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Abstract: The primary intention of this article is to study numerical solutions of differential equation with interval type-2 fuzzy number as the
initial condition. The differential equation is first redrafted in the parametric form; then, it is restructured into three systems of linear differential
equations. Each system includes two concurrent linear differential equations with respective initial conditions. The classical fourth-order
Runge—Kutta method is developed for the above-derived systems. The ability of the method is corroborated by illustrating the problems.
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1. Introduction

Many of the real-world problems are imprecise in nature. Fuzzy
set theory (Zadeh, 1965) was introduced to overcome the
impreciseness of the problems/data. This theory assigned a value
between “0” and “1” including them to each and every element of
the universal set with respect to the subset taken for the study.
These values indicate the degrees of the memberships of the
elements to the subset. However, these degrees of memberships
are again crisp numbers. Hence, in many cases, they do not serve
to remove/consider the impreciseness of the problems/data.
Consequently, a new fuzzy set was introduced in Zadeh (1975),
known as type-2 fuzzy set (T2FS), in which the membership
function (MF) is another fuzzy set.

A distinct case of T2FS is an interval-valued T2FS (IVT2FS).
IVT2FSs have been applied in several fields like E-commerce (Wu
& Liu, 2020), big-data analysis (Shukla et al., 2020), military
information (Hanratty et al., 2019), evaluation of Internet of
Things-centered healthcare device (Cagri Tolga, 2020), to
diagnose fault in gas turbines (Morteza et al., 2020), and
multiple criteria decision-making problems (Mohamadghasemi
et al., 2020; Chen et al., 2013; Deveci et al., 2020). Some more
applications can be found in Jagiello et al. (2022), Andul-Sadah
et al. (2022), Starczewski et al. (2022), Lv et al. (2021), Qin
et al. (2022), and Zakaria et al. (2021). A complete literature
review on T2FS and its real-time applications can be found in
De et al. (2022).

*Corresponding author: V. Nirmala, University College of Engineering
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Pioneering application of the theory of fuzzy sets can be found
in the field of differential equations. The advancement of
differential equation with type-1 fuzzy environment and a variety
of methods, particularly numerical methods to simulate the
solution of fuzzy differential equation (FDE), can be studied in
the literature. The progression of finding solutions of FDE is still
an ongoing progress in the field of research. However, a very
few have attempted to study differential equation in type-2 fuzzy
background.

The method to differentiate type-2 fuzzy logic systems was
introduced and premeditated in Mendel (2004). The derivatives of
type-2 fuzzy number (T2FN)-valued functions have been studied
in Mazandarani and Najariyan (2014) and used it to analyzes the
problems, raised in the field of Electrical Engineering,
Environment Engineering, and Economics.

The study of first-order FDE on the space of quasi-T2FSs
(QT2FS) can be found in (Kardan et al., 2016). Pulp and paper
industry problem and electrical engineering problem under type-2
fuzzy environment have been taken for study in Najariyan
et al. (2017).

Bandyopadhyay and Kar (2018) have modeled natural
problems such as prey—predator model encompassing different
circumstances and Lorenz model with type-2 fuzzy initial
conditions. The authors converted the type-2 FDE (T2FDE) of
these models into system of linear differential equations and
simulated the solutions. In Debnath et al. (2018), FDE
methodology has been implemented to study inventory problem in
which the demand has been taken as a T2FN. In this article, a
T2FDE in parametric form is taken. It is altered into three systems
of ordinary differential equations: (1) related to lower MF (LMF),
(2) related to upper MF (UMF), and (3) related to principal set
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(PS). Each system consists of two simultaneous ordinary differential
equations. Numerical solutions of these equations are obtained by
classical Runge—Kutta method of order 4.

Section 2 provides necessary basic concepts on T2FSs and
T2FNs and its metric. T2FDEs are considered in Section 3.
Section 4 develops the classical fourth-order Runge—Kutta
method to obtain numerical solution of T2FDE. Numerical problems
have been analyzed in Section 5, and the deduction is given in
Section 6.

2. Basic Concepts

Definition 2.1. (Liang & Mendel, 2000). A T2FS is defined
as W= {((u7 u), ug(a, u))/ aeX, Yue], C0,1] }, where
0 < pgp(a,u) <1. The variable "a € X" is called primary
variable of W and "u € J," is called the secondary variable of W.
At each fixed point a € X, J, is termed as primary membership of
"a" and "y (a, u) = pg;(a)" called its secondary MF.

Definition 2.2. (Mendel et al., 2006). The footprint of uncertainty
(FOU) ofa T2FS "W" is a bounded region which encloses the vague-

ness in the primary membership of "W".

