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Abstract: The intuitionistic fuzzyhypersoft set (IFHSS) is themost generalized formof the intuitionistic fuzzy soft set used to resolve ambiguousand
elusive data in the decision-making (DM)process, considering the parameters’multi-sub-attributes.Aggregation operators (AOs) execute a dynamic
role in assessing the two prospect sequences and eliminating anxieties from this perception. This paper prolongs the IFHSS to interval-valued IFHSS
(IVIFHSS), which proficiently contracts with hesitant and unclear data. It is the most potent technique for incorporating insecure data into DM. The
core impartial of this investigation is to develop the algebraic operational laws for IVIFHSS. Furthermore, using the interaction operational law, an
interaction AO for IVIFHSS has been presented, such as interval-valued intuitionistic fuzzy hypersoft interactive weighted average (IVIFHSIWA)
with its essential properties. Multi-criteria group decision-making (MCGDM) technique is vigorous for material selection (MS). However,
conventional methods of MCGDM regularly provide inconsistent results. Based on the expected AOs, industrial enterprises propose a robust
MCGDM MS method to meet this shortfall. The real-world application of the planned MCGDM method for cryogenic storing vessel MS is
presented. The implication is that the designed model is more efficient and consistent in handling information based on IVIFHSS.

Keywords: IVIFHSS, IVIFHSIWA operator, MCGDM

1. Introduction

Multi-criteria group decision-making (MCGDM) is deliberated as
themost proper technique for the verdict of the adequate alternative from
all probable choices, following conditions or features. Maximum
judgments are taken when the intentions and confines are usually
unspecified or unclear in real-life surroundings. Zadeh presented the
notion of the fuzzy set (FS) (Zadeh, 1965) to overcome such
vagueness and doubts in decision-making (DM). Turksen (1986) gave
the interval-valued FS (IVFS) with fundamental operations. If the
experts consider a membership degree (MD) and a non-membership
degree (NMD) in the DM procedure, the FS theories cannot grip the
situation. Atanassov (1986) resolved the above-mentioned limitations
and developed the intuitionistic fuzzy set (IFS). Garg (2018)
developed the cosine similarity measures (SMs) for IFS considering
the interaction between the couples of MD and NMD. Atanassov
(2022) introduced the topological operators and discussed some
essential properties. Ejegwa and Agbetayo (2022) developed several

SM and distance measures under the IFS environment and used their
presented measures to resolve DM complications. Khan et al. (2022)
offered a multi attribute decision making (MADM) technique using
complex T-spherical fuzzy power aggregation operator (AOs).
Atanassov (1999) presented the interval-valued IFS (IVIFS). Garg
and Rani (2022) settled the MULTIMOORA technique under IFS
information using their presented AOs. Xu and Gou (2017) developed
several DM methodologies under the IVIFS setting and utilized their
methodologies in various real-life problems. Ze-Shui (2007) proposed
the weighted arithmetic and geometric AOs for IVIFS. Zhang (2018)
developed the Bonferroni mean geometric AOs under the IVIFS
setting and presented the multi attribute group decision making
(MAGDM) approach. Park et al. (2009) proposed the hybrid
geometric AO for IVIFS and utilized it for MAGDM problems.
Gupta et al. (2018) developed a corrective model for determining the
weight of experts. Garg and Kumar (2019) extended the AOs with
their fundamental properties under the linguistic IVIFS environment.

The above-stated FS, IVFS, IFS, IVIFS, Pythagorean fuzzy set
(PFS), and Interval valued Pythagorean fuzzy set (IVPFS) cannot
contract with the parametrized values of the alternatives.*Correspondingauthor:RanaMuhammadZulqarnain,Department ofMathematics,
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Molodtsov (1999) introduced soft sets (SS) theory and explained some
basicoperationswith their features tohandleconfusionanduncertainties.
Maji et al. (2001) offered the Fuzzy soft set (FSS) theory bymerging SS
andFS.Maji et al. (2001) developed basic operations for their properties
for the IFSS.Gurmani et al. (2022)presented theconcept of aT-spherical
hesitantFS. Jiang et al. (2010) offered the interval-valued IFSS (IVIFSS)
with somebasicoperations.Zulqarnainet al. (2021)planned theTOPSIS
technique for IVIFSS using correlation measures to resolve MADM
complications. Gurmani et al. (2021) established the VIKOR
approach for linguistic interval-valued q-rung orthopair fuzzy settings.
Smarandache (2018) projected the hypersoft set (HSS) idea.
Smarandache HSS is the most appropriate model that grips the
deliberated constraints’ multiple sub-attributes. Jafar et al. (2021)
developed the intuitionistic fuzzy hypersoft matrices with
fundamental operations. Zulqarnain et al. (2016) utilized the interval-
valued fuzzy soft matrix for DM. Debnath (2022) offered the interval-
valued intuitionistic fuzzy hypersoft set (IVIFHSS) with several
fundamental operations and their properties. IFHSS is an amalgam
intelligent erection of IFSS. A boosted sorting development captivates
the investigators to crash unsolved and insufficient facts. Interpreting
the exploration consequences, it is concluded that the IFHSS
performs an energetic part in DM by assembling several causes into a
solitary value. Therefore, to inspire the current research on IVIFHSS,
we will describe interaction AO built on irregular information. The
core objectives of the present study are as follows:

• IVIFHSS deals competently with multidimensional concerns by
looking at the multi-sub-attributes of the deliberated parameters in
the DM procedure. To preserve this benefit in concentration, we
extend IFHSS to IVIFHSS and set up interaction AO for IVIFHSS.

• InteractionAO for IVIFHSS is awell-known attractive estimateAO.
It has beenobserved that the prevailingAOaspect is irresponsible for
scratching the correct detection of the DM process. To overcome
these specific complications, these existing AO must be appraised.

• Interval-valued intuitionistic fuzzy hypersoft interactive weighted
average (IVIFHSIWA) operator has been introduced with their
essential features using developed operational laws.

• A new algorithm based on planned operators has been established to
crack the complications of MCGDM under the IVIFHSS scenario.

• Material selection (MS) is an essential feature of manufacturing as
it understands the stable conditions for all components. MS is a
complex but essential step in professional development. Lack of
MS will damage the manufacturer’s efficiency, productivity,
and eccentricity.

