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Abstract: In this work, ambiguity and unclarity are coped with the effective tools of picture fuzzy sets (PFSs), especially where the conditions
demand simulation of various dimensions for evaluation, for example, decision making. PFS requires operators to measure the coordination of
two PFSs. As far as this article is concerned, we bring new operators to PFSs with an application, validating this as the generalization of the
concept of fuzzy sets and intuitionistic fuzzy sets. The hybrid structure of PFSs has been incorporated with other operators to develop picture
fuzzy Dombi Hamy mean operator, picture fuzzy weighted Dombi Hamy mean operator, picture fuzzy Dombi dual Hamy mean operator, and
picture fuzzy weighted Dombi dual Hamy mean operator. Further, the properties such as idempotency, monotonicity, boundedness, and
commutativity related to each proposed operator have been discussed. By using these operators, the multiple attribute group decision-
making methods are proposed. Moreover, we have explained the application by providing an example of a car supplier. The results are
concluded by selecting the best car on the basis of attributes such as quality, production, service efficiency, and risk factors using
operators defined on PFSs. A comparative study is also conducted to study the significance of the developed work.
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1. Introduction

In various parts of life, in order to cope with several issues like
machine learning, multi-attribute decision making (MADM), and
multiple attribute group decision making (MAGDM), it is necessary
to compare things. MAGDM is the important for the deciding
science whose objective is to get the best choice from a group of
similar choices. Originally, MAGDM needs to evaluate the alternate
options by many other categories, for example, single, span, and like
for the objective of the evaluation. But as may be, in various other
conditions it is commonly the effort of leading for MAGDM in a
new manner. To deal with the above-said problems, there are many
ways, but when the data are in fuzzy form, the operators are found
outstanding. The under consideration article for the most part is
related to the picture fuzzy (PF) operators as it is the generalized
production of the fuzzy sets (FSs) and intuitionistic fuzzy sets (IFSs).
Therefore, it is appropriate to mention the pioneers and recent studies
in terms of the development and applications of FS and IFS.

There is plenty of unclear, ambiguous, and unstable data in real
life. To handle such a situation, Zadeh [1] introduced FS, in which
each element of uncertainty is assigned with a membership grade
(MG) denoted as t. Just the MG is taken in the FSs and a one-minus
gradation is taken as a non-membership grade (NMG).
So, it is sure to find the NMG by taking into consideration the MG.

Nonetheless, in practical life, one is not sure regarding
the NMG owing to the knowledge of MG. In such circumstances, it
is recommended that there should be a free NMG function. To cope
with the situation, Atanassov [2] developed the idea of IFS, in which
each element is assigned with MG as well as NMG denoted as f,
with the condition 0 � t þ f � 1. The IF and interval-valued parame-
terized soft set theory and its decision have been studied in Deli and
Çağman [3] as well as Deli and Karataş [4]. Some similarity measures
for IFSs are developed in Deli and Çağman [5]. IFS is widely used in
MADM [6–11].

An IF has not been able to deliver in some cases. For example, if a
person is given t ¼ 0:7 and f ¼ 0:5, in such condition, IFS will be
unable to manage the situation, that is, t þ f ¼ 0:7þ 0:5
¼ 1:2=2 0; 1½ �. In such situation, IFS has not been kept in mind. In the
same way, some problems were faced in real-life matters where the
IFS has also deviated. Because of these limitations of the IFS, Yager
[12] as well as Yager and Abbasov [13] initiated the system of
Pythagorean FSs, containing both functions t and f with the condition
0 � t2 þ f 2 � 1, extending the space of IFSs. In IF theory, lots of
contributions have been done. Keeping that in mind nowadays,
MADMplaysavital role indecision theory. Intuitionistic fuzzyentropy
is developed in Burillo and Bustince [14]. ForMAGDM, the intuition-
istic preference relations are developed byXu [15]. Some induced cor-
related aggregating operators with intuitionistic fuzzy numbers (IFNs)
proposed in Wei and Zhao [16]. Some Einstein hybrid aggregation
operators are developed in Zhao and Wei [17]. The generalized
interactive geometric interaction operators are developed by Garg [18].
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With IFNs, the model of MAGDM that considers the additive
consistency and group consensus at a time is done in Chu et al. [19].
Dombi T-norm (DTN) and T-conorm (DTCN) operations are devel-
oped by Dombi [20]. Further, the Dombi operations in the context of
IFS are developed inLiu et al. [21], Chen andYe [22], andLi et al. [23].

IFSs effectively improved FSs; however, in such a situationwhen
there are in excess of two free circumstances like in casting a ballot
(choice of inclusion, restraint, resistance, and exclusion), IFSs
neglected to depict the circumstance. Understanding this, Cuong
[24, 25] built up a new direction known as picture fuzzy set (PFS),
which described the MG, refusal grade (RG) denoted as h, and
NMG of an element or object in interval ½0; 1�, with the condition
0 � t þ hþ f � 1. PFSs extend the model of FSs and IFSs. As
research hotspots of PFSs, operators are used to getting the best choice
fromagroupof similar choices. SomePFoperators are discussed inLiu
et al. [21] aswell as Cuong andPham[25].MADMproblems, basedon
bipolar valuedPFoperators, are discussedbyRiazet al. [26].PFDombi
aggregation operators are discussed in Jana et al. [27]. Many problems
related toMADMbasedonPFaggregationoperators,DombiHeronian
mean operators, PFHamacher operators, complex PFHamacher oper-
ators, and Bonferroni mean operators are discussed in Garg [28] and
Zhang et al. [29]. Due to a lot of research in PF environment, and by
investigating the drawbacks of IF environment we aim to develop
the novel operators in PF environment as it is the generalized structure
of the fuzzy setswith threemembership functions. Themain advantage
of theworkwe have done in this article is that it can be used to solve the
problems given inPFcontext and alsowe have examined that the result
obtained by applying the proposed work is exactly the same as many
other existing structures give. On the other hand, the existing structures
in IF environment are enabled to solve the problems that are in PF con-
text. To overcome the above limitations of existing operators, we have
introduced novel operators with some features in this article.