Definition 2.3. (Mendel et al., 2006). The bounds of the FOU of a
T2FS "W" are two type-1 MFs and are called a UMF and a LMF,
respectively. The UMF is related to the upper bound of FOU (W), and
it is symbolized by "fi5;(a)". The LMF is connected with the lower

bound of FOU (W), and it is symbolized by " (a)".
(ie) g (@) =
Using the concept of UMF and LMF, ], can be expressed as:

Jo={(a,u): Yue[LMF, = (a), UMF, - (a)] C[0,1]}.

FOU(W) ,Va € X and p;(a) = FOU(W) ,Va € X.

Definition 2.4. (Mendel, 2001). An IVT2FS is defined as
W = {((a,u), nip(a,u))/ a€ X, Yue], C[o,1]},
where g (a,u) = 1.

Definition 2.5. (Zhai & Mendel, 2011). Let "W" be a T2FS. For a

fixed point "ag € X", g (ag) = uyy(ag, u) is termed as the secon-

dary MF or vertical slice of W at "ay" and is expressed as:

wi(a0) = [ue; fa, (u)/u, where "f, ()" is called secondary mem-
a

bership grade and "pg;(a,)" is a type-1 fuzzy set.

Definition 2.6. (Hamrawi, 2016). An a-plane for a T2FS, W, is
defined as:
W, ={(a,u), uy(a,u)a fa € X, Yue],

If "Sy(ala)"
then Sy (a] &) = [s;.(a

clo,1].

denotes an a-cut of the secondary MFug;(a),

@), sr(a [e)].

Definition 2.7. (Hamrawi, 2016). Let "W" be a T2FS. Let
Wﬁ = (Wﬁ, I/N\/ﬂ) be the S-plane of W. Then, a— cut representation
of "Wﬂ" is given by Wﬁ“: (Wﬁ“,wﬂ“» where Wﬁ“:

LMFFOU( )(a @, B) and

W = UMF

FOU(;/VV) (asc, B), Va € X.

Note 2.1 FOU(W) = U,ex), = W,

02

Definition 2.8. (Hamrawi, 2016). The set of primary grades whose
secondary grades equal to “1” is called as the PS of "W" and is given

by: PS( )—{(a u)/acX,ucl,f.(u) =1} = W,.

Definition 2.9. (Hamrawi, 2016). A T2FS "W" defined on "R", the
set of real numbers, is called as a perfect T2FN (PT2FN) if both UMF

and LMF of FOU (W) are type-1 fuzzy numbers (T1FNs).

Definition 2.10. (Hamrawi, 2016). A QT2FS is a T2FS which is
entirely determined by its FOU and PS.

Definition 2.11. (Hamrawi, 2016). A perfect quasi-T2FN
(PQT2FN)is a PT2FN which is totally determined by its FOU and PS.

Definition 2.12. (Hamrawi, 2016). Let A and B be two T2FS. Then,
A=BiffS;(a|a) =Sz(a|a), Vac X, ac[0,1].

Definition 2.13. (Hung & Yang, 2004). Let A and B be two T2FS.
Let xy € [a,b] C X and let S;(x |or) and Sp(x, | &) represent the
a-cuts of the secondary MFs 115 (%) and uj(x,), respectively. Then,

the distance between A and B is defined as follows:
dy(A,B) = [? H(1n(x), pp(x))dx, where
Hy (114 (%), () % =2 [} o dy(Si(x | @), Syl | o) da

Preposition 2.1. (Hung & Yang, 2004). The distance measure d,
defined in Definition 2.13 is a metric on the space of T2FSs.

Proof: Refer Hung and Yang (2004).

Preposition 2.2. (Figueroa et al., 2015). Let A, B be two interval-
valued T2FNs. Let Aﬂ = (Aﬁ ,AT,) be the B-plane of A and let

By = <%, B_ﬂ> be the B-plane of B. Then, at a— level, "Ag" is
represented by

A" = (LMFpoy (3 (%@, B), UMFpoy ) (55, B)), Vx € R (e
Ap = ([A%0), A% ], [A%200), A%

o— nBﬁu is

Similarly, at level,

([B*1ys B [B*0rys B ren)])-

The distance (metric) d, between A and B is given on a set of "n"
a-cuts, {ay, 0y, .nn... o, } and
A= Z loz,, is d(A B)

| Ay = B + [ A%

represented by By =

1“:{’14’ +_~ +|+
] + A% Sl

If o is continuous, then A = fo ada, so d, is defined as
A (A o] + A — By

d,(A,B) 22 101{ | ~¢f(+) a }da

B =2k +|AR<+>— <)|+|A <> B

Proof: (Figueroa et al., 2015).