• Acomparative analysis of the latestMCGDMtechniqueandprevalent
methods is presented to consider the utility and superiority.

The organization of this research is estimated to be as follows: the
second part of this study contains some basic impressions that
support us growing the organization of the later research. Section 3
introduces some new interactional operational laws for IVIFHSN.
Also, in the same section, the IVIFHSIWA operator is presented
based on the basic features of our developed operators. Section 4
develops an MCGDM approach built on the anticipated AO.
A numerical example for MS in the industry is discussed in the same
section to confirm the practicality of the established technique. In
addition, Section 5 provides a brief comparative analysis to confirm
the validity of the advanced approach.

2. Preliminaries

This section contains some basic definitions that will structure
the following work.

Definition 2.1. (Smarandache, 2018) Let U be a universe of
discourse and P(U) be a power set of U and t = {t1, t2, t3, : : : ,
tn}, (n≥ 1), and Ti denotes the set of attributes and their conforming
sub-attributes, such as Ti ∩ Tj = φ, where i ≠ j for each n ≥ 1 and i,
j ϵ {1,2,3 : : : n}. Assume that T1 × T2 × T3 × : : : × Tn =

…

A = {d1h ×
d2k×⋯× dnl} is a collection of sub-attributes. Then the pair (F , T1×
T2 × T3 × : : : × Tn= (Ω,

…

A) is known as HSS and defined as follows:

Ω:T1 � T2 � T3 � . . .� Tn ¼
…

A ! P Uð Þ:

It is also defined as:

Ω;
…

Að Þ ¼ ď;Ω…

AðďÞ: ď 2 …

A;Ω…

AðďÞ 2 P Uð Þ
n o

:

where 1 ≤ h ≤ α, 1 ≤ k ≤ β, and 1 ≤ l ≤ γ, and α, β, γ ϵ N.

Definition 2.2. (Atanassov, 1999) LetU be a universe of discourse,
and A be any subset of U. Then, the IVIFS A over U is defined as:

A ¼ x; κlA tð Þ; κuA tð Þ� �
; δlA tð Þ; δuA tð Þ� �� �� �jt 2 U

� �
where [κAl(t), κAu(t)] and [δAl(t), δAu(t)] represent the MD and NMD
intervals, respectively. Also, κAl(t), κAu(t), δAl(t), δAu(t) ϵ [0,1] and
satisfied the subsequent condition 0 ≤ κAu(t)+ δAu(t)≤ 1.

Definition 2.3. (Jiang et al., 2010) LetU be a universe of discourse
and N be a set of attributes. Then a pair (Ω,N) is called an IVIFSS
over U. Its mapping can be expressed as:

Ω :N ! IKU

where IKU represents the collection of interval-valued intuitionistic
fuzzy subsets of the universe of discourse U.

ðΩ;NÞ ¼ x; κlA tð Þ; κuA tð Þ� �
; δlA tð Þ; δuA tð Þ� �� �� ��t 2 Ag

where [κAl(t), κAu(t)] and [δAl(t), δAu(t)] represent the MD and NMD
intervals, respectively. Also, κAl(t), κAu(t), δAl(t), δAu(t) ϵ [0,1] and
satisfied the subsequent condition 0≤ κAu(t)+ δAu(t)≤ 1 and A⊂N.

Definition 2.4. (Debnath, 2022) Let U be a universe of discourse
andP(U) be a power set ofU and t= {t1, t2, t3, : : : , tn}, (n≥ 1), and Ti
represents the set of attributes and their corresponding sub-attributes,
such as Ti ∩ Tj= φ, where i≠ j for each n≥ 1 and i, j ϵ {1,2,3 : : : n}.
Assume that T1× T2× T3× : : : × Tn=

…

A= {d1h× d2k×⋯× dnl} is a
collection of sub-attributes. Then the pair (F , T1× T2× T3× : : : × Tn
= (Ω,

…

A) is known as IVIFHSS and defined as follows:

Ω :T1 � T2 � T3 � . . .� Tn ¼
…

A ! IVIFHSU :

It is also defined as (Ω,
…

A) = ðď;Ω…

AðďÞÞ: ď 2 …

A;Ω…

AðďÞ 2 IVPFSU
n

2 0; 1½ �g, whereΩ…

AðďÞ = {〈ζ, κΩ(ď )(ζ), δΩ(ď )(ζ)〉: ζϵU}, and κΩ(ď ) (ζ)
= [κΩ(ď )l (ζ), κΩ(ď )u (ζ)], δΩ(ď )(ζ) = [δΩ(ď )l (ζ), δΩ(ď )u (ζ)], where κΩ(ď )(ζ)
and δΩ(ď )(ζ) represent the MD and NMD intervals, respectively,
such as κΩ(ď )l (ζ), κΩ(ď )u (ζ), δΩ(ď )l (ζ), δΩ(ď )l (ζ) ϵ [0,1], and 0≤ κΩ(ď )u (ζ)
δΩ(ď )u (ζ)≤+ 1.

The IVIFHSN can be stated as F = ([κΩ(ď )l (ζ), κΩ(ď )u (ζ)],
[δΩ(ď )l (ζ), δΩ(ď )u (ζ)]).

To compute the alternative ranking, the score function and
accuracy function for IVIFHSS can be stated as, if F = ([κΩ(ď )l (ζ),
κΩ(ď )u (ζ)], [δΩ(ď )l (ζ), δΩ(ď )u (ζ)]) be an IVIFHSN,
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S Fð Þ ¼ κl
ΩðďÞ ζð Þþκu

ΩðďÞ ζð Þþδl
ΩðďÞ ζð Þþδu

ΩðďÞ ζð Þ
4

And

A Fð Þ ¼
κl
ΩðďÞ ζð Þ

	 

2

þ κu
ΩðďÞ ζð Þ

	 

2

þ δl
ΩðďÞ ζð Þ

	 

2

þ δu
ΩðďÞ ζð Þ

	 

