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Abstract: In this article, we design a mathematical SEQAIMR (susceptible, exposed, quarantined, asymptomatic, symptomatic, isolated,
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1. Introduction

The model formulation of infectious disease is the most
important tool to fathom of its epidemiological prototypes. It helps
us to take suitable measure to control its severity. Recently, it is a
great threat throughout the world from COVID-19. Coronavirus
disease is exponentially (Velavan & Meyer, 2020; Wu &
McGoogan, 2020) growing, and patients in main land China were
detected with COVID-19. The authority of China promptly
initiated the radical measure to control the outbreak (Chakraborty
& Ghosh, 2020; Chen et al., 2020; He et al., 2020; Kumar et al.,
2020; Nadim et al., 2021; Nesteruk, 2020; Tiwari, 2020; Wu et al.,
2020). In spite of radical measure, it is shaped an epidemic and
China became the epicenter. World Health Organization described
coronavirus as family of virus. Respiratory droplets and contact
transmission are the important way for transmission of
coronavirus. Its incubation period is 2-14 days (Yang & Wang,
2020). Generally, COVID-19 patients suffer from high fever, sneeze,
dry cough, tiredness, runny nose, and lung penetration. This infectious
disease is spread all over the world by human dynamism. India, USA,
and Europe become the epicenter of coronavirus. Shared surfaces are
a serious risky. Because the coronavirus may alive or it may remain
infectious from 2 h up to 1 week on different kind of metals such as
aluminum, metal, wood, silicon, steel, glass, rubber, and paper
(Kampf et al., 2020). Giordano et al. (2020) explained a mathematical
model for coronavirus disease and described the combining both strict
lockdown and testing can control the severity of infectious
coronavirus disease within human. Verity et al. (2020) explained a
model-based analysis. Khajanchi and Sarkar (2020) investigated the
transmission dynamics and forecasting SARS-CoV-2 virus for many
states on their mathematical model. Khajanchi et al. (2020) developed
a new mathematical model for describing the transmission dynamics
in different states in India. Pal et al. (2020) designed the SEQIR
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epidemic model. They used data-driven epidemiological parameter
for spreading in India (Pal et al., 2020). A SEIR model was discussed
by Read et al. (2021) on real data. They found basic reproduction
ratio 3.1 (Read et al., 2021). A SIR model was developed by Volpert
et al. (2020). They explained for restriction the increasing of
coronavirus disease through initiating firm quarantine procedure. The
mathematical model on infection kinetics was proposed by Liang
(2020). They analyzed for COVID-19, SARS, and MARS on his
research work.

In this work, we have explained SEQAIMR (susceptible,
exposed, quarantined, asymptomatic, symptomatic, isolated,
recovered) model in fuzzy environment. We have considered the
imprecise parameter as triangular fuzzy numbers (TFNs). These
TFNs are more easy to use, more intuitive, and helpful for raising
delegation and information processing in fuzzy nature. We have
defuzzified our proposed model using utility function method
(UFM). We use uncertainty for the associated parameters
uncertain to form more realistic model. So, we may use the
uncertain interval-valued parameter. It may help to inform
a real-world mathematical system. Zadeh (1965) first used the
uncertainty in his mathematical deduction. Panja et al. (2017)
used the fuzzy in his Cholera epidemic model. Researchers paid
attention to investigate their infectious disease models in
imprecise environments (Lahrouz et al., 2011; Imai et al., 2020;
Senapati et al., 2021; Das et al., 2022; Nandi et al., 2018; Cai
et al., 2017; Chang et al., 2017, Mahato et al., 2022). Verma et al.
(2019) wused uncertainty in his outbreak of Ebola virus
fuzzy epidemic model in Afiica. They assumed fuzzy value of
susceptible population and also reproduction number.

This article is organized as follows: We study some preliminaries
in Section 2. We investigate both the model calibration crisp model and
fuzzy model and their assumption in Section 3. Boundedness of the
system, equilibria, and stability analysis are performed in the
theoretical study portion in Section 4. Optimal control for COVID-
19 disease is described in Section 5. Some numerical examples are
represented in Section 6. Lastly, conclusions are presented in Section 7.
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2. Preliminaries

We introduce some preliminaries to develop the mathematical
model. Useful definitions are as follows:

2.1. Definition of fuzzy set

Assuming X is nonempty set. The set A in X is denoted by
ordered pair A° = {(x,M(x):x€X)}. The mapping
M(x): X —[0,1] is the membership function and M(x) is the
membership value of x in X of the fuzzy set A.

2.2. Definition of triangular fuzzy numbers (TFNs)

Based on the definition of triangular fuzzy numbers (TFNs)
from Mondal et al. (2015), the TFNs M is represented by
(c1, ¢, c3), where M(x) is defined as follows:

x—q
Q=0

ifo<x<q

1 ifx=q

— ife; <x<c

G0

0 otherwise

2.3. Definition of a cut of a fuzzy number

Based on the definition of « cut of a fuzzy number from Mondal
etal. (2015), a fuzzy set A in X is a mapping A: X — [0, 1], where X
is the nonempty set. A, represent the  cut of a fuzzy number A in X.
The set A, = {x € X : A(x) > «} is called « cut of A.