Let E, be the collection of all triangular PQT2FNs. Suppose that
J € E, is a triangular PQT2FN with core "y".

(ie) y = w.y1:u:¥: Y, ¥r,yru] € By is a triangular PQT2FN,
where, y; .,y are the two end points of the support of
LMF, rou(5)* ; Yiv »Y,u are the left and right end points of the support

of UMF,,,

port of PS(y).

6): ; and y; , y, are the left and right end points of the sup-
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(ie) LMFyo,c =iy yuls UMEpo,6y =l yiywl and - Fo) HyFxy+8) _ . Fo) o Fo—8) _ 4
PS(y) = [y, 5, y,| and all these are T1FNs. M50 =5 = HiMs—o ) = Fx).

The a— cut of LMFFOU(v

UMFFOUG(t))’ and PS(y(t)) is
respectively given as follows:

byl = [y +(<1 _ a))%d ylL))} by, yl® = B,;((ll :Zi(&; }juy))’};and

Doyl =l = (1 =)y = y)y + (1 = ) (r = y)]-
The -plane of "y " at a— level is given by y4* = (7,3“,}?), where

’)vi = [ylL:yaer}a

BN R A SR/ ()
y+ A=) =y)+ Q=B - —yu) |’
ﬁ:bjlw%)’ru]aﬁ
{y (I—a)y—y)—(1- )(1—0‘)()’1—)%)7}
)’+(1*‘¥)()’r )+(1 )(1*“)(%[/*%) '

3. Differential of Type-2 Fuzzy Functions

Following the description of generalized differentiability of
fuzzy-valued functions, Bede & Gal (2005 and Mazandarani &
Najariyan (2014) have defined the derivative of T2FN-valued
functions.

Definition 3.1. (Mazandarani & Najariyan, 2014). Let é,, ¢, € E,.
Ifthere exist &; € E, such thaté, = &, + &,, then &; is named as type-
2 H-difference of &, and &,, represented by &, H, &;.

Theorem 3.1. (Mazandarani & Najariyan, 2014). If &;,&, € E,,
then S— plane of the H,-difference of &, and &, is the H-difference
of LMF and UMF of &, and é,.

Proof: Refer Mazandarani and Najariyan (2014).

Definition 3.2. (Mazandarani & Najariyan, 2014). Let
= [a,b] CR. Then F : T — E, is called a triangular PQT2FN-
valued function.

Definition 3.3. (Mazandarani & Najariyan, 2014). Let
F :T CR— E,andletx, € T. Then, F is said to be differentiable
at x, if there exists an F'(x,) € E, such that, for all § > 0 sufficiently
near to 0, then

(1) There are F(x, +8) H, E(xo), F(xo) HyF(x — 8), as well as the limits:

F(xy) H, F(x—9)

F(xo+8) HyF(xg) 1
el — lims_o -

lims_o = F'(x,) (or)

(2) There are F(x,) H, F(x, + ), E(xg — 8) Hy F(xg), as well as the limits:

limg o F(xp) Hi‘;(xoﬂs) = lims_, F(Xafsl%zp(xa) = F'(x,) (or)

(3) There are F(x, + 8) H,F(x,), F(xy — 8) HyF(xp), as well as the limits:

F(xo+6) H, F(xo F(xo—8) H, F(xo) _
E( +)5§ F(xo) E( )_1’51 F(x) = F'(x,) (or)

lim(gHO = ll‘maﬁo
(4) There are F(x,) H,

limits:

F(xy + 8), E(xy) Hy F(xy — 8),as well as the

Note 3.1. In Definition 3.3, the limits have been taken in the metric
space (E,, d,).

Note 3.2. F (1) is differentiable in the first form,” if it is differentiable
as in Definition 3.3(1), and differentiable in the second form,” if it is
differentiable as in Definition 3.3(2).

Theorem 3.2. (Mazandarani & Najariyan, 2014). Suppose that
G: (a,b) — E, and let [(N;(t)]ﬁ = [(N;ﬁ(t)7 éﬂ(t)}, for each 0 < B

<1, where 6;;(1‘), are LMF and UMF of S— plane of G(t), respec-
tively, then

1. If G is H,— differentiable in the first form and 6ﬂ(t),é_ﬂ(t) are
differential functions in the first form Bede & Gal (2005),

then [E;'(t)h - [%(t),é_%(t) }

2.1f G is H,— differentiable in the second form and Gg(1), E_ﬁ(t) are
differential functions in the second form Bede & Gal (2005),

then [é’(t)}ﬁ - @(t)@(t) ]

Proof: Refer Mazandarani and Najariyan (2014).