2

2

Definition 2.5. (Zulqarnain et al., 2022) Let F ď k
= ([κ lď k

, κ uď k
],

[δď k

l , δď k

u]), F ď 11
= ([κ lď 11

, κ uď 11
], [δ l

ď 11
, δ u

ď 11
]), and

F ď 12
= ([κ lď 12

, κ uď 12
], [δ l

ď 12
, δď 12

u ]) be three IVIFHSNs and β> 0,
and by algebraic norms, we have

1. Fď 11
⊕Fď 12

=
([κ lď 11

+κ lď 12
−κ lď 11

κ lď 12
, κ uď 11

+κ uď 12
−κ uď 11

κ uď 12
], [δ l

ď 11
δ l

ď 12
, δ u

ď 11
δ u

ď 12
])

2. Fď 11
⊗Fď 12

=
([κ lď 11

κ lď 12
, κ uď 11

κ uď 12
], [δ l

ď 11
+δ l

ď 12
−δ l

ď 11
δ l

ď 12
, δ u

ď 11
+δ u

ď 12
−δ u

ď 11
δ u

ď 12
])

3. βFď k
= ([1−(1−κlďk) β, 1−(1−κuďk) β], [δlďk β, δuďk

β ])= (1−(1−[κlďk, κuďk]) β,
[δlďk

β, δuďk
β])

4. Fď k

β= ([κ lďk
β, κuďk

β], [1−(1−δlďk), 1−(1−δuďk)β])= ([κlďk
β, κuďk

β],
1−(1−[δlďk, δuďk])β).

For the assortment of IVIFHSNsFď ij
, where ωi and νj are weights for

professionals and attributes, correspondingly, with given conditions
ωi > 0;

P
n
i¼1ωi ¼ 1; νj > 0;

P
m
j¼1νj ¼ 1. Zulqarnain et al. (2022)

proposed a weighted average AO for IVIFHSNs as follows:

IVIFHSWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 


¼ 1� Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;
Qm
j¼1

Qn
i¼1

δl
ďij
; δu

ďij

� � �
ωi

 �
νj

 !

Example 2.1. Let R= {R1, R2, R3} be a set of experts with the
given weight vector ωi= (0.38, 0.45, 0.17)T. The group of experts
describes the beauty of a house under considered attributes
Å= {e1 = lawn, e2 = security system} with their corresponding
sub-attributes Lawn = e1 = {e11 = with grass, e12 = without
grass} Security system = e2 = {e21 = guards, e22 = cameras}. Let
Å = e1 × e2 be a set of sub-attributes

Å = {ď1, ď2, ď3, ď4} be a set of multi-sub-attributes with weights
νj= (0.2,0.2,0.2,0.4)T. The rating values for each alternative in
terms of IVIFHSN (F ,Å)= ([κlďij, κ

u
ďij], [δ

l
ďij,δ

u
ďij])3 × 4 are given as:

F ;Åð Þ ¼
0:3; 0:5½ �; 0:4; 0:5½ �ð Þ 0:4; 0:6½ �; 0:3; 0:4½ �ð Þ 0:5; 0:7½ �; 0:1; 0:3½ �ð Þ 0:4; 0:5½ �; 0:3; 0:4½ �ð Þ
0:1; 0:5½ �; 0:2; 0:3½ �ð Þ 0:3; 0:4½ �; 0:0; 0:0½ �ð Þ 0:2; 0:4½ �; 0:2; 0:3½ �ð Þ 0:1; 0:3½ �; 0:6; 0:7½ �ð Þ
0:2; 0:6½ �; 0:2; 0:3½ �ð Þ 0:5; 0:6½ �; 0:2; 0:4½ �ð Þ38 0:2; 0:4½ �; 0:2; 0:6½ �ð Þ 0:3; 0:4½ �; 0:5; 0:6½ �ð Þ

2
64

3
75

IVIFHSWA F ď11
;F ď12

; . . . . . . . . . ;F ď34

	 

¼ 1�

Y4
j¼1

Y3
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 !
νj

;
Y4
j¼1

Y3
i¼1

δl
ďij
; δu

ďij

� � �
ωi

 !
νj

 !

¼ ð½0:3198; 0:4719�; ½0:0; 0:0�Þ

From the IVIFHSWA operator, it is detected that, in certain
conditions, they provide some unattractive outcomes. To overcome
such scenarios, we introduce the interaction AO for IVIFHSNs.

3. Interaction Weighted Average Aggregation
Operator for Interval-valued Intuitionistic Fuzzy
Hypersoft Sets

We will extend the IVIFHSS with some fundamental concepts
and present the operational laws for IVIFHSNs in the following
section. Moreover, we prolong the IVIFHSIWA operator by
utilizing the developed operational laws.

Definition 3.1. Let F ďk
¼ ð½κl

ďk
; κu

ďk
�; ½δl

ǩ
; δu

ďk
�Þ, F ď11

¼ ð½κl
ď11

;

κu
ď11

�; ½δl
ď11

; δu
ď11

�Þ, and
F ď 12

= ([κ lď 12
, κ uď 12

],[δ l
ď 12
, δ u

ď 12
]) be three IVIFHSNs and β> 0, and

by algebraic norms, we have

1. F ď11
� F ď12

¼

1� 1� κl
ď11
; κu

ď11

h i	 

1� κl

ď12
; κu

ď12

h i	 

;

1� κl
ď11
; κu

ď11

h i	 

1� κl

ď12
; κu

ď12

h i	 

� 1� κl

ď11
; κu

ď11

h i
; δl

ď11
; δu

ď11

h i	 
	 

1� κl

ď12
; κu

ď12

h i
; δl

ď12
; δu

ď12

h i	 
	 

0
BBB@

1
CCCA

2. F ď 11
⊗F ď 12

=

1� δl
ď11
; δu

ď11

h i	 

1� δl

ď12
; δu

ď12

h i	 

� 1� κl

ď11
; κu

ď11

h i
� δl

ď11
; δu

ď11

h i	 

;

1� 1� δl
ď11
; δu

ď11

h i	 

1� δl

ď12
; δu

ď12

h i	 

0
BB@

1
CCA

3. βF ď k
=

1� 1� κl
ďk
; κu

ďk

h i	 

β
; 1� κl

ďk
; κu

ďk

h i	 

β� 1� κl

ďk
; κu

ďk

h i
; δl

ďk
; δu

ďk

h i	 
	 

β

	 


4. F ď k

β= ((1−[κlďk, κuďk])β − ((1−[κlďk, κuďk], [δ lďk, δuďk]))β, 1−(1−[δď k

l,
δď k

u])β)