The a cut of a TEN M = (¢;, ¢,, ¢3) is closed and bounded inter-
val  [Mp(e), Mp(e)], where M;(a)=rc¢, +a(c; —¢;) and
Mpg(a) = ¢z — a(es — ¢;), where ae [0, 1].

2.4. Definition of utility function method

Based on the definition of the utility function method from
Panja et al. (2017), a utility function can be formed by w;h;(x),
for i-th objective. The total utility function is prescribed as follows:

U=SP whi(x), w;>0,i = 1,2,...... P subject to the condi-
tion S0 w; = 1.

where w; and h; denote the scalar and the relative value of the objec-
tive of utility function, respectively.

3. Model Calibration

Let the total population be N (). We divide the total population
into seven sub populations. They are namely susceptible (S(t)),
exposed (E(t)), quarantined (Q(t)), asymptomatic (A(t)), sympto-
matic (I(¢)), isolation (M(t)), and recovered (R(f)) population.
When the population is symptomatic infectious, they have been
transferred to the isolation ward. We have organized this work as
SEQAIMR model. For making this model more realistic, we have
supposed that d(> 0) is the natural death rate of all seven subpopu-
lation in India. We add another parameter /7(> 0) which is the rate
per unit time of net influx of susceptible individuals in the envi-
ronments.
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3.1. Crisp model

3.1.1. Dynamics of susceptible population: S(t)

We assume that /7 is the rate of recruiting individuals. The
parameter d represents natural death rate. Susceptible population
converted into quarantine individuals at rate ;. The susceptible pop-
ulation is sent to safe area for panic. So, we have the differential equa-
tion of the susceptible population:

ds
—=1I1—)SE— B,S—dS
T B

3.1.2. Dynamics of exposed population: E(t)

The parameter A is the increasing rate of exposed population by
the disease transmission between a susceptible population and infected
population. The parameter 8, is the decreasing rate of this population
for quarantine. The parameter d represents the natural mortality rate.
The exposed population becomes infected at the rate of r;. The equa-
tion of exposed population is controlled in the following way:

E
%z)\SEfr]EfﬂzEde

3.1.3. Dynamics of quarantine population: Q(t)

The disease transmission rate is very high during incubation
period of the virus. For this reason, the government advises for 14
days of quarantine to control the epidemic. Quarantine population
increases at rate 8; and $, from susceptible and exposed population
accordingly. This population reduces at rate r, and o, due to infected
population and recovery rate, respectively. The parameter d repre-
sents the natural death rate. Therefore, the quarantine population
is given as follows:

d
T = BiS+ o — 1aQ — 01Q ~ dQ

3.1.4. Dynamics of asymptomatic population: A(t)

There are no symptoms of COVID-19, but asymptomatic
individuals were irradiated to the virus. At arate y;, the exposed indi-
viduals converted to asymptomatic. The parameters o, and d are the
recovery rate and death rate of the asymptomatic population, respec-
tively. The equation of the asymptomatic population represents in the
following way:

dA

i VE — (03 +d)A

3.1.5. Dynamics of symptomatic population: I(t)

There are clinical symptoms of COVID-19 of the symptomatic
population. The isolation rate of symptomatic individuals is y,. The
parameter d represents the natural mortality rate and o5 is the recov-
ery rate of this population. The equation of the symptomatic popu-
lation is given below:
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dl
E:V1E+7’2Q*(03+V2+d)1

3.1.6. Dynamics of isolation population: M(t)

The parameter k is the rate from quarantine community to iso-
lated individuals and y, is the rate from symptomatic groups. The
healing rate of isolated individuals is o, and § is the disease incited
death rate and d presents natural mortality rate of this population.

daM
EE —kQ 4yl — (6404 + dM

dt
3.1.7. Dynamics of recovered population: R(t)

The parameters o, 0,, 03, 0, represent the rate of heal from
quarantine, asymptomatic, symptomatic, and isolated population,

respectively.

dR

EZO‘IQ+0‘2A+U3I+U4M7dR

With the help of above consideration, we have got the following

dynamical system:

ds
D ASE—B,S—
= SE — B,S — dS
dE
o = ME—niE— BE — dE
daQ
E:.Bls+ﬁ2E_rZQ_O‘IQ_dQ
dA
EzylE—(Uz“'d)A
dl
E:r1E+r2Q7(a3+y2+d)I
dM

Figure 1
SEQAIMR model diagram

Q

|

M

/

dR
—:UIQ+02A+O'3I+O'4M_dR

dt

e

Initially, the state variables are positive. Figure 1 represents the
compartment diagram.

