Considering that the TDE in Equations (47) and (48) of the 2FM
[12] can be computed as the sum of the CDE − Equations (14) and
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(15) − and theDDE − Equations (28) and (29) − of the 4FM [13, 14], S
and K can be solved as a function of α, β, ξ, and σ parameters. Values of
collimated and diffuse inner light intensities, that is, Ic0, Id0, (Icδ)*, (Idδ)*,
Jcδ, Jdδ, (Jc0)*, and (Jd0)*, are computed from Equations (22), (34), (24),
(36), (23), (35), (25), and (37), respectively. Note that since TDE= CDE
+DDE, Equation (47) is equal to Equation (14) plus Equations (28) and
Equation (48) is equal to Equation (15) plus Equation (29). Then, solving
S and K, Equations (49) and (50) are obtained as function of intrinsic
parameters and collimated and diffuse light intensities related to 4FM
retrieved in the previous section, that is, α, β, ξx, σYx, XYZ, and (XYZ)*,
being X = I,J, Y = c,d, and Z= 0,δ. Since light at interfaces can only
be transmitted or reflected, collimated and diffuse interface
transmittance (tc and td) are complementary to rc and rd, respectively
(i.e., tc= 1−rc and td= 1−rd). Besides, due to the θc used as limit of
integration for rd, they are bidirectional:

dI
dz

¼ Iδcð Þ� þ Iδd
� �� � I0c � I0d
dzE

¼ Sþ Kð Þ � Iδcð Þ� þ Iδd
� ��� �� S � Jδc þ Jδd

� �
(47)

dJ
dz

¼ Jδcð Þ þ Jδd � J0cð Þ� � J0d
� ��

dzE

¼ � Sþ Kð Þ � Jδc þ Jδd
� �þ S � Iδcð Þ� þ Iδd

� ��� �
(48)

S ¼ ScdIJ þ SdcIJ þ SccII þ SccJJ þ SddJJ þ SddIJ þ ScdII þ ScdJJ þ SddII þ SccJJ
DS � DSK

(49)

DS ¼ Iδc � Jδcð ÞtGEc þ Iδd � Jδd
� �

tGEd

DSK ¼ Iδc tGEc þ Iδdt
GE
d þ Jδc rGEc þ Jδdr

GE
d þ Jδc þ Jδd

ScdIJ ¼ Iδc Jδdt
GE
c � α 1þ ξiσ

j
dr

GE
d � ξjσi

d � σ
j
ctGEd

� 	
þ β 1� ξjð Þ

h i

SdcIJ ¼ �IδdJ
δ
c tGEd � α 1� σ

j
c þ ξiσ

j
d

� 	
1þ rGEcð Þ

h i
þ β 1� ξi½ �

D E

SccII ¼ Iδcð Þ2ασj
c 1þ rGEc rGEc � 2ð Þ½ �

SccJJ ¼ Jδcð Þ2α σ
j
c rGEcð Þ2 � σi

c

h i

SddJJ ¼ Jδd
� �

2rGEd

� β ξi � ξjð Þ � α ξjσi
d � ξiσ

j
dr

GE
d

� 	h i
� α ξjσi

d � ξiσ
j
dr

GE
d

� 	D E

SddIJ ¼ IδdJ
δ
d

� α ξiσ
j
d 1þ rGEd � 2 rGEd

� �
2

� � � ξjσi
dt

GE
d

h i
þ β ξi � ξjð ÞtGEd


 �D E

ScdII ¼ Iδc Iδdt
GE
c tGEd α σ

j
c þ ξiσ

j
d

h i

ScdJJ ¼ Jδc Jδd α � rGEc � rGEd
� �

1� σ
j
c

� 	
�Φ

h i
þ β � rGEc 1� ξjð Þ � rGEd 1� ξið Þ
 �n o

Φ ¼ σ
j
crGEc rGEd � σi

c � ξjσi
d � ξiσ

j
dr

GE
d

� 	
1þ rGEcð Þ

SddII ¼ Iδd
� �

2αξi 1þ rGEd σ
j
d rGEd � 2
� �h i

K ¼ Kc
I þ Kc

J þ Kd
I þ Kd

J

DSK
(50)