Definition 3.2. Let F ď k
= ([κlďk, κ

u
ďk], [δ

l
ďk, δ

u
ďk]) be a collection of

IVIFHSNs, and ωi and νj represent the weights of experts and
multi-sub-parameters, respectively, with specified circumstances
ωi > 0;

P
n
i¼1ωi ¼ 1; νj > 0;

P
m
j¼1νj ¼ 1: Then, the IVIFHSIWA

operator is defined as IVIFHSIWA: Ψn→Ψ:

IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 

¼ �m

j¼1νj �n
i¼1ωiF ďij

	 


Theorem 3.1. Let F ď ij
= ([κlďij, κuďij], [δlďij, δuďij]) be a collection

of IVIFHSNs and the aggregated value is also an IVIFHSN,
such as:

IVIFHSIWA F
ď11
;F

ď12
; . . . . . . . . . ;F

ďnm
Þ

	

¼
1�Qm

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj�Qm

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBB@

1
CCCCCA

ωi and νj show the experts and multi-sub-attributes weights,
respectively, such as ωi> 0,

P
n
i¼1ωi ¼ 1, νj > 0;

P
m
j¼1νj ¼ 1.
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Proof. The proof of the above-presented IVIFHSIWA operator can be proved by mathematical induction:

For n= 1, we get ω1= 1. Then, we have

IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 

¼ �m

j¼1νjF ď1j

IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 


¼
1� Qm

j¼1
1� κl

ďij
; κu

ďij

� � � �
νj

;

Qm
j¼1

1� κl
ďij
; κu

ďij

� � � �
νj�Qm

j¼1
1� κl

ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � � �
νj

0
BBBB@

1
CCCCA

¼
1�Qm

j¼1

Q1
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Qm
j¼1

Q1
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj � Qm

j¼1

Q1
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBB@

1
CCCCA

For m= 1, we get ν1= 1. Then, we have

IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 

¼ �n

i¼1ωiF ďi1

¼
1� Qn

i¼1
1� κl

ďij
; κu

ďij

� � �
ωi

 �
;

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi�Qn

i¼1
1� κl

ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

0
BBBB@

1
CCCCA

¼
1�Q1

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Q1
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj �Q1

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBB@

1
CCCCCA

So, the above theorem is proved for n= 1 and m= 1.

Assume that for m= α1+ 1, n= α2 and m= α1, n= α2 + 1, the above theorem holds

�α1þ1
j¼1 νj �α2

i¼1ωiF ďij

	 

¼

1� Qα1þ1

j¼1

Qα2
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Qα1þ1

j¼1

Qα2
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

� Qα1þ1

j¼1

Qα2
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBB@

1
CCCCCA

�α1
j¼1νj �α2þ1

i¼1 ωiF ďij

	 

¼

1� Qα1
j¼1

Qα2þ1

i¼1
1� κl

ďij
; κu

ďij

� � �
ωi

 �
νj

;

Qα1
j¼1

Qα2þ1

i¼1
1� κl

ďij
; κu

ďij

� � �
ωi

 �
νj

� Qα1
j¼1

Qα2þ1

i¼1
1� κl

ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBB@

1
CCCCCA
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For m= α1+ 1 and n= α2+ 1, we have

�α1þ1
j¼1 νj �α2þ1

i¼1 ωiF ďij

	 

¼ �α1þ1

j¼1 νj �α2
i¼1ωiF ďij

� ωα2þ1F ďðα2þ1Þj

	 


= �α1þ1
j¼1 �α2

i¼1νjωiF ďij
�α1þ1

j¼1 νjωα2þ1F ďðα2þ1Þj

¼

1� Qα1þ1

j¼1

Qα2
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj L

1� Qα1þ1

j¼1
1� κl

ďðα2þ1Þj
; κu

ďðα2þ1Þj

� � �
ωα2þ1

 �
νj

;

Qα1þ1

j¼1

Qα2
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

� Qα1þ1

j¼1

Qα2
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj L

Qα1þ1

j¼1
1� κl

ďðα2þ1Þj
; κu

ďðα2þ1Þj

� � �
ωi

 �
νj

� Qα1þ1

j¼1
1� κl

ďðα2þ1Þj
; κu

ďðα2þ1Þj

� �
� δl

ďðα2þ1Þj
; δu

ďðα2þ1Þj

� � �
ωi

 �
νj

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

¼

1� Qα1þ1

j¼1

Qα2þ1

i¼1
1� l

ďij
; κu

ďij

� � �
ωi

 �
νj

;

Qα1þ1

j¼1

Qα2þ1

i¼1
1� κl

ďij
; κu

ďij

� � �
ωi

 �
νj

� Qα1þ1

j¼1

Qα2þ1

i¼1
1� κl

ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBBBB@

1
CCCCCCCA

Hence, it holds for m= α1+ 1 and n= α2+ 1. So, we can say that
Theorem 3.1 holds for all values of m and n.

Example 3.1. Let R= {R1, R2, R3} be a set of experts with the
given weight vectorωi= (0.38, 0.45, 0.17)T. The group of experts
describes the beauty of a house under considered attributes
Å= {e1 = lawn, e2 = security system} with their corresponding
sub-attributes Lawn = e1 = {e11 = with grass, e12 = without
grass}Security system = e2 = {e21 = guards, e22 = cameras}. Let
Å = e1 × e2 be a set of sub-attributes

Å = {ď1, ď2, ď3, ď4} be a set of multi-sub-attributes with weights
νj= (0.2,0.2,0.2,0.4)T. The rating values for each alternative in terms
of IVIFHSN (F ,Å)= ([κď ij

l, κď ij

u],[δď ij

l,δď ij

u])3 × 4 are given as:

F ;Åð Þ ¼

0:3; 0:5½ �; 0:4; 0:5½ �ð Þ 0:4; 0:6½ �; 0:3; 0:4½ �ð Þ 0:5; 0:7½ �; 0:1; 0:3½ �ð Þ 0:4; 0:5½ �; 0:3; 0:4½ �ð Þ
0:1; 0:5½ �; 0:2; 0:3½ �ð Þ 0:3; 0:4½ �; 0:5; 0:6½ �ð Þ 0:2; 0:4½ �; 0:2; 0:3½ �ð Þ 0:1; 0:3½ �; 0:6; 0:7½ �ð Þ
0:2; 0:6½ �; 0:2; 0:3½ �ð Þ 0:5; 0:6½ �; 0:2; 0:4½ �ð Þ 0:2; 0:4½ �; 0:2; 0:6½ �ð Þ 0:3; 0:4½ �; 0:5; 0:6½ �ð Þ