3.2. Fuzzy model

In this subsection, using the fuzzy set theory we extend the crisp
model (1) with the help of imprecise biological parameters. Then the
crisp model (1) reduces the following form:

ds

dt

ASE — B,S —ds

dE -~ B ~ ~
= MSE—RE— p,E — dE

aQ ~ ~ ~ ~ ~

E:ﬂlsJﬂBzE*"zQ*UlQ*dQ
A~
ﬁ:ylEfO‘zAfdA

a . o
E:71E+T2Q—(V2+03+d)l

i s
—dt:kQ+y21—(8+a4+d)M

dR
=0,Q+0,A+ 031 +0,M —dR 2)

dt

We have to find the solution of the system (2)

dx|  [[dx\* [dx\*®
at|, |\dt); \dt).|
We get the solution of the system (2) in the following way:

(§>i: (IT)* — (Ag)*SE — (B1,)*S — (dg)"S

(ﬁ)“: (ITR)* — (AL)*SE — (By,)S — (dp)*S

(A)*SE = (r1,)*E — (Ba,)“E — (dp)“E

(d—E)“: ()¥SE — (1, J°E — (8o, )°E — (d,)°E

(%?)i: (B1)*S + (Bo)*E = (12,)*Q = (0,)°Q = (kn)*Q — (d)*Q

<%?>a: (B1,)"S + (B2)“E = (r2,)*Q = (00,)"Q = (k1)*Q ~ (d1)*Q
R

(24)= ()78 - (o274 ~ (e

(%)= ()8 - (o )4 - (@
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dr\«
(7)L: (r1,)*E + (r2,)*Q = [(r2,)* + (03,) + (dp)*]1 dd—At/I =bs1Q + beyl — bssM
dare«_ o d ) dR
@) = ) B () Q= [(72)* o+ (03,) + ()1 S = bnQ e boA 4 byl + by M — bR 5)
dM)“_ p « « b « h by, = wi(IT)* + wy(ITR)% b —w()»)-‘rw()»)“'
il (kp)*Q+ (v2,)°I — [(8p)* + (o + (dp)¥|M where, 11 Uy 2R 12 1\AR 2\AL)S
( t/L ' ( ’ ) [ ! ( ) ) i } bz = w [(.BIR) +(dg) ]+W2[(ﬂ1L) L by = wy(Ap)*+
AM\ @ wy(AR)%; by = Wl[(”l )* + (B, )a+ (dp)* ]+W2[(71L) +
(7)R (kR)aQ + ()/ZR)O[I - I:((SL) + (041_) (dL)a:I (ﬁZL )ot + (dL)a]; b31 =W (/31,_) + W, (ﬂlk) b32 =W (,321_)
+w, (/32R)Q§

= (011.)aQ + (021,)0(A + (0_311)01[ + <U4I.)aM - (dR)aR

= (01,)*Q+ (0,)*A + (03,)°1 + (04,)*M — (d)*R.

3)

3.3. Defuzzified model

Using UFM, we have defuzzified the fuzzy model. The fuzzy
model is reduced in the following forms:

R (Y o, (R (4)
ar -~ "\ar ), "\ ),

Here, w; and w, are two weight functions. They satisfy the conditions
w; +w, =1and w; >0 and w, > 0.

Equation (4) can be written as follows:

ds

E:bn_

dE
dt

dQ
dr

= by, SE — by,E

= b3S+ by E — b33Q

dA

E = b41E - b42A

dl

ai bs E + b5, Q — bs1
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bss = wi[(r2,)*+ (01,)% + (kp)* + (dr)*] + wa[(ry) )* + (03, )*+
(kp)* + (dL)*]s by =wm (J’lL)a+ Wy (le)a; by, = w, [(VlR)a+

(dp)* ]+ WZ[(VlL)a + (d)*); bsy = wy ("1L)a +w, (r1R>a§ bs, =
w1 (rzl.)a tw, (rzk)a; w1 [(VZR)u + (0_3R)a + (dR)a] +

[()’2 ) (U3L) + (dn)*],
b1 = wi(kp)® + wy(kr)*s ber = wi (VZL) + w, (VzR)
wi[(8r)+ (04 )* + (dr)*] +wy [(81)% + (04, )* + }
wi (0,)" + W2(011<)a’ by =w(0y,)" + w2(azk)"‘; b73 =
wi (03 +wy (UsR)a) by = w, (U4L) + W2(04R)a§ b5 =
Wl(dR) + wy(dp)®.

bs3 =

4. Theoretical Study of the Model
In this section, we have discussed the nature of the system.

4.1. Boundedness of the system

Theorem 1: The system (5) is entirely bounded if the condition
¥ = min {(b;s — b31), (b — bz — by — bs1), (bsz — bs—
be1); (bss —bey), bi,bgs}, and by >by, are  satisfied.