4. Fourth-Order Runge—Kutta Method for Type-2
Fuzzy Initial Value Problems

Consider a type-2 fuzzy initial value problem (T2FIVP)

=3(t,y(1)),t € [e,d],(c) = Y- M

The problem is to find the numerical answers to Equation (1) by
Runge—Kutta method of order 4.

Y (©)

4.1. Differentiable in the first form

Assume that the T2FIVP given in Equation (1) is H,—
differentiable in the first form.

Let the analytical solution of Equation (1) in the parametric
form be

W(t)]%: [YIU(t)7 Yl(t)7 YIL(t)7 Y(t)v YrL(t)7 Yr(t)v YrU(t)]% and the
approximate solution to Equation (1) by Runge—Kutta method of

order 4 be B;(t)]%: [le(t)vyl(t)aylL(t)v y(t)7er(t)7yr(t)7yrU(t)]%'

Here’ [YIU(t)7 YrU(t)LOSt; [Yl(t)7 Yr(t)]%; [Yll(t)> YrL(t)}%; [le(t)>
v (O] Dn(0), 3 (1)] and [y (£), y,1 ()]} are valid TIFNs.

To approximate [yyy (£), y,u (£)]5:
Let a=ty <t <t <

b—
h=0 =yt

and

The analytical and estimated solutions at ¢,,0 < n < N are denoted

by [YlU(tn)7YrU(tn)]% and [le(tn)vyrU(tn)]?s’ respectively. By
Runge—Kutta method of order 4,

03
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Yw (b3 B) = Y (tes o, B)

i (10, o ()30 (8)15) + 26 (10, o (60 30 ()5

+_
2k (s o (8a). 20 (815 ) + (s Do () 0 (82)15)
@
Yoty B) = yu(tes o, B)
Ky (1 o () 30 ()15 ) + 25 (10, b ()30 82)15)
+_
28 (s Do (t0) 30 (015 ) + s (10 o 82): v (8215
3
where

it Do (ta). 2,0 ()] = Kt Do (i, B), 3 it B,
k_i(tm b’lU(trﬁa» 5)7%1/(%0!7 ﬂ)])]v i=12,3,4 (4)

h(tnv b’lU(tn;av B)syru(tas @, ﬂ)])

. (5
= mjn{h;f(tm u) \u S [le(tn;a7 :3)>yrU(tn;a7 :3)}}
Fl(tnu [J/IU(tnw‘: ﬁ)ﬁyrU(tn;ay ﬂ)])

= max{h'f(tm u) \u S b’lU(tn;a7 ﬂ)?yrU(tn;av :3)]}
(6)

&(tm b}lU(tn;a7 ﬁ)7yrU(tn;av .B)D
{hf(tn +5,u+3)\v € k(Do (t), yru (1)) }

= min
™
E(tna [le(tn;aa ﬁ)vyrU(tn;av ﬁ)])

+ 1E,)\ vE [kl(tm [le(tn)7yrU(tn)D]g}
®)

= molx{hf(tn + g U

&(tm b}lU(tn;av ﬂ)v)’ru(trﬁa»ﬂ)])
_ mm{ f(

E(tn’ [le(thUl, ﬂ)J’rU(tn;avﬂ)])
= max{hf(t +h,u+ )\ v € [ky(ta, v (t), yru(t )D]ﬁ}

(10

Ju+ g)\ v € [ky (L, [le(tn),yrU(tn)])]%}
©)

&(tm b’lU(tn;avﬂ)vyrU(tn;aa :B)D
_ ﬂli?’l{ h'f(tn + ha U+ V)\ ve [kS(tnv [le(tn)vyrU(tn)])}% }

(11)

04

k_4(tn7 [le(tn;av ﬂ)vyrU(tn;avﬁ)])
{ h'f(tn + hv U+ V)\ ve [3(tna b’lU(tn)ayrU(tn)D]% }

— max
(12)
Define,
F[tas Do (82), 3 ()15
Ko (6 D0 (62), 30 8)15) + 22 (10, D (82), 0 ()15

2k (1, o () 30 (601 ) + Ka (s Do), v (82)15)
(13)
G|:tn7 [le(tn)7yrU(tn)]%:|
B Do) 6)l5) + 28 (s Do 1) ()15
O | 25 (10 o (t)yr (615 ) + Fa (s Do (8), v (82)]5)

(14)
Let
Yy (turis @, B) = Yiv(ts @, ) + Flty, [V (ts @, B), You (s @, B)]]
(15)
Yoo (tur3 @ B) = Yoy (ts &, B) + Glty, [Yiv (652, B), Yeu (s @ /(3)]])
16

And,

= le(tn;O[7 /3) + F[tm [le(tn; o, ﬁ)vyrU(tn;av ﬁ)”
17)

Y (a3, B)

= yrU(tn;aa :B) + G[tru [le(tn;aa :B)vyrU(tn;aa ﬁ)”
(18)

yrU(tn+1 D ﬁ)

The lemmas and theorems in Ma et al. (1999) can be used to show the
convergences of theses approximates.