2
6664

3
7775

IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 

¼

1� Q4
j¼1

Q3
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Q4
j¼1

Q3
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj � Q4

j¼1

Q3
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBBB@

1
CCCCCCA
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¼

1�

0:5; 0:7½ �0:38 0:5; 0:9½ �0:45

0:4; 0:8½ �0:17

8<
:

9=
;

0:2 0:4; 0:6½ �0:38 0:6; 0:7½ �0:45

0:4; 0:5½ �0:17

8<
:

9=
;

0:2

0:3; 0:5½ �0:38 0:6; 0:8½ �0:45

0:6; 0:8½ �0:17

8<
:

9=
;

0:2 0:5; 0:6½ �0:38 0:7; 0:9½ �0:45

0:6; 0:7½ �0:17

8<
:

9=
;

0:4

0
BBBBBBB@

1
CCCCCCCA
;

0:5; 0:7½ �0:38 0:5; 0:9½ �0:45

0:4; 0:8½ �0:17

8<
:

9=
;

0:2 0:4; 0:6½ �0:38 0:6; 0:7½ �0:45

0:4; 0:5½ �0:17

8<
:

9=
;

0:2

0:3; 0:5½ �0:38 0:6; 0:8½ �0:45

0:6; 0:8½ �0:17

8<
:

9=
;

0:2 0:5; 0:6½ �0:38 0:7; 0:9½ �0:45

0:6; 0:7½ �0:17

8<
:

9=
;

0:4

0
BBBBBBB@

1
CCCCCCCA
�

0:0; 0:3½ �0:38 0:2; 0:7½ �0:45

0:1; 0:6½ �0:17

8<
:

9=
;

0:2 0:0; 0:3½ �0:38

0:0; 0:2½ �0:45 0:0; 0:3½ �0:17

8<
:

9=
;

0:2

0:0; 0:4½ �0:38 0:3; 0:6½ �0:45

0:0; 0:6½ �0:17

8<
:

9=
;

0:2 0:1; 0:3½ �0:38 0:1; 0:3½ �0:45

0:0; 0:2½ �0:17

8<
:

9=
;

0:4

0
BBBBBBB@

1
CCCCCCCA

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

= ([0.3,0.6],[0.40.4]).

3.1. Properties of IVIFHSIWA operator

3.1.1. (Idempotency):

If F ď ij
=F ď k

= ([κlďij, κ
u
ďij], [δ

l
ďij, δ

u
ďij])∀i, j. Then

IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 

¼ F ďk

Proof:As we know that all F ď ij
=F ď k

= ([κ lďij, κ
u
ďij], [δ

l
ďij, δ

u
ďij]), we have

IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 


¼
1� Qm

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj �Qm

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBB@

1
CCCCA

¼
1� 1� κl

ďij
; κu

ďij

� � �Pn
i¼1

ωi

 !Pm
j¼1 j

;

1� κl
ďij
; κu

ďij

� � �Pn
i¼1

ωi

 !Pm
j¼1

νj

� 1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �Pn
i¼1

ωi

 !Pm
j¼1

νj

0
BBBBBB@

1
CCCCCCA

As
P

m
j¼1νj ¼ 1and

P
n
i¼1ωi ¼ 1, we have

¼ 1� 1� κl
ďij
; κu

ďij

� � �
; 1� κl

ďij
; κu

ďij

� �
� 1� κl

ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � � �

¼ κl
ďij
; κu

ďij

� �
; δl

ďij
; δu

ďij

� � �

¼ F
ǩ
.

3.1.2. Boundedness:
Let F ď ij

= ([κlďij, κ
u
ďij], [δ

l
ďij, δ

u
ďij]) be a collection of IVIFHSNs

where F�
ďij

¼ min
j

min
i κl

ďij
; κu

ďij

� �� �
; max

j
max
i δl

ďij
; δu

ďij

� �� � �

and Fþ
ďij

¼ max
j

max
i κl

ďij
; κu

ďij

� �� �
; min

j
min
i δl

ďij
; δu

ďij

� �� � �
;

then

F�
ďij

� IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 

� Fþ

ďij

Proof. As we know that F ď ij
= ([κlďij, κ

u
ďij], [δ

l
ďij, δ

u
ďij]) be an IVIFHSN,

then

min
j

min
i κl

ďij
; κu

ďij

� �� �
� κl

ďij
; κu

ďij

� �
� max

j
max
i κl

ďij
; κu

ďij

� �� �

) 1� max
j

max
i κl

ďij
; κu

ďij

� �� �
� 1� κl

ďij
; κu

ďij

� �
� 1� min

j
min
i κl

ďij
; κu

ďij

� �� �

, 1� max
j

max
i κl

ďij
; κu

ďij

� �� � �
ωi� 1� κl

ďij
; κu

ďij

� � �
ωi

� 1� min
j

min
i κl

ďij
; κu

ďij

� �� � �
ωi

, 1� max
j

max
i κl

ďij
; κu

ďij

� �� � �Pn
i¼1

ωi�
Yn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

� 1� min
j

min
i κl

ďij
; κu

ďij

� �� � �Pn
i¼1

ωi

, 1� max
j

max
i κl

ďij
; κu

ďij

� �� � �Pn
j¼1

νj�
Ym
j¼1

Yn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 !
νj

� 1� min
j

min
i κl

ďij
; κu

ďij

� �� � �Pn
j¼1

νj

, 1� max
j

max
i κl

ďij
; κu

ďij

� �� �
�
Ym
j¼1

Yn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 !
νj

� 1� min
j

min
i κl

ďij
; κu

ďij

� �� �

, min
j

min
i κl

ǰ
; κu

ďij

� �� �
� 1�

Ym
j¼1

Yn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 !
νj

� max
j

max
i κl

ďij
; κu

ďij

� �� � (a)

Similarly,

min
j

min
i δl

ďij
; δu

ďij

� �� �
�
Ym
j¼1

Yn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 !
νj

�
Ym
j¼1

Yn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 !
νj

� max
j

max
i δl

ďij
; δu

ďij

� �� �
(b)

Let IVIFHSIWA (F ď 11
, F ď 12

, : : : : : : : : : , F ď nm
)= ([κď ij

, κuďk], [δ
l
ďk,

δuďk])=F ď ij
. So, (a) and (b) can be transferred into the form:

min
j

min
i κl

ďij
; κu

ďij

� �� �
� F ďk

� max
j

max
i κl

ďij
; κu

ďij

� �� �
and

min
j

min
i δl

ďij
; δu

ďij

� �� �
� F ďk

� max
j

max
i δl

ďij
; δu

ďij

� �� �
respec-

tively.