Proof: Let us consider auxiliary function

F=S+E+Q+A+I+ M
Differentiating with respect to ¢ both sides, we derive

dF _dS dE_dQ dA_ dI dy
dt — dt dt  dt  dr ' dt dt

% +YF = byy + (by — biy)SE + (bsy — bys + ¥)S + (b + by +
bsy — by + V)E + (bsy + bg — b3z + ¥)Q + (—by + V)A + (b
—bss + Y)I + (¥ — b )M= byy + (by — byp)SE+{ — b3 + b3 }
S+{Y — (bp—bs — by —bs))}E+ {¢¥— (bss — bs; — bs)}Q +
(¥ = byp)A +{¥ — (bsz — be))I + (¥ — b )M }.

bs1), (b — by — by —
by, be3} and by > byy,

Choosing ¢ = min {(by; —
bsy — be1), (bss — bea),

b51)7 (b337

We get E 4 WF < by,.
The solution of the equation is F < % + eVt

Therefore, F < ﬁ as t— oo.
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E by, SE
Consequently, we can conclude S(t) < % , E(t) < b—]/‘/‘, Q(t) < Q 0
bll bll hll hll A 0
i Al <Y v 0 <% where,v=| I |;¢(v)= 0
We put the value of Q(¢), A(¢), I(t), M(¢) in the system (5) Alg g
S 0
drR b
== < = (byy + by + byy + byy) — bysR
a — ¢ b E
22
dR by —b31S — bpE + b33Q
T +b75R < v (by1 + by + bz + byy) —byE+byuA

The solution of the above inequality is given by
b
R(t) S % (b71 + b72 + b73 + b74) + C267h75t.

When ¢ tends to oo, the solution becomes R(t) < %‘(bn +b,, +
bss +bs4).

Hence, we have concluded that the solution of the system (5)
becomes bounded under the conditions ¥ = min {(b;3 — b3),

(b — b3y — by — bs1), (bsz —bsy — be1), (bs3 — bey), baz, bes}
and by, > by,.
4.2. Equilibria
The following equation gives the equilibrium points.
by —bSE—b138=0
by, SE — by, E =0
b3S+ bpE — b3;3Q =10
byE—bpA=0
bsiE +b5,Q — bs31 =0
bs1Q + bgyI — besM =0

b71Q + by A + byl + byM — by;sR =10

steady state is denoted by
EIO(SO, EO, QO,AO,IO,MO,RO) - ( @—370,0,070,0,0)

(b) The endemic equilibrium is E,* = (S*, E*, Q*, A*, I*, M*,R¥)

(a) Infection-free

Qx:b31h22b12b22+b32b21(hllhzl 7b13b22)
b12h21h22b33 b Q*+b I ’
, M* — 26l - 62 X

where, $* = 2#7 E = b11by —bi3by,

2bn ,

I = b5 E"+b5,Q
- bs3

21

Af = by (b11 b1 —bi3by)
byrb1yby

R* = by Q" +byp A by I by M*

- bys :

5

4.3. Basic reproduction number (R,)

With the help of the next generation matrix method (van den
Driessche & Watmough, 2002), we calculate the basic
reproduction number. From the system (5), we have

Y o)~ )

and x(v) = —b51E — b5,Q + bssl

—b61Q — byl + bz M
—b71Q — by A — byl — byyM + bysR
_bn + bIZSE + b13S

Now, we analyze the Jacobian matrix of ¢ and y at E,°

bllbzl 0
](</>|E.o> = (5 8) where, F = | "
0 0

_ (V2 K _( b 0,
() - (2 5) e e (2,

0000 ©
Kl_(o 0 00 fbﬂ)’

—by; 0 by, 0 0 0 0
—bs;  —bs, 0 bs3 0 0 0
K, = 0 —be; 0 s Ks= | —bey  bes 0 0
buohn —b; —bp —b; —by b; 0
by 0 0 0 0 0 by
biby

Now, we derive Ry = FV, ' =

13922

Therefore,

R, = (w1 (111) +wy (I )] [ w1 (0 )* 4w (Ar)]
s =

Ll (B )+ Trma (B, ) () THom [ (e ) (B )"+ (o ()4 (B2 )+ )] } 7

4.4. Stability analysis

In this section, two feasible steady states of SEQAIMR model
are investigated. The equilibrium points in steady states are stable
or unstable the conditions represented in the following theorems.

Theorem 2: Under the condition Ry < 1 and R, > 1, the infection-
free equilibrium E,of the system (5) is locally asymptotically stable

and unstable, respectively.

Proof: At the infection-free equilibrium point (E,°), we get

—b; - 0 0 0 0 0
0 kb o o o 0 0
by, by, —by 0 0 0 0
Jeo=1| o by, 0 —by, O 0 0
0 bs, b, 0 —bs; O 0
0 0 b 0 by —bg O
0 0 b71 b72 b73 b74 _b75
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The five negative eigenvalues of the matrix are —bs3, —by,, —bss,

—bgs, and —b;s. The quadratic equation x> + g,x + g, = 0 repre-

bllbll 7b13b22

sents  other  eigenvalues, where g = b3 + A,

& = bizbyy — byybyy = bisby(1—Ry).

Here, all the involved model parameter values are
negative: —by3 < 0, —by, <0, —bs3 <0, —bg; <0, —bys <O.
If,g, >0, g, > 0,and g? — 4g, < 0, the roots of quadratic equation
are negative. Therefore, we have (1 — Ry) > 0orRy < 1.IfR; < 1,
the infection-free equilibrium E,° is locally asymptotically stable
and unstable if Ry > 1.

Theorem 3: Under the condition Ry < 1, the infection-free equilib-
rium E;° of the system (5) is globally asymptotically stable.