(1 e) YIU(t o, IB) - hmle(t o, IB) and YrU(t;a> 13) =
limy, o yu (e, B).

Similarly, we can find approximate  solutions to
[Yl(t)a Yr(t)](fxi; [YIL(t)7 YrL(t)]?;'

4.2. Differentiable in the second form

Assume thaty' (t; o, B) is H,— differentiable in the second form.

Let the analytical solution of Equation (1) be

D/V(t)]%: [YIU(t)v Yl(t)7 YIL(t)7 Y(t)v YrL(t)v Yr(t)v YrU(t)]% and the

approximate solution to Equation (1) by Runge—Kutta method of
order 4 be

bOlz= D (®),y
Yo (8), Yu ()]

16,y (), y(0), 7. (6), 2, (8), yrw ()15
Yi(0), Y ()] [Yi(8), Y ()]

Do (8), v (0)]55 Dn(8), .

Here,

+(1)]% and [y (1), ,.(¢)]§ are valid TIFNs.
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To approximate [y;; (), y,u (2)]5:

Leta=ty<t; <ty <.oooorrrveeeenn, <ty=bandh="G =1, —1t,.

The analytical and estimated solutions at ¢,,,0 < n < N are denoted

by [YIU(tn)’YrU(tn)}% and [le(tn)7yrU(tn)]l§’ respectively. By
Runge—Kutta method of order 4,

Yt B) = yiu (s o, B)
1 1 (10 o (6), 30 (615 ) + 25 (10, Do (82), 3 (815 )
6 +2E(tn7 D/IU(tn)vyrU(tn)]‘E) + E(tnv [yZU(tn)vyrU(tn)}%)

(19)

yrU(thrl;avﬁ) = yrU(tn;a:/g)
1 h(tnv [le(tn)vyrU(tn)]%) + 2&(%7 b/lU(tn)>yrU(tn)](/§>

i 265 (b, o 82). 2 (8)15) + K (10, o (8) v (8215
(20)

where
ki tm tn;aa s )t tn;av )
ki(tns v (t), yru (8)])] 5= {—( ot Pl o) }’
ki(tnv [le(tn;av ﬂ)vyrU(tn;aa :3)])
i=1,2,3,4, are given from Equation (5) to Equation (12). Using
Equations (19) and (20) together with Equations (13) and (14), the
analytical solution of the T2FIVP given in Equation (1) is

YlU(tn+l;a7 :8) = YZU(tn;aa ﬁ) + G[tn’ [YIU(tn;a7 ﬁ)? YrU(trl;a7 ﬁ)“

21
YVU(tn+1;a> :B) = YrU(tn;av ﬂ) + F[tm [YZU(tn;av ﬂ)? YrU(tn;av ﬁ)“
(22)

And the approximate solution is given by

le(tn+l;a7 ﬂ) = le(tn;aa ﬂ) + G[tm [le(tn;av ﬂ)vyrU(tn;aa ﬂ):”
(23)

yrU(tn+l;aa .B) = yrU(tn;D[v ﬂ) + F[tm [le(tn;av :B)vyrU(tn;aa :3)”
(29

The lemmas and theorems in Ma et al. (1999) can be used to prove the
convergences of theses approximates.

(le) YIU(t;av /3) = }lii%le(t;av /3) and YVU(t;O[7 ﬂ) =

hthOyrU(t; o, ﬂ)

Similarly, we can find approximate solutions to [Y;(t), Y,(£)|%;
(Y (2), Yo (£)]%-

5. Numerical Example

Example 5.1. Consider a T2FIV problem y'(t) = —y(t);
t € [0, 1], with the initial condition

700) :5/'0 = [yOIU7y017y01L7yOsy()yLvyOHyOrU] = [0‘85#0'950967 1,1.04,1.1, 115]
(25)

(i.e) you =0.85 yu =0.9; yor =0.96; yo=1; yo,p = 1.04;
Yor = 1.1; yoru = 1.15.

The parametric forms of the initial conditions are given by:
Yo = 0.85 4 0.15a + 0.058 — 0.05a5;

Yor = 0.9 + 0.1a;

Yo = 0.94 + 0.06c — 0.04 + 0.04aB;

Yorp = 1.04 — 0.04c 4 0.068 — 0.06aB;

Yor = 1.1 = 0.1¢; yo,y = 1.15 — 0.15¢ — 0.058 + 0.05a8.