Journal of Computational and Cognitive Engineering Vol. 00 Iss. 00 2022

06



Using the score function, we have

S F ďk

	 

¼

κl
ďk
þκu

ďk
þδl

ďk
þδu

ďk
4 � max

j
max
i κl

ďij
; κu

ďij

� �� �
� min

j
min
i δl

ďij
; δu

ďij

� �� �

¼ S F�
ďk

	 


S F ďk

	 

¼

κl
ďk
þκu

ďk
þδl

ďk
þδu

ďk
4 � min

j
min
i κl

ďij
; κu

ďij

� �� �
� max

j
max
i δl

ďij
; δu

ďij

� �� �
¼ S(F ď k

+)

Using order relation among two IVIFHSNs, we have

F−
ď k
≤ IVIFHSIWA (F ď11, F ď 12

, : : : : : : : : : , F ď nm
)≤F ď k

+.

3.1.3. Shift invariance:

Let F ď k
= ([κ lďk, κ

u
ďk], [δ

l
ďk, δ

u
ďk]) be an IVIFHSN. Then

IVIFHSIWA (F ď 11
⊕ F ď k

, F ď 12
⊕ F ď k

, : : : : : : : : : , F ď nm
⊕ F ď k

) = IVIFHSIWA (F ď 11
, F ď 12

, : : : : : : : : : , F ď nm
)⊕F ď k

Proof: Let F ď k
= ([κlďk, κuďk], [δlďk, δuďk]) and F ď ij

= ([κlďij, κuďij], [δlďij, δuďij]) be two IVIFHSNs. Then, using Definition 3.1 (1), we have

F ďk
� F ďij

¼
1� 1� κl

ďk
; κu

ďk

h i	 

1� κlˇ ; κ

u
ďij

� � �
;

1� κl
ďk
; κu

ďk

h i	 

1� κl

ďij
; κu

ďij

� � �
� 1� κl

ďk
; κu

ďk

h i
; δl

ďk
; δu

ďk

h i	 
	 

1� κl

ďij
; κu

ďij

� �
; δl

ďij
; δu

ďij

� � � �
0
BBBB@

1
CCCCA

So,

IVIFHSIWA F ď11
� F ďk

;F ď12
� F ďk

; . . . . . . . . . ;F ďnm
� F ďk

	 

¼ �m

j¼1νj �n
i¼1ωi F ďij

� F ďk

	 
	 


¼
1�Qm

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

1� κl
ďk
; κu

ďk

h i	 
ωi
 �

νj

;

Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

1� κl
ďk
; κu

ďk

h i	 
ωi
 �

νj � Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

1� κl
ďk
; κu

ďk

h i
� δl

ďk
; δu

ďk

h i	 
ωi
 �

νj

0
BBBBB@

1
CCCCCA

¼
1� 1� κl

ďk
; κu

ďk

h i	 
Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

1� κl
ďk
; κu

ďk

h i	 
Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj � 1� κl

ďk
; κu

ďk

h i
� δl

ďk
; δu

ďk

h i	 
Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBB@

1
CCCCCA

¼
1� Qm

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj �Qm

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBB@

1
CCCA

� κl
ďk
; κu

ďk

h i
; δl

ďk
; δu

ďk

h i	 


¼ IVIFHSIWA F ď11
;F ď12

; . . . . . . . . . ;F ďnm

	 

� F ďk
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3.1.4. Homogeneity:
Prove that IVIFHSIWA (βF ď 11

, βF ď 12
, : : : : : : : : : , βF ď nm

) = β
IVIFHSIWA (F ď 11

, F ď 12
, : : : : : : : : : , F ď nm

) β> 0.

Proof: Let F ď ij
= ([κlďij, κ

u
ďij], [δ

l
ďij, δ

u
ďij]) be an IVIFHSN and β> 0. Then

using Definition 3.1, we have

βF ďk
¼ 1� 1� κl

ďk

	 

β
; 1� 1� κu

ďk

	 

β

h i
; δl

ďk
β; δu

ďk
β

h i	 

¼ 1� 1� κl

ďk
; κu

ďk

h i	 

β
; δl

ďk
β; δu

ďk
β

h i	 


So,

βF ď11
; βF ď12

; . . . . . . . . . ;βF ďnm

	 


¼

1� Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
βωi

 �
νj

;

Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
βωi

 �
νj � Qm

j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
βωi

 �
νj

0
BBBBBBB@

1
CCCCCCCA

¼

1� Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

 !
β

;

Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

 !
β

� Qm
j¼1

Qn
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

 !
β

0
BBBBBBBB@

1
CCCCCCCCA

= βIVIFHSIWA (F ď 11
,F ď 12

, : : : : : : : : : ,F ď nm
).

4. Multi-Criteria Group Decision-making
Approach Based on Proposed Operators

To validate the implications of planned AOs, a DM approach is
developed to remove MCGDM obstacles. In addition, numerical
illustration is provided to endorse the convenience of the proposed
method.