Proof: We rewrite the system (5) as

au
E - LI(U7 V)
‘Z—‘: =L,(U,V), Ly(U,0)=0

where U = (S, R) € R?, which represents the number of uninfected
populations, V = (E, Q,A,I, M) € R®, which represent the number
ofinfected populations. We represent infection-free equilibrium point

E° = (’;— ,0,0,0,0,0, o) of the system (5). The global stability of the

infection-free equilibrium is maintained by two conditions (i) and (ii).

(i) If4Y = L, (U, 0), U° becomes the globally asymptotically stable

(i) If Ly(U,V) >0 for (U, V) €, then L,(U,V)=BV—
L, (U, V).

where B= D,L,(U°,0) has non-negative off-diagonal elements.

With the help of Castillo-Chavez and Song (2004), we define the
system (5), L (U,0) = (b“ —0b138)

by—by 0 0 0 0
by,  —by 0 0 0
B = by 0 by, O 0
bSl b52 0 _b53 0
0 b61 0 bGZ - b63

by —by 0 0 0 0 E by,SE

b, —bs; 0 0 0 Q by S
BV — L,*(U,V) = by 0 —by O 0 Al=-| o
bs, b, 0 —bs; O I 0
0 bg 0 by —bg) \M 0

L,*(U, V) > 0 when the state variables are in the region 2. B illus-
trates the Metzler matrix. Therefore, both the conditions (i) and (ii)
are satisfied. Hence, the proof is completed.

Theorem 4: If all Of Ai(A17 Az, 1437 A47 1457 A6) and
I, 5,04, s are positive, then the system (5) becomes locally
asymptotically stable at E;*.

Proof: At E;*, the equation becomes

48

— (x4 bys)(x® + A1x® + Ayxt + Azx® + Agx + A5) =0

where A, = by + by, + bys + by, + bsy + bgs — by S* + by, E* + byyby S'E*

Ay = (b — by 8*)(bis + bioE") + (bys 4 b E* + by, — by, S7)
(b33 + by + bs3 + bes) + b3sbay + bs3bes + (bss + bay) (bs3
+bg3) + b1ybyy S'E* (D33 + byy + bsz + by + bz + by EF)

Az = (b3 + bE* + by — byS")[(b33+ baz) (bss + bes) + bysby +
bssbes] + (b33 + bay)bssbes+ bazbar(bss + bes) + biaby S°E* [(by3+
by E*) (b3 + bay + bss + bes) + (basbys + bssbes + (baz + byz)

(bss + be3)

Ay = bysbyybssbes + (bys + biE" + by — by 8*){(bs3 + bay)
bs3bgs + bi3byp(bss + bes) } + bazbaybssbes + biaby SE*{(by3+
by E* ) (b33bay (b33 + byy)(bss + bes) + bssbes) + [ (baz + ban)+
bssbest+ bssbay(bss + bes)]}

As = (bis + bE* 4 byy — by S* + 1)by3byybssbes + (bis+ biE*)
(byy — b215") (b33 + baz)bs3bes + (bss + bes)b3sban+
b12by1 S'E* {(b13 + binE*)[(b33 + baz)bssbes + (b33b4) (bss + be3)]

Ag = b3sbybssbes{ (13 + b12E*)(byy — 031 S*)} + bipby S'E
(bys + bE").

We define the following terms:

=4, Ih=AA,—A; T3=4A4AA; - A12A4 - Asz +A14;5

[y = AgA?A;, — A2A2 — AJAYAg + A A AR A, — AGA A+
24, A4As + AyAzAs — AJPA, — As?

s = —APAZ + 242 A,AAg + A PAA Ay — APAAs—
AjAY AP — AJA A A + AjA AL ALAS

—3A,A3A5A6 + 2A1A4A52 + A2A3A52 + A33A6 — A32A4A5 — A53.

Applying the Routh Hurwitz criteria, the system (5) becomes
locally asymptotically stable at E;* under the conditions
Ai(i=1,2,3,4,56) > 0and T;(i = 1,2,3,4,5,6) > 0.

Theorem 5: Under the condition Y, = by uy— by, + byz — byy +
min[by u;+ by + byy] + min| bz + uy(by — byy), byp] >0, the
endemic equilibrium E;* of the system (5) will be globally asymptoti-
cally stable.

Proof: From (5), we choose a subsystem

ds
E — hll - blZSE - b13S
dE
E — bZISE - bZZE
d
Q = b3S+ by, E — b33Q (6)

dt

The system (6) is written as follows

—bE—b;3 —bS 0
M= by E —b,, 0
bs, bs, —bss

With the help of Buonomo et al. (2008), we have the second additive
compound matrix as follows
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_ S
—bE — b3 — by 0 0 ie. R(L) < 5 /% 9)
M2 = bs, —bpE —by3 — by —b,S
_b31 bZIE _bZZ - b33

Let us assume the function

S S S
D(S, E, Q) = diag{E,E,E}

D= Gag (S_SE S_SE S _SE
T =ox” “\EEBE B E E)
It gives us DD'= diag G-%£,5-%£5-5) and

pjlaAp = jl,
Then, we get L = D,D~' + DjlID = (Ln L1z)
, ! L21 L22

where, Lj; =% —£ — (b,E+bi3+by), L =(0,0), Ly =
(b3, — bsy)"