Now, let 7(f) = b/anylvylLvyverayrvyrU} and hence
Y (O) = Dy YoV Y' s Vs Vo v
~.Equation (25) =

[)’;Ua)’f7)’fp)’,’}’iu)’ia)’;u] = _{leaylaylLvyverayrvyrU] (26)

Case (1): Presume that y(t) is H,— differentiable in the first form.

~.Equation (26) = [y;wy;vy;Lvy,vy;uy;v y;U]:[fyrvayrv
_erv_y7_ylL7_ylv_le];

= Yy = Y (27)
V=Y (28)
Y=V (29)
y ==y (30)
Y= €3]
V=5 (32)
Y = Y (33)

Pairing up Equations (27) and (33), we get a system of equations

y?U:_yrU} (34)
Yru = Y
with initial conditions: Yow = 0.85+ 0.15« + 0.058

—0.05a; yo,u = 1.15 — 0.150 — 0.058 + 0.05.

Pairing up Equations (28) and (32), we get a system of equations

V= }
yr= -y

with initial conditions: y,; = 0.9 + 0.1¢; y5, = 1.1 — 0.1

(35)

Pairing up Equations (29) and (31), we get a system of equations

L=~y } (36)

Vi =)L

with initial conditions: y, = 0.94 + 0.06c — 0.048 + 0.04aB;
Yo = 1.04 — 0.04c + 0.068 — 0.06c.

The analytical solution of UMF (i.e.), the system of equations given
in Equation (34), is

05
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Yiu = (—0.15 + 0.15¢ + 0.058 — 0.05a8)e’ + e '; Figure 2
Errors at t =1 - H_2- differentiable in the first form
Y,; = (0.15 — 0.150 — 0.058 + 0.05a8)e’ + e~
0.03
—#—ED11
R —&— ED12
The analytical solution of the principal MF given by Equation (35) is 0.025 \ £
Y, = (—0.10 + 0.100)é! + ¢~; \\
0.02 §
Y, = (0.10 — 0.10)e" + e~ e N
0.015 \
The analytical solution of LMF given by Equation (36) is \
Yy = (—0.05 + 0.05¢ — 0.058 + 0.05af)e’ 001 I
+ (14 0.01c + 0.018 — 0.01aB)e; PO OO O ¢

Yy, = (0.05 — 0.05 + 0.058 — 0.05¢)e’

+ (14 0.0l + 0.018 — 0.01B)e".

It can be seen that for 8 = 1, the UMF, the principal membership,
and LMF are same.

By fixing ”8 = 0" and letting "«” to vary in [0, 1], the approxi-
mate solutions of UMF (AUMDI1) and LMF (ALMDI11) are
obtained by the method that has been proposed in Section 4
(Runge—Kutta method of order 4) for "t = 1” with h = 0.1.

Similarly, the approximate solutions of UMF (AUMDI12,
AUMDI13) and LMF (ALMDI12, ALMDI13) are simulated for
B =0.5and 8 = 1. All these approximations are plotted in Figure 1.

The errors (ED11, ED12, and ED13) between the approximate
solutions and analytical solutions are plotted in Figure 2.

Clearly, as "o increases the error is reduced for 8 = 0.5. Also,
errors coincide for 8 = 0 and B8 = 1. As in the classical methods, the
error can be further minimized by reducing the width size.

Case (2):. Presume that y(t) is H,— differentiable in the sec-
ond form.

~.Equation (26) =

= [_lev Vb = ViLs =Yy =V —Vrs _yrU]
(37)

[)’;U7)’?7)’;L7Y/7)’;L7)’;7)’;U]

Figure 1
Approximations - H_2- differentiable in the first form

—¥— AUMD11
S— AUMD12
AUMD13
—8—ALMD11
—#— ALMD12

—&— ALMD13

beta 0 -0

Approximate Values

06

0.005
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

alpha

Equation (37) gives three systems of ordinary differential equations
given by:

y;U = Jw } (38)

Vv =~V

with initial conditions: yyy = 0.85+ 0.15¢ + 0.058 — 0.05a6;
Yoru = 1.15 — 0.15 — 0.058 + 0.050.

N=-n }
Vi="V
with initial conditions: yy; = 0.9 + 0.1; ¥y, = 1.1 — 0.1cr. And

}’fL =L }
)’LL =)

(39)

(40)

with  the initial conditions:  yu; = 0.94 + 0.06c — 0.048
+0.040B; Yo, = 1.04 — 0.040 + 0.068 — 0.060B.