4.1. Proposed MCGDM approach

Consider I = {I1, I2, I3, : : : , Is} and U = {U1, U2, U3, : : : ,
Ur} be the set of substitutes and specialists, respectively. The weights
of specialists are prearranged as ωi= (ω1, ω2, ω3, : : : , ωn)T such
that ωi > 0,

P
n
i¼1ωi ¼ 1. Let L = {e1, e2, e3, : : : , em} be the set

of attributes with their conforming multi-sub-attributes such as
L 0 = {(e1ρ × e2ρ × : : :× emρ) ∀ ρϵ{1, 2, : : : , t}} and weights
ν = (ν1, ν2, ν3, : : : , νn)T such as νi > 0,

P
n
i¼1νi ¼ 1, and be

detailed as L 0 = {ď ∂: ∂ϵ{1, 2, : : : , m}}. The team of specialists
{κi: i = 1, 2, : : : , n} judge the substitutes {L(z): z = 1, 2, : : : ,
s} under the preferred sub-attributes {ď ∂: ∂ = 1, 2, : : : , k} in
terms of IVIFHSNs such as (Iď ik

(z))n ×m = ([κ lďik, κ
u
ďik], [δ

l
ďik, δ

u
ďik])n *m,

where 0 ≤ κ lďik, κ
u
ďik, δ

l
ďik, δ

u
ďik ≤ 1 and 0 ≤ (κuďik)

2 (δuďik)
2 ≤ + 1 for all i, k.

The group of experts gives their opinion on each alternative in
IVIFHSNs. The algorithmic rule based on developed operators
is given as follows:

Step-1: Expert’s estimation for each substitute in the form of
IVIFHSNs:

I
zð Þ
ďik

	 

n�m

¼ κl
ďik
; κu

ďik

h i
; δl

ďik
; δu

ďik

h i	 

n�m
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u
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h i
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u
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h i	 
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u
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h i
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u
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h i	 

κld12 ; κ

u
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h i
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u
d12

h i	 
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u
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h i
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u
d22

h i	 
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u
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h i
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u
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h i	 
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u
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h i
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. . .
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u
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u
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u
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u
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Step-2: Grow the normalized matrices for separate substitutes
employing the normalization rule:

F ďik
¼

F c
ďij

¼ δl
ďik
; δu

ďik

h i
; κl

ďik
; u
ďik

h i	 

n�m

cost type parameter

F ďij
¼ κl

ďik
; κu

ďik

h i
; δl

ďik
; δu

ďik

h i	 

n�m

benefit type parameter

8>><
>>:

Step-3: Compute the aggregated values employing the IVIFHSIWA
operator for each substitute.

Step-4: Analyze the score values for each substitute employing the
score function.

Step-5: Determine the most suitable alternative.

Step-6: Alternatives ranking.

4.2. Numerical example

The aspect of material assortment is specified as follows:
L = {d1 = Specific gravity = attaining data around the meditation

of resolutions of numerous materials, d2 = Toughness index,
d3 = Yield stress, d4 = Easily accessible}. The corresponding
sub-attributes of the considered parameters are as follows: Specific
gravity = attaining data around the meditation of resolutions of
numerous materials = d1 ={d11 = assess corporal variations,
d12 = govern the degree of regularity among tasters}, Toughness
index = d2 = {d21 = CharpyV−Notch Impact Energy, d22 = Plane
Strain Fracture Toughness}, Yield stress = d3 = {d31 = Yield
stress}, and Easily accessible = d4 = {d41 = Easily accessible}.
Let L 0 = d1 × d2 × d3 × d4 be a set of sub-attributes.

L 0 = d11; d21; d31d41ð Þ; d11; d22; d31; d41ð Þ;
12; d21; d31; d41ð Þ; d12; d22; d31; d41ð Þ

� �
, L 0 = {ď1, ď2, ď3, ď4}

be a set of sub-attributes with weights (0.3,0.1,0.2,0.4)T. Let {U1,U2,
U3, U4} be a group of specialists with weights (0.1, 0.2, 0.4, 0.3)T.
To judge the optimal substitute, professionals deliver their
predilections in IVIFHSNs from Zulqarnain et al. (2022).

4.2.1. By IVIFHSIWA operator

Step-1: The specialist’s estimation in the IVIFHSNs form for each
alternative is shown in Tables 1, 2, 3, and 4.

Table 1
Decision matrix for I1 in the form of IVIFHSN

ď1 ď2 ď3 ď4

U1 ([0.4,0.5],[0.2,0.5]) ([0.2,0.4],[0.5,0.6]) ([0.1,0.3],[0.2,0.5]) ([0.2,0.4],[0.2,0.6])
U2 ([0.2,0.4],[0.2,0.6]) ([0.1,0.3],[0.4,0.5]) ([0.2,0.3],[0.3,0.7]) ([0.2,0.4],[0.2,0.5])
U3 ([0.3,0.5],[0.1,0.4]) ([0.4,0.5],[0.2,0.4]) ([0.4,0.5],[0.3,0.4]) ([0.2,0.6],[0.2,0.4])
U4 ([0.4,0.6],[0.3,0.4]) ([0.1,0.3],[0.3,0.6]) ([0.3,0.4],[0.3,0.5]) ([0.3,0.4],[0.3,0.5])

Table 2
Decision matrix for I2 in the form of IVIFHSN

ď1 ď2 ď3 ď4

U1 ([0.3,0.4],[0.5,0.5]) ([0.2,0.4],[0.4,0.5]) ([0.2,0.4],[0.4,0.5]) ([0.4,0.5],[0.3,0.5])
U2 ([0.3,0.5],[0.3,0.4]) ([0.1,0.4],[0.4,0.5]) ([0.1,0.5],[0.3,0.4]) ([0.4,0.5],[0.3,0.4])
U3 ([0.2,0.6],[0.1,0.4]) ([0.1,0.2],[0.2,0.8]) ([0.4,0.5],[0.3,0.5]) ([0.3,0.6],[0.2,0.4])
U4 ([0.2,0.3],[0.3,0.6]) ([0.3,0.5],[0.1,0.4]) ([0.3,0.4],[0.2,0.6]) ([0.1,0.3],[0.3,0.6])

Table 3
Decision matrix for I3 in the form of IVIFHSN

ď1 ď2 ď3 ď4

U1 ([0.3,0.4],[0.2,0.5]) ([0.3,0.4],[0.4,0.6]) ([0.3,0.4],[0.4,0.5]) ([0.3,0.4],[0.3,0.6])
U2 ([0.4,0.6],[0.3,0.4]) ([0.2,0.5],[0.2,0.3]) ([0.3,0.5],[0.3,0.5]) ([0.2,0.6],[0.2,0.4])
U3 ([0.2,0.4],[0.3,0.5]) ([0.3,0.4],[0.3,0.6]) ([0.3,0.5],[0.3,0.4]) ([0.1,0.3],[0.4,0.5])
U4 ([0.3,0.6],[0.3,0.4]) ([0.3,0.5],[0.2,0.4]) ([0.2,0.5],[0.3,0.4]) ([0.3,0.4],[0.3,0.6])