L, = (% — & = (bE + bz + bss)

by E %— Ef — (byy + b33)

We consider the norm in R® as |( x, y,z)| = max { |x|, |y +z|}
where (x, y, z) any vector in R® and represented by R.
Therefore,

R(L) < sup{ry, 1} = sup{R(Ly;) + |L1o|, R(Ly,) + L] } (7)

where, |L,| and |L,; | represent matrix norms according to R norms.
Thus

hy = R(Lu) + |L12‘
where, R(L;;) = % - % — (bE+byz +by) and [Lj;| =0
We have r = % — % — (ble + b13 =+ bzz)
and r, = &R(Ly,;) + |Ly|
S E )
=S E bys + by, — min{by; + E(by — byy), by} (8)
We have E = b,;SE — by,E
E
— = by S — by,.
£ 21 2
Substituting the value of EE in (8) and there exist #; > 0 such that
U = inf{S(t), E(t)7 Q(t)}
We getr; = % = byyuy + byy — (bpuy +by3 + by, )
S )
ry = 3 byruy + by, — byz + byy — min{byz + uy(by — b)), by}
R(L) S Sup{rh L5} }
S )
< 5 byyy + by, — bz + by — min{(bypuy + b3 + by)}

—min{bys + uy(by — byy), brn}

where, ¥, = byjuy — byy+ b3z — by +min {(bpu; + biz+byp) }+
min{by; 4 u; (by — b1p), by }

Integrating both sides, we have

tlimsup sup 1§ R(L )ds < —yr, <0 if y, > 0.

Hence, we can say that (S*, E*, Q") will be globally asymptotically
stable if ¢, > 0. Now the remaining part of the system (5) is as follows:

dA

E — b41E - b42A
dl
a bsiE + b5, Q — bs;1
aMm
I bs1Q + berl — bssM
t
dR
P b71Q + by A + byl + byyM — bysR (10)
Its limit system becomes
dA .
E = by E" — by A ]
dl
ai bsi E* + b5, Q" — bs3I* (id)
t
dM
o b1 Q" + berI* — bgsM* (iii)
dR N .
T b;1Q* 4+ by A* + bysI* + b,yM* — bsR (iv)

d

From (i), the solution is

b
A(0) e bt 4 2LEr _ b, e but B
42

At) =

This implies A(t) — {2E* = A*ast — oo.

1(0) e*b53t+ bs E"+b5,Q"

53

The equation (ii) gives us I(t) =
(bs1E* 4 b5, Q" e bt

It indicates I(t) — bf”lph;:”@ =TI"ast— o0.

In similar way from (iii) and (iv) it follows, M(t) — M* and
R(t) — R* when ¢ tends to co.

Hence, the system (6) will be globally asymptotically stable at E;*.
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5. Optimal Control Analysis

We discuss that how proper control policy diminishes the
disease from the population. So, the precautionary measures such
as maintaining social distance and use of face mask in mass
gathering area are important factors to diminish the spread of
disease. We take the incurred cost that needs to minimize by
applying control intervention. Using the maximum principle from
Pontryagin et al. (1962), the objective functional can be
represented as
Tl

(

L, = min, J koI + ki + kyvy2)dt

0

with subject to the condition

d
d—f:H—(l—vl)ASE—,BIS—dS—sz
E
% = (1 — v )ASE—r,E — B,E — dE
daQ
E:ms"‘ﬁzE—sz—(ﬁQ—dQ
dA
i NE— (o3 +d)A
dl
EZT1E+72Q—(U3+ )/2+d)I
dM
dR
E:vzs—i— 0,Q+ 0,A+ 031+ o.M — dR (11)

with §(0) >0, E(0) >0, Q(0) >0, A(0) >0, I(0) > 0,M(0)
>0, R(0) > 0. Let, the constant k, represents the per capita loss
due to the presence of infected population at any instants. The control
parameter v, is considered as the precautionary measure (like maintain-
ing social distance, use of face mask in mass gathering) and v, as the
protective measure (like maintaining suitable hygiene, staying in
isolation) for the susceptible population. k, and k; are the weighted
functions of v; and v, respectively and k,, k,, k; are positive constants
intime interval [0, T}]. The area of the control intervention v, (£), v, (¢)
is given as follows:

¥ ={(n(1), »(0) : (), v()) €[0,1] x[0,1], t€ [0, T,]}.

where the control parameters v, (t), v,(t) are measurable and
bounded function for ¢ € [0, T,]. When people take a full violation
of precautionary measures (like social distance), then v, (t) takes low-
est value which is 0. When people take full maintaining the precau-
tionary measure then v, (t) takes highest value which is 1. In other
situation, the control variable is in v (t) € (0, 1). v,(t) represents
as control policy which is due to protective measure susceptible pop-
ulation directly moves to recovered population. From beginning it
satisfies 0 < v, (t) < 1.