Kc
I ¼ Iδc tGEc α 1� 2σj

c

� 	
þ β

Kc
J ¼ Jδcα tGEc � 2σj

c 1þ rGEcð Þ þ βtGEc
h i

Kd
I ¼ Iδdβξ

itGEd

Kd
J ¼ Jδdβξ

j 1þ rGEd
� �

Note that collimated and diffuse asterisk outer light intensities in
Figure 1(a), starting instead of finishing at the interfaces,
correspond to collimated and diffuse measurements, that is,
TregGEG = (Ic00)*, Rspe

GEG = (Jcδδ)*, TdifGEG = (Id00)*, and
Rdif

GEG = (Jdδδ)*. Then, total T and R components of Figure 1(b)
are calculated adding collimated and diffuse T and R components
of Figure 1(a), respectively, that is, TtotGEG = TregGEG +
TdifGEG = (Ic00)* + (Id00)* and Rtot

GEG = Rspe
GEG +

Rdif
GEG = (Jcδδ)* + (Jdδδ)*.

4. Results and Discussion

Optical constants were first obtained by a single fitting process
from collimated T and R measured components, required for
determining intrinsic and extrinsic parameters from the expressions
of Section 3. Fitting Treg and Rspe measurements to Tcc and Rcc
Equations (12) and (13), respectively, for both G and GEG
samples, are shown in Figure 2(a) and (b), respectively. A very
small value for extinction coefficients ε is obtained for the glass
substrate layer in Figure 2(c) compared with the value obtained for
the electrolyte (E) substrate layer in Figure 2(d), that is, εG << εE.
The slight difference between εiG = εjG ≈ εG obtained for the G
layer from the CDE Equations (14) and (15) and from matrix form
Equation (26) is related to the calibration of the used spectrometer.
A perfect match is obtained for the E layer.

Measurements of Tdif and Rdif for theGEG sample are shown in
Figure 3(a). Intrinsic scattering (α) and absorption (β) coefficients of
the electrolyte layer were determined in Figure 3(b) from Equations
(26) and (45), since β = ε−α. FSR and BSR show small differences
for collimated and diffuse light intensities (σci ≈ σdi and σcj ≈ σdj) in
Figure 3(c). They were determined from Equations (43), (44), and
(46), and knowing that σcj= 1−σci. A higher value of ACP for
backward light, from Equation (42), than for forward light, from
Equation (41), observed in Figure 3(d), is explained by a higher
haze (H) or diffuse/total ratio in R than in T − in Figure 2(a), 2(b)
and Figure 3(a) − or HR > HT, with HR = Rdif

GEG/Rtot
GEG and HT

= TdifGEG/TtotGEG. Extrinsic coefficients (S and K) for the inner
electrolyte layer of the three layers GEG sample, computed from
Equations (49) and (50), respectively, are observed in Figure 3(b),
together with intrinsic coefficients (α and β).

The ultraviolet cutoff of the glass substrate layer, observed for
both G and GEG samples, causes the abrupt drop observed in
Figure 2(c) and (d) at the start of the spectrum, since almost no
light is transmitted, with highly increasing of the extinction.

Collimated, diffuse, and total light intensities gradients are now
obtained using the methods described in Section 3, that is, from
extinction coefficients obtained from optical constants, and from
the intrinsic scattering and absorption coefficients, using the two
ACPs and the four FSRs, and from the extrinsic scattering and
absorption coefficients, respectively. For collimated light
intensities gradients, (Icδ)* and Jcδ must be substituted by (IcZ)*
and JcZ in CDE Equations (14) and (15), respectively, in order to
compute collimated forward and backward light intensities at each
point of the layer. Equations (51) and (52) are then used for this
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task. As in CDE with (Icδ)* and Jcδ, for diffuse light intensities
gradients, (Idδ)* and Jdδ must be substituted by (IdZ)* and JdZ in
Equations (45) and (46), respectively, which are the solutions of
the DDE Equations (28) and (29), in order to compute diffuse
forward and backward light intensities at each point of the
layer. Equations (53) and (54) are then used for this task. Note
that (IdZ)* and JdZ also depend on (IcZ)* and JcZ of Equations (51)
and (52), respectively. For total light intensity gradients,
TDE Equations (47) and (48) become Equations (55) and (56),
where I0 = Ic0 + Id0 and (J0)* = (Jc0)* + (Jc0)*, being (IZ)* =
(IcZ)* + (IcZ)* and JZ = JcZ + JdZ the unknowns, solved in
Equations (57) and (58), respectively:

IZcð Þ� ¼ I0c
1� εi � Z (51)

JZc ¼ Jocð Þ�
1þ εj � Z (52)

IZd
� �� ¼ � AI þ BI þ CIð Þ

Dþ E
(53)

JZd ¼ � AJ þ BJ þ CJð Þ
Dþ E

(54)

AI ¼ I0d ξjZ α 1� σi
d

� �� ε

 �� 1

� �þ þσi
cαZ IZcð Þ� þ JZch i

BI ¼ ξjσi
dαZ J0d

� �� þ αdzE Iδcð Þ�� 
þþξ�α2Z2 σi
dJ

Z
c � σi

c IZcð Þ�� 

CI ¼ ξjσi

cαZ
2 ε IZcð Þ� � αþ εð ÞJZch i

AJ ¼ 1þ ξiZ ε� αð Þ½ � J0d
� �� � αZ 1þþξiαZ½ � IZcð Þ� þ JZch i

BJ ¼ αZ
�
σi
c IZcð Þ� þ JZch i þ ξiσ

j
d J0d
� �� � I0dig
�

CJ ¼ αZ2ξi ε 1� σi
cð Þ þ α σ

j
d þ σi

c

� 	h i
IZcð Þ� þ JZch i

D ¼ 1þ ξi � ξjð Þ 1� εð Þ½ �αZ � ξiξjZ2 α2 þ ε2ð Þ

E ¼ αZ ξjσi
d � ξiσ

j
d

h i
þ ξjξiZ 2� σ

j
d � σi

d

� 	
εþþα σi

d þ σ
j
d

� 	h in o

dI
dz

¼ IZð Þ� � I0

Z
¼ Sþ Kð Þ � IZð Þ� � S � JZ (55)

dJ
dz

¼ JZ � J0ð Þ�
Z

¼ � Sþ Kð Þ � JZ þ S � IZð Þ� (56)

IZð Þ� ¼ I0 � 1þ K þ Sð Þ � Z½ � � J0ð Þ� � S � Z
1þ Z2 � K � 2 � S� Kð Þ (57)

JZ ¼ J0ð Þ� � 1� K þ Sð Þ � Z½ � þ I0 � S � Z
1þ Z2 � K � 2 � S� Kð Þ (58)

Collimated, diffuse, and total light intensities gradients of Figures 4,
5, and 6, respectively, were carried out computing nine inner light
intensities values in steps of 2.5 μm, for the inner electrolyte
layer, and five inner light intensities values, for front and back
outer glass layers. Hence, for the electrolyte inner layer of 25 μm
thickness, the inner light intensities were computed using
Equations (51) to (58) for z0 = 0, z1= 2.5 μm, z2= 5 μm, z3= 7.5
μm, z4= 10 μm, z5= 12.5 μm, z6= 15 μm, z7= 17.5 μm, z8= 20
μm, z9= 22.5 μm, and z10= 25 μm = dzE, being the light
intensities at z0 and z10 (placed at z= 0 and at z = δ, respectively,

in Figure 1), the light intensities at the extremes previously
computed. For forward collimated and diffuse light intensities at
the electrolyte layer, Ic(z0) = Ic0 and Id(z0) = Id0 using Equations
(22) and (34), respectively, and Ic(z10) = (Icδ)* and Id(z10) =
(Idδ)*, computed using Equations (24) and (36), respectively. For
backward collimated and diffuse light intensities at the electrolyte
layer, Jc(z0) = (Jc0)* and Jd(z0) = (Jd0)* using Equations (25) and
(37), respectively, and Jc(z10) = Jcδ and Jd(z10) = Jdδ, computed
using Equations (23) and (35), respectively.