The analytical solution of UMF given in Equation (38) is

v = (0.85 + 0.15¢ + 0.058 — 0.0508)e™";
v = (1.15 — 0.15a — 0.058 + 0.05a8)e".

The analytical solution of the principal MF given by Equation (39) is
¥y = (0.90 4+ 0.10a)e™"; y, = (1.10 — 0.10c)e™".

The analytical solution of LMF given by Equation (39) is

yi = (0.94 4 0.060: — 0.048 + 0.04aB)e™;
Y = (1.04 — 0.04c + 0.068 — 0.06B)e "

By fixing 8 = 0, permitting "« to vary in [0, 1], the approximate
solutions of UMF (AUMD?21) and LMF (ALMD21) are obtained
by the method proposed in Section 4 (Runge—Kutta method of order
4) for "t = 1" with h = 0.1.

Similarly, the approximate solutions of UMF (AUMD22,
AUMD?23) and LMF (ALMD22, ALMD23) are simulated for
B = 0.5 and B = 1. All these approximations are plotted in
Figure 3.

The errors (ED21, ED22, and ED23) between the approximate
solutions and exact solutions are plotted in Figure 4.



Journal of Computational and Cognitive Engineering Vol. 00

Iss. 00 2022

Figure 3
Approximations - H_2- differentiable in the second form
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Clearly, as "o increases the error is reduced. Also, errors
coincide for =0 and 8 = 1.

As in the classical methods, the error can be further minimized
by reducing the step size.

Example 5.2. Consider a T2FIV problem y'(t) =5 — y(t);
t € [0, 1], with the initial condition

Y(to) = Yo = Woiv» Yoi, Yoir> Yos YorL» Yors Yoru)

=1[7,8,9,10,11,12, 13] (41)

(e) yw=7 yu=8 yuu=9 yo=10; yor =11,

Yor = 125 Yo,y = 13.
The parametric forms of the initial conditions are given by:
Yow =7+ 3+ B —ap;
Yo =8+ 20

Yoo =9+ a— B+ apb;

Yo =11 —a+ B —ap;
Yor = 12 — 20
Yoru = 13 —=3a — B+ ap..

NOW: let y(t) = [le7yl7ylL7y7er7yr7yrU] and
hence 7 (t) = [yiu» 1 ¥ips s Yo Vo Yo

. Equation (25) =

[y;Uay;7y;L7y/7y:’L7y/r7y£U} =5- b’lU?}/lﬂylLayaervyﬂyrU] (42)

Case (1): Presume that y(t) is H,— differentiable in the first form.

The analytical solution of UMF of the T2FIV given in
Equation (42) is

yu=—-0B-3ac—B+aB)e + 5" +5;
yu=0B-3a—B+af)e +5¢"+5.
The analytical solution of the principal MF is
y»=-(2-20)e+5e"+5
¥ =(2—=2a)e + 5" +5..
The analytical solution of LMF is
yi=—(1—a+p—ap)e+5"+5
yo=(1—a+B—aB)e +5e"+5.

The analytical and approximate solutions are obtained for ¢t = 1 with
step size h = 0.1.

Errors between analytical and approximate solutions of UMFs for
"B=10"; B=0.5 and B = 1 are listed in Table 1.

Errors between analytical and approximate solutions of LMFs
for”B=0"; B=0.5,and B = 1 are listed in Table 2.

The errors in both UMFs and LMFs can be reduced by
increasing the step size.

Case (2): Presume that y(t) is H,— differentiable in the sec-
ond form.

Table 1
UMFs -Errors at t =1 - H_2- differentiable in the first form
a Error (8=0) Error (B =0.5) Error (B=1)
0.0 14.33475708 11.9456309 9.556504716
0.1 12.90128137 10.75106781 8.600854244
0.2 11.46780566 9.556504716 7.645203773
0.3 10.03432995 8.361941627 6.689553302
0.4 8.600854244 7.167378538 5.73390283
0.5 7.167378538 5.972815447 4.778252359
0.6 5.73390283 4.778252359 3.822601887
0.7 4300427122 3.583689268 2.866951414
0.8 2.866951414 2.389126178 1.911300943
0.9 1.433475707 1.19456309 0.955650472
1.0 3.332E-06 3.332E-06 3.332E-06