Theorem 6: In the region ¥ = {(v,(t), v,(t)) : (v, (1), » (1)) €
[0,1]x [0,1], t € [0,T,]} the optimal control intervention (v;, v3)
which minimizes L; is given by v{ = max{ 0, min(¥;, 1)} and
(TZ*ZTleLSE, 7y = (n—1)8

27T 2k

v5 = max{ 0, min(¥,, 1)} where ¥, = - :

50

Proof: The Lagrangian of the problem is given by L, = k;I+
k,vi2 4 k3v,2. Let us define the Hamiltonian function as H(S, E,
Q,A, I, M, R, vi,v,,7) = L,(I, v, v,)+ t1§+ rz%Jr 13’2—?+
r4‘fi—‘?+ 15%+t6‘f1—1‘f+17’§—$. Here, 7 = (11, T3, T3, T4, Ts5,Ts, T7)
are all adjoint variables. According to the maximum principle from
Pontryagin etal. (1962), the cost functional may be minimized by the
minimized Hamiltonian. We can compute the Hamiltonian by solv-
ing the following equations

%:7%:f1{<17v1)/\5+ﬁ1+d+v2}fr2(17v1)/\E7r3ﬂ1ffm
%:—Z—I;I:rl(l—vl)AS—TZ{(l—V1))»S—(T1+ﬁz+d)}—fsﬁz_747’l_TS"I
% = _% = 13(r,+o, +d) — w51, — 16k — 7,0,

%: —g—i]: 7,(d + 03) — 170,

% - ,% = —k; + 15(yy + 03+ d) — 16y, — 1,03
% =16(8 + 04 +d) — 1704

%: T,d (12)

The differential equation satisfies the transversality conditions
7(T,) =0, i=1,2, 3, 4,5 6, 7. From the optimality condi-
tions, we derive

OH

5, =0 and % = 0 at the point v, = ¥ and v, = ¥,, respectively.

The variables v, and v, take the following values

(ty — 11)ASE

(t; — ;)

andv, =V, = *
3

vy =V =
The lower bound and upper bound of two controls are 0 and 1
respectively. Therefore, we have vi =0 if ) <0 and vj =1 if
vy > 1, otherwise vj = ¥;. Similar results hold for other control

parameter v,. Hence, the optimal value of the functional L, for the
pair of control (vi, v4) is drawn.

6. Numerical Results

In this section, we study the theoretical results and explain
through some graphical representation.

Result 1: Let us assume the values of the parameters
I=(6,810), A =(28x1075, 3.8x 1075, 4.8x107%),

B = (0.35,0.45,0.55), B, = (0.1,0.2,0.3), 7 = (0.01,0.02,
0.03), 7, = (0.5,0.6,0.7), &; = (0.005,0.006,0.007), 6, = (0.034,
0.044,0.054), 7, = (0.275,0.276,0.277), 7, = (0.44,0.45,0.46),
&3 = (0.001,0.0011,0.0012), &, = (0.85,0.86,0.87), k= (0.95,
0.96,0.97), &= (0.01,0.02,0.03), d=(0.97,0.98,0.99) at
o= 0.1,w, =02, w, =0.8.
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We choose above hypothetical data of all biological parameters.
Figure 2 has been drawn. We have infection free equilibrium point
E° = (6.627,0,0,0,0,0,0). Therefore, the system (5) becomes
asymptotically stable at E,°.

Figure 2
Population trajectories of infection-free equilibrium point

U U T T T T T
=&~ §{t)-susceptible

3 —o—E(t)-exposed
=6~ Qt)-quarantine

~o— A[t]-asymptomatic
0] = l{t}-isolation
Mit}-symptomatic
50 —&—Rit)-recovered

Population

Result 2: Let /7 = (2000000, 2000010, 2000020), 7 =
(.00000028, .00000038, .00000048)

By = (0.35,0.45,0.55), B, = (0.1,0.2,0.3), 7, = (0.01,0.02,0.03),
7 = (0.5, 0.6, 0.7), @ = (0.001,0.0011,0.0012), @; = (0.85,
0.86,0.87), k = (0.95, 0.96, 0.97), 8 = (0.01,0.02,0.03), d =
(0.17,0.18,0.19) ata = 0.1, w; = 0.2, w, = 0.8.

It is seen that A} = A, >0, A, = AA, —A; >0, A;=AA,
Ay —APAL — A2 FAAs >0 Ay = AGAPA, — APA2 — AA?
As + A A A A, — AGA Ay + 2AA4As + AyA A — AJPA, —

As? > 0.

As = —APAZ + 24,2 A,A5Aq + A 2A A A — A 2AL2A—
AA2A? — ALA A Ag + A AL A AL As — 3A A3 AsAq + 2A, A,
As? + Ay AsAs? + A3 Ag — As2AAs — A > 0.

So, the system (5) is locally asymptotically stable around
E,*(106795.58, 5878412.65, 894184.78,
6143674.35, 1094051.45, 1242804.36, 36477129.37).

Figure 3 represents the population trajectories for the endemic
equilibrium points. We consider the above data set for Figure 4
with the help of fixed @ = 0.1. From these figures, it is seen that
the weight w; increases and w, decreases and then the level of
equilibrium of susceptible population increases gradually and
recovered population gradually increases (from Figure 4(a),
(b)). The rest of the figure indicates this population decreases
gradually in the environment. This figure represents that exposed
population and asymptomatic population in our environment
increase gradually and other population decreases.