Forward and backward total light intensities were computed
adding collimated and diffuse light intensities − I(z0) = Ic(z0) +
Id(z0) = (Icδ)*, I(z10) = Ic(z10) + Id(z10) = Ic0, J(z0) = Jc(z0) +
Jd(z0) = Jcδ, and J(z10) = Jc(z10) + Jd(z10) = (Jc0)*. Then, for the
front and back outer glass layers, both of 1.5 mm thicknesses, the
five inner light intensities were computed (from εG previously
calculated in Figure 2(c) using Equation (26) for X = G)
using Equations (51) and (52) for the collimated values, at
z1= 0.25mm, z2= 0.5mm, z3= 0.75mm, z4= 1mm, and z5= 1.25mm,
being the light intensities at z0= 0 and at z6= 1.5 mm = dzG, the light
intensities at the extremes previously computed (being z0 placed at
z = δ and z6 placed at z = δδ, for the front glass, and z0 placed at
z= 00 and z6 placed at z= 0, for the back glass, in Figure 1.

At the front outer glass layer, for forward collimated and diffuse
light intensities, Ic(z6) = Icδ and Id(z6) = Idδ using Equations (18) and
(32), respectively, and Ic(z0) = (Icδδ)* − computed using Icδ/τcG or
(1−rcG) + rcG·Jcδδ − and Id(z0) = (Idδδ)* − computed using Idδ/τdG

or rdG·Jcδδ − since Icδδ= 1 and Idδδ= 0, and for backward
collimated and diffuse light intensities, Jc(z0) = Jcδδ and Jd(z0) =
Jdδδ using Equations (17) and (31), respectively, and Jc(z0) = (Jcδ)*
− computed using Jcδδ/τcG or (1−rcGE)·Jcδ + rcGE·Icδ − and Jd(z0) =
(Jdδ)* − computed using Jdδδ/τdG or (1−rdGE)·Jdδ + rdGE·Idδ − since
Icδ ≠ 1 and Idδ ≠ 0. At the back outer glass layer, for forward
collimated and diffuse light intensities, Ic(z6) = Ic00 and Id(z6) = Id00

using Equations (16) and (30), respectively, and Ic(z0) = (Ic0)* −
computed using Ic00/τcG or (1−rcGE)·Ic0+rcGE·Jc0 − and Id(z0) =
(Id0)* − computed using Id00/τdG or (1−rdGE)·Id0+rdGE·Jd0 − since
Ic0 ≠ 1 and Id0 ≠ 0, and for backward collimated and diffuse light
intensities, Jc(z0) = Jc0 and Jd(z0) = Jd0 using Equations (19) and
(33), respectively, and Jc(z6) = (Jc00)* − computed using Jc0/τcG or
rcG·Ic00 − and Jd(z6) = (Jd00)* − computed using Jd0/τdG or rdG·Id00

− since Jc00 = Jd00= 0.
Intrinsic and extrinsic parameters were only computed for the

electrolyte layer, but not for the outer glass layers, due to the low
value expected for them and also because of the similitude
between collimated and total T and R measurements observed
with the separated glass sample, that is, in samples without
scattering, αG ≈ 0, εG ≈ βG, and ACPG ≈ 1. Hence, Equations
(57) and (58) were only used for determining the total light
intensities at the nine inner positions of the inner electrolyte layer,
that is, from z1= 2.5 μm to z9= 22.5 μm, being the total light
intensities for the five inner positions of the outer glass layers
computed adding collimated and diffuse light intensities. The
same gradient plots for forward and backward light intensities of
the inner electrolyte layer is obtained by adding collimated and
diffuse gradient plots, observed in Figures 4, 5, and 6.

Collimated light intensities decrease while crossing at the inner
of the three layers of the GEG sample, for forward and backward
light senses, as it is observed in gradient plots of Figure 4. Inner
collimated and diffuse interface reflectance between glass and
electrolyte layers (rcGE and rdGE) are close to zero since a similar
value for real part of refractive index was obtained for both
electrolyte (nE) and glass (nG) layers using the procedure
described in Section 3, leading to a behavior showing a
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continuation in gradient plots between the different layers. The fact
that nE ≈ nG causes asterisk light intensities at inner front and back
interfaces (for z = δ and z= 0 in Figure 1) showing a similar value
than light intensities without asterisk, that is, (Icδ)* ≈ Icδ, (Jcδ)* ≈ Jcδ,
(Ic0)* ≈ Ic0 and (Jc0)* ≈ Jc0. This is not true at outer front and back
interfaces (for z = δδ and z= 00 in Figure 1) since nG ≠ nair.