07
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Table 2 Table 4

LMFs- Errors at t =1 - H_2- differentiable in the first form LMFs -Errors at t =1 - H_2- differentiable in the second form
o Error (8 =0) Error (8 =0.5) Error (B=1) o Error (8=0) Error (B =0.5) Error (B=1)
0.0 4.778252359 7.167378538 9.556504716 0.0 3.332E-06 3.332E-06 3.332E-06
0.1 4.300427122 6.450640683 8.600854244 0.1 3.332E-06 3.334E-06 3.332E-06
0.2 3.822601887 5.73390283 7.645203773 0.2 3.333E-06 3.333E-06 3.332E-06
0.3 3.34477665 5.017164976 6.689553302 0.3 3.332E-06 3.332E-06 3.333E-06
0.4 2.866951414 4300427122 5.73390283 0.4 3.332E-06 3.332E-06 3.333E-06
0.5 2.389126178 3.583689268 4.778252359 0.5 3.333E-06 3.332E-06 3.332E-06
0.6 1.911300943 2.866951414 3.822601887 0.6 3.333E-06 3.332E-06 3.333E-06
0.7 1.433475707 2.150213562 2.866951414 0.7 3.332E-06 3.334E-06 3.332E-06
0.8 0.955650472 1.433475707 1.911300943 0.8 3.332E-06 3.332E-06 3.333E-06
0.9 0.477825236 0.716737854 0.955650472 0.9 3.333E-06 3.332E-06 3.332E-06
1.0 3.332E-06 3.332E-06 3.332E-06 1.0 3.332E-06 3.332E-06 3.332E-06

The analytical solution of UMF of the T2FIV given in Equation
(42) is

Y= (2+3a+p—ap)e +5 yu
=(8—-3x—B+aB)e! +5.
The analytical solution of the

n=0B+2a)e ! +5y =(7—-2a)e"+5.
The analytical solution of LMF is

principal MF is:

y={A+a—B+aple’ +5y.=(6—a+p—ap)e +5.

The analytical and approximate solutions are obtained for ¢t = 1 with
step size h = 0.1.

Errors between analytical and approximate solutions of UMFs
for”B=0"; B =0.5,and B = 1 are listed in Table 3.

Errors between analytical and approximate solutions of LMFs
for”B=0"; B=0.5,and B = 1 are listed in Table 4.

From Tables 3 and 4, it is found that there are no significant
differences among the analytical and approximate solutions of
UMF and LMF.

It is evident that the proposed method works well for the second
kind of differentiability for the problems that we have considered for
our study.

In this section, two T2FIV problems are considered and both the
differentiability concepts have been applied to them.

Table 3
UMFs -Errors at t =1 - H_2- differentiable in the second form
Error (B=10) Error (B =10.5) Error (B=1)
0.0 3.332E-06 3.332E-06 3.332E-06
0.1 3.332E-06 3.332E-06 3.332E-06
0.2 3.332E-06 3.332E-06 3.332E-06
0.3 3.333E-06 3.333E-06 3.333E-06
0.4 3.333E-06 3.333E-06 3.333E-06
0.5 3.332E-06 3.332E-06 3.332E-06
0.6 3.333E-06 3.333E-06 3.333E-06
0.7 3.332E-06 3.332E-06 3.332E-06
0.8 3.333E-06 3.333E-06 3.333E-06
0.9 3.332E-06 3.332E-06 3.332E-06
1.0 3.332E-06 3.332E-06 3.332E-06
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In both the problems, the exact solution obtained by the first
differentiability concept contains the term ”e'” which tends to
"o as "t — o0”. So, the two problems have unbounded solutions
as ""t" increases.

On the other hand, both the problems under second
differentiability have bounded solutions as "t — oo”.

Hence, depending upon the nature of the problem, we can
forecast by our insight what will happen in the long run, and
appropriate differentiability concept can be selected.

6. Conclusion

There are lots of circumstances in which the membership value
of an element is not crisp. In these cases, T2FS plays a very important
role. In this study, two differential equations with interval-valued
T2FNs as its initial conditions are considered, and T2FIV
problems are written in parametric forms. In each case of the
differentiability, three sets of ordinary differential equations are
obtained and these are assigned to UMF, primary MF, and LMF,
respectively. The classical Runge—Kutta method of order 4 is
applied to simulate the estimated solutions of the UMFs, the
primary MFs, and the LMFs. These estimated solutions are
compared with the respective analytical solutions for different
values of &’ and ”B". The proposed method works better for the
ordinary differential equations that are derived from the second form
of differentiability concept than for those equations derived from the
first form of the differentiability concept. It is obvious that the pro-
posed method (a single step method) is competent than the classical
Euler’s and modified Euler’s methods, and small step size can min-
imize the inaccuracy between the estimated solutions and analytical
solutions. In future, multi-step methods will be used to explore the
numerical results of T2FDEs. Further, the appropriate method of dif-
ferentiability can be selected by analyzing the nature of the problems
that have been considered for the study.
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