We use the above same set of parametric values for Figure 5.
With the help of different values of o and fixed values for for
w; = 0.3, w, = 0.7. Figure 5 has been drawn. In the figure, deep

Figure 3
The population trajectories of endemic equilibrium point

—8— S{t-susceptible b
—o— E{t)-exposed
= Qit-quarantine
o Altj-asymptomatic |
——|[f}-sclation
Mitsymptomatic | =
—o— R{t}-recovered

Population
"
i~
T

blue line indicates susceptible population, green line indicates
exposed population, red line indicates quarantine population, sky
blue line indicates asymptomatic population, purple line indicates
isolation population, yellow line indicates symptomatic population,
and black line indicates recovered population. From these figures, it
is concluded that all the population decreases gradually as the value
of o increases. It is concluded that all the population of the environ-
ment depends on the imprecise biological parameters.

We have taken the fixeda =0.1, w; = 0.5, w, = 0.5 for same
set of parametric values to draw Figure 6. We plot the phase portrait
between different populations. From this figure, it is concluded that
all the population is dominated by the imprecise nature of
parameter.

We represent the profiles of population for the control variables
vy =0.3,v, =0.0; v; =0.0,v, =0.3;v; = 0.0, v, = 0.0 (without
control); v; = 0.3, v, = 0.3 (with control) in Figure 7. For without
control variables the susceptible individual is immensely increased
in 1020 days and then suddenly decreased. In these figures, we
observe that the susceptible population is highly increased for
20-30 days and then decreased and a fixed line after 40 days for
v, = 0.3, v, = 0.0. The susceptible population is maximum between
5 and 15 days for v; = 0.0, v, = 0.3 and then gradually decreases.
For with control variables, the population is maximum in 5 days
and it is fixed line between 5 days to 55 days and then gradually
decreases. So the susceptible individual is greatly influenced by
the change of control variables. For without control variables, the
exposed population is progressively increased and it is a fixed line
after 30 days. From the figure, it is seen that the exposed population
is gradually increased and it is a fixed line after 40 days. We have a
significant change for v; = 0.3,v, = 0.0 and v; = 0.0, v, = 0.3. If
both control variables are applied, then the population is gradually
increased after 50 days. For without control variables, the quarantine
population is highly increased in 10-20 days and with control var-
iables it is less increase than without control variables. We have
shown that a significant change for exposed population and asymp-
tomatic population can be arisen for the change of control variables.
A meaningful change is observed between isolated and symptomatic
population for the variation of control variables. For the effect of
without control and with control, we have seen that the recovered
population is less enough between them. The recovered population
is a fixed line from 20 days to 55 days and then slightly decreased
using control variables v; = 0.3, v, = 0.3. A significant deflection
is shown for v, = 0.3,v, = 0.0 and v; = 0.0, v, = 0.3.
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Figure 4
Population trajectories for different values of w, and w, and fixed value of « = 0.1
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Figure 5

Population trajectories for different values of o
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Figure 6
Plotting of phase portrait for « =0.1 and w; = 0.5, w, = 0.5 (a) susceptible versus exposed, (b) susceptible versus
symptomatic, (c) susceptible versus recovered, (d) quarantine versus isolated, (¢) asymptomatic versus symptomatic,
(f) exposed versus recovered, (g) quarantine versus recovered, and (h) symptomatic versus recovered
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Figure 7
Population trajectories with both control and without control variables
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7. Conclusions

During this pandemic situation, prediction mathematical model is
the most important tool for sketching the technique to control
coronavirus disease. In this article, we have analyzed a newly
developed epidemic SEQAIMR model. In the fuzzy model, all the
biological parameters considered as imprecise parameters due to
natural disaster (like earthquake, flood, wildfires, etc.) and human
activity (like financial crisis) change continuously the value of the
parameters. Assuming the total population is divided into seven
subpopulations such as  susceptible, exposed, quarantine,
asymptomatic, symptomatic, isolation, recovered. We have explained
the stability analysis of the fuzzy coronavirus disease model. We
have determined the basic reproduction number (R,) (Diekmann
et al.,, 1990). We have described that the infection-free equilibrium of
the system will be locally asymptotically stable and globally asymptoti-
cally stable for Ry < 1. The global asymptotically stability around the
endemic equilibrium point has been analyzed in our work. All biological
parameters are treated as imprecise nature. We have performed the
infection-free equilibrium and endemic equilibrium point by graphical
representation in our numerical simulation part. The figures are drawn
for fixed value a. The significant change of the population trajectories is
shown for weighted w;, w,. From this figure, we have concluded that
imprecise biological parameters can affect the population. Lastly pop-
ulation trajectories with control and without control are adopted by
graphically representation. The disease load can be condensed by con-
trol interventions. Therefore, we hope that our model can be used to
develop the biological field. One may improve the epidemic model with
the use of stochastic, fuzzy and intuitionistic fuzzy uncertainty.
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