The same behavior of continuation in gradients plots between
the different glass and electrolyte layers is observed for the case
of diffuse light intensities in Figure 5, where both diffuse forward
and backward light intensities increase while crossing the layers.
Hence, illuminating the GEG sample with collimated light from
the outer front interface at z = δδ in Figure 1, both forward and
backward collimated light intensities decrease while crossing the
layers, but also both forward and backward diffuse light
intensities increase while crossing the layers.

Then, for the total light intensities’ gradient plots in Figure 6,
the behavior is similar to collimated case, for forward light sense,
and similar to diffuse case, for backward light sense, at the inner
electrolyte layer. For the forward total light intensity gradient
plots, in Figure 6(a), (b), and (c), total light intensity decreases
when crossing the three layers of the GEG sample. For the
backward total light intensity gradient plots, total light intensity
decreases only at the outer front and back glass layers, in
Figure 6(d) and (f), but not at the inner electrolyte layer, in
Figure 6(e), where total backward light intensity J increases.

5. Conclusion

A thorough analysis of optical measurements for a three-
substrate-layer sample, that is, GEG sample, consisting of two
outer glass layers and an inner electrolyte layer was carried out in
this paper. By fitting the collimated-collimated transmittance and
reflectance equations to experimental regular transmittance and
specular reflectance, the retrieved values of the optical constants
of a glass sample, in a single substrate layer matrix form, were
used to obtain the optical constants of the inner electrolyte layer
in a three-substrate-layer matrix form. Once collimated light
intensities at the interfaces were computed from glass and
electrolyte optical constants using collimated interface reflectance,
CDE of 4FM were used to obtain the same value for extinction
coefficients than the retrieved using the matrix form, considering
that wavelength of light at air, and not the frequency, decreases
when speed of light is decreased inside glass or electrolyte
substrate layers, hence using the real and imaginary parts of the
complex refractive index, and not only the imaginary part, for
computing the same extinction coefficients.

Then, the new method for decoupling extinction coefficients
into intrinsic scattering and absorption coefficients was based on
the DDE and the consideration of two ACPs, for forward and
backward diffuse light intensities, and four FSR, for forward and
backward and for collimated and diffuse light intensities. The
same value in both light senses for diffuse interface reflectance, at
outer and inner interfaces, were computed considering the critical
angle of TIR and used for determining diffuse light intensities,
required for obtaining intrinsic scattering coefficient (and hence
absorption coefficient subtracting from extinction coefficients) and
FSR and BSR for collimated and diffuse light intensities and
forward and backward ACPs.

From intrinsic parameters, new equations based on the TDE of
the 2FM were determined for extrinsic scattering and absorption
coefficients and used successfully for the electrolyte inner
substrate layer. Intrinsic and extrinsic retrieved parameters were
used for determining collimated and diffuse, and total light

intensities, respectively, required for contour diagrams of light
intensities gradients. As future works, the new equations described
in this work need to be tested in other samples with three-
substrate-layer sandwich structure, especially for inner substrate
layer with different real part of refractive index than outer
substrate layers, contrary to the GEG sample here characterized.
Finally, with a major complexity study based on the matrixial
multilayer method, it would be of interest to use the new
equations in multilayer samples, including more substrates and
thin film layers.

The present work used the differential equations of the 4FM, for
determining new equations for the intrinsic scattering and absorption
coefficients. Then, from optical constants and intrinsic parameters of
CDE and DDE of 4FM, and using the differential equations of the
2FM considered for total light components, new equations for
extrinsic scattering and absorption coefficients were determined
and successfully tested.