Table 4
Decision matrix for I4 in the form of IVIFHSN

ď1 ď2 ď3 ď4

U1 ([0.3,0.5],[0.2,0.4]) ([0.2,0.6],[0.1,0.4]) ([0.2,0.5],[0.3,0.4]) ([0.3,0.4],[0.4,0.5])
U2 ([0.2,0.7],[0.1,0.3]) ([0.1,0.5],[0.4,0.5]) ([0.3,0.5],[0.4,0.5]) ([0.2,0.5],[0.3,0.4])
U3 ([0.2,0.5],[0.1,0.4]) ([0.2,0.5],[0.1,0.5]) ([0.2,0.4],[0.2,0.6]) ([0.3,0.5],[0.1,0.5])
U4 ([0.2,0.4],[0.5,0.5]) ([0.2,0.5],[0.2,0.4]) ([0.2,0.4],[0.3,0.6]) ([0.2,0.5],[0.4,0.5])
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Step-2: No need to normalize.

Step-3: Calculate the aggregated values for each alternate using the IVIFHSIWA operator.

Θ1 ¼
1� Q4

j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Q4
j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj � Q4

j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBB@

1
CCCCCA

¼ 0:4156; 0:4971½ �; 0:2415; 0:4173½ �ð Þ

Θ2 ¼
1� Q4

j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Q4
j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj � Q4

j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBB@

1
CCCCCA

¼ 0:2959; 0:5116½ �; 0:4446; 0:4753½ �ð Þ

Θ3 ¼
1� Q4

j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
ν

;

Q4
¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj � Q4

j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBB@

1
CCCCA

= ([0.5347,0.5756],[0.4719,0.4928]).

Θ4 ¼
1� Q4

j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj

;

Q4
j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� � �
ωi

 �
νj � Q4

j¼1

Q4
i¼1

1� κl
ďij
; κu

ďij

� �
� δl

ďij
; δu

ďij

� � �
ωi

 �
νj

0
BBBBB@

1
CCCCCA

= ([0.2956,0.6754],[0.3729,0.6935]).

Step-4: Applying the score function
S¼κl

ďk
þκu

ďk
þδl

ďk
þδu

ďk
4 to determine the

score values for all alternatives. S(Θ1)= 0.3929, S(Θ2)= 0.4319,
S(Θ3)= 0.5188, and S(Θ4)= 0.5094.

Step-5: From the above calculation, we get S(Θ3)> S(Θ4)>
S(Θ2)> S(Θ1), which shows that I3 is the best alternative.

Step-6: So, I3> I4> I2> I1 is the obtained ranking of alternatives.

5. Comparative Studies

To authenticate the practicality of the proposed procedure, an
assessment between the proposed model and the prevailing
methods is planned in the next section.

5.1. Supremacy of the proposed technique

The proposed method competently delivers realistic decisions
in the DM procedure. We introduced the MCGDM approach
using our developed IVIFHSIWA operator. Our plan MCGDM
technique provides the most subtle and precise information on
DM complications. The proposed model is multipurpose and
communicative, adapting to changing instability, commitment,
and productivity. Dissimilar replicas have particular classification
processes, so there is a straight change in the classification of

expected methods according to their expectations. This systematic
study and evaluation determined that the consequences attained
from the conventional method are erroneously equal to the
amalgam organization. In addition, due to some favorable
conditions, several composite configurations of FS such as IVFS,
IVIFS, and IVIFSS concentrate in IVIFHSS. It is easy to
syndicate insufficient and obscure data in the DM method. Data
about the matter can be described more accurately and rationally.
Therefore, our projected technique is extra proficient, meaningful,
superior, and enhanced than multiple mixed FS structures. Table 5
provides an analysis of the technique presented and the features of
some existing models.

5.2. Comparative analysis

To prove the utility of the planned process, we equate the attained
consequenceswith some prevailing approaches under IVPFS, IVIFSS,
and IVPFSS. A summary of all values is specified in Table 6. Xu and
Gou (2017) developed the IVIFWA operator that cannot compute the
parametrized values of the alternatives. Furthermore, if any expert
considers the MD and NMD whose sum exceeds 1, the
aforementioned AOs fail to accommodate the scenario. Zulqarnain
et al. (2021) established AOs for IVIFSS that cannot accommodate
the decision-makers selection when the sum of upper MD and NMD
parameters surpasses 1. It is detected that, in certain conditions, the
existing AOs provide some unattractive outcomes. So, to resolve
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such complications, we developed the AOs for IVIFHSS, which
capably deal with the multi-sub-attributes compared to existing AOs.
Thus, IVIFHSS is the most generalized form of IVIFSS. Hence,
based on the above-mentioned details, the anticipated operators in
this paper are more influential, consistent, and prosperous. A
comparison of the projected model with prevailing replicas is given
in the subsequent Table 6.

6. Conclusion

DM is a process for arranging and choosing rational preferences
from numerous substitutes. The most operational methodology in
DM is paying adjacent consideration and focusing on your
objectives. In manufacturing, the better stability of manipulation is
neutral; authoritative material and fabricated surround extensive
content. In a real DM, assessing alternative facts as told by a
professional is permanently incorrect, irregular, and impressive.
Therefore, IVIFHSNs can be used to match this uncertain data.
The main determination of this work is to extend the AO
for IVIFHSS. First, we introduced the interactional operational
laws for the IVIFHSS environment. By seeing the developed
operational laws, we introduced the IVIFHSIWA operator with its
fundamental properties. Also, a DM method is planned to deal
with the complications of MCGDM based on established
operators. To demonstrate the strength of the established method,
we present a comprehensive mathematical illustration for MS in
manufacturing engineering. Lastly, based on the results obtained,
it is resolute that the method proposed in this study is the most
concrete and operative one to resolve MCGDM obstacles
compared to existing techniques. Future studies highlight growing
DM approaches, such as Einstein’s hybrid AOs in the IVIFHSS
setting. Many other hybrid structures are topological structures,
Bonferroni mean AOs, hammy mean AOs, etc. We are confident
that these extensive growths and conjectures will support
considered professional consideration extents convoluted in the
world’s environment.
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