Recommendations

The reader is suggested to see the video indicated at
reference [29].
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Nomenclature

Greek symbols

α Intrinsic scattering coefficient
β Intrinsic absorption coefficient
δ z coordinate at front inner interface
δδ z coordinate at front outer interface
ε Extinction coefficient obtained from optical constants
εi Extinction coefficient obtained from forward collimated

fluxes at the interfaces
εj Extinction coefficient obtained from backward collimated

fluxes at the interfaces
κ Imaginary part of complex refractive index
λ Wavelength
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ξ Average crossing parameter (ACP)
ξi Average crossing parameter (ACP) for forward light flux
ξj Average crossing parameter (ACP) for backward light flux
σ Forward scattering ratio (FSR)
σci Forward scattering ratio (FSR) for collimated forward light

flux
σcj Forward scattering ratio (FSR) for collimated backward light

flux
σdi Forward scattering ratio (FSR) for diffuse forward light flux
σdi Forward scattering ratio (FSR) for diffuse backward light

flux
(1–σ) Backward scattering ratio (BSR)
τ Fresnel transmission coefficient
τS Fresnel transmission coefficient for S polarization
τP Fresnel transmission coefficient for P polarization
τcG Collimated extinction attenuation of glass substrate
τdG Diffuse extinction attenuation of glass substrate
ρ Fresnel reflection coefficient
ρS Fresnel reflection coefficient for S polarization
ρP Fresnel reflection coefficient for P polarization
θc Critical angle for total internal reflection

English symbols

0 z coordinate at back inner interface
00 z coordinate at back outer interface
2FM Two-flux model
4FM Four-flux model
cc Collimated-collimated
cd Collimated-diffuse
CDE Collimated differential equations
dz Thickness of substrate layer
DDE Diffuse differential equations
E Electrolyte
ECD Electrochromic device
FTO Fluorine-doped tin oxide
G Glass
GEG Glass/electrolyte/glass
H Haze
i Forward light sense
I Total forward light flux
I0 Total forward light flux at back inner interface
I00 Total forward light flux at back outer interface
Iδ Total forward light flux at front inner interface
Iδδ Total forward light flux at front outer interface
Ic Collimated forward light flux
Ic0 Collimated forward light flux at back inner interface
Ic00 Collimated forward light flux at back outer interface
Icδ Collimated forward light flux at front inner interface
Icδδ Collimated forward light flux at front outer interface
Id Diffuse forward light flux
Id0 Diffuse forward light flux at back inner interface
Id00 Diffuse forward light flux at back outer interface

Idδ Diffuse forward light flux at front inner interface
Idδδ Diffuse forward light flux at front outer interface
ITO Indium-doped tin oxide
j Backward light sense
J Total backward light flux
Jδ Total backward light flux at front inner interface
Jδδ Total backward light flux at front outer interface
J0 Total backward light flux at back inner interface
J00 Total backward light flux at back outer interface
Jc Collimated backward light flux
Jcδ Collimated backward light flux at front inner interface
Jcδδ Collimated backward light flux at front outer interface
Jc0 Collimated backward flux light at back inner interface
Jc00 Collimated backward flux light at back outer interface
Jd Diffuse backward light flux
Jdδ Diffuse backward light flux at front inner interface
Jdδδ Diffuse backward light flux at front outer interface
Jd0 Diffuse backward flux light at back inner interface
Jd00 Diffuse backward flux light at back outer interface
K Extrinsic absorption coefficient
Moi Interfacematrix betweenmedium outside “o” and inside “i”

mediums
Ns Substrate “s” layer matrix
n Real part of complex refractive index
n’ Complex refractive index
PDLC Polymer dispersed liquid crystal
R Reflectance
rc Collimated interface reflectance
rd Diffuse interface reflectance
rcGE Collimated interface reflectance between glass and

electrolyte
rdGE Diffuse interface reflectance between glass and electrolyte
Rcc Calculated specular reflectance
Rspec Measured specular reflectance
Rcd Calculated diffuse reflectance
Rdif Measured diffuse reflectance
Rt Calculated total reflectance
Rtot Measured total reflectance
T Transmittance
tc Collimated interface transmittance
tcGE Collimated interface transmittance between glass and

electrolyte
tdGE Diffuse interface transmittance between glass and

electrolyte
Tcc Calculated regular transmittance
Treg Measured regular transmittance
Tcd Calculated diffuse transmittance
Tdif Measured diffuse transmittance
Tt Calculated total transmittance
Ttot Measured total transmittance
TIR Total internal reflection
S Extrinsic backscattering coefficient
SPD Suspended particle device
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