Keeping in view the limitations of IFS for example in a situation
when there are in excess of two free circumstances like in casting a
ballot (choice of inclusion, restraint, resistance, and exclusion), the
IFS fails to handle the situation. To handle the situation, we
have extended the domain of the HM operator, DHM operator,
and the DDHM operator in the context of PF information. So,
the operators, intuitionistic fuzzy DHM (IFDHM) operator,
intuitionistic fuzzy DDHM (IFDDHM) operator, and intuitionistic
fuzzy WDDHM (IFWDDHM), developed in Cuong [24] are
extended in the context of PF information. Following this, the
purpose of this article is to
1) Develop the hybrid structure of PFSs and HM operator, DHM

operator, DDHM operator.
2) Investigate the properties such as idempotency, monotonicity,

boundedness, and commutativity of the proposed operators.
3) Develop new models to solve the MAGDM problems related to

the proposed operators.
4) Develop a numerical example of a car supplier. In a nutshell, we

concluded our results by selecting the best car on the basis of
attributes such as quality, production, service efficiency, and risk
factor.

The proposed article is organized as follows. The basic work
that is necessary to study the proposed article is given in the next
section. In Section 3, PFHM operators based on DTN and DTCN
are proposed. Section 4 investigates the application of proposed
work on MAGDM problems in the PF context. Section 5 refers to
the numerical example of MAGDM, and a comparative study is
made by comparing the data given in Liu et al. [21]. In the last
section, we have concluded the article.

2. Preliminaries

The ideas studied in this section provided the basis for proposed
operators; X acts as universal set.

Definition 1: An IFS is of the form k ¼ fðtðxÞ; f ðxÞÞ such
that x 2 Xgwhere t and f are functions from X to an element in unit
interval ½0; 1� with a restriction 0 � t þ f � 1 and r ¼ 1� ðt þ f Þ is
the hesitant grade (HG) of x in k, where ðt; f Þ is considered as an
IFN [1].

Now, we will define the concept of IF Dombi mean operators
based on DTN and DTCN.

Definition 2: For IFNs ki ¼ ðtij ; fij Þði ¼ 1; 2; . . . ; nÞ, the IFDHM
operator can be defined as: IFDHMðxÞðkiÞ ¼ 1

Cx
n
�1�i1

�
< . . . < ix � n �x

j¼1kij

� �1
xÞ, where x is a parameter and x ¼ 1; 2; . . .

n; i1; i2; . . . ; ix, are x integer values taken from the set f1; 2; . . . ; ng
of n integers values, and Cx

n ¼ n!
x!ðn�xÞ! [23].

Theorem 1: For IFNs kiði ¼ 1; 2; . . . ; nÞ, Definition 2 results an
IFN and has [23]:

IFDHMðxÞðkiÞ ¼
1
Cx
n

�1�i1<���<ix�n �x
j¼1kij

� �1
x

� �

¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n

1P
x
j¼1

1�tij
tij

� �
λ

0@ 1A1
λ

;
1

1þ x
Cx
n

P
1�i1<���<ix�n

1P
x
j¼1

fij
1�fij

� �
λ

0@ 1A1
λ

0BBBBBB@

1CCCCCCA:

Further, we use: T 0
ij
¼Px

j¼1

1�tij
tij

� �
λ

, H0
ij
¼Px

j¼1

hij
1�hij

� �
λ

and F0
ij
¼Px

j¼1

fij
1�fij

� �
λ

, for θ representation T 0
θj
¼Px

j¼1�
1�tθj
tθj

�
λ

, H0
θj
¼Px

j¼1

hθj
1�hθj

� �
λ

, F0
θj
¼Px

j¼1

fθj
1�fθj

� �
λ

.

Definition 3: For IFNs kiði ¼ 1; 2; . . . ; nÞ having the weight vector
(WV) w ¼ ðw1;w2; . . . ;wnÞT with restriction wi 2 ½0; 1� andP

x
i¼1 wi ¼ 1, the IFWDHM operator can be defined as [23]:

IFWDHMðxÞðkiÞ ¼
�1�i1<���<ix�n 1�

P
x
j¼1

wij

� �
�x

j¼1kij

� �1
x

Cx
n�1

ð1 � x < nÞ
�x

j¼1k
1�wi
n�1
ij

ðx ¼ nÞ

8>><>>: :

Theorem 2: For IFNs kiði ¼ 1; 2; . . . ; nÞ having the WV w ¼ ðw1;

w2; . . . ;wnÞT with restrictionwi 2 ½0; 1� andPx
i¼1 wi ¼ 1, Definition 3

results an IFN and has [23]:

IFWDHMðxÞðkiÞ ¼
�1�i1<���<ix�n 1�Px

j¼1 wij

� �
�x

j¼1kij

� �1
x

Cx
n�1

¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
T 0
ij

� �1
λ

;
1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
F0ij

� �1
λ

0BBB@
1CCCAð1 � x < nÞ:

or,

IFWDHMðxÞðkiÞ ¼ �x
j¼1k

1�wi
n�1
ij

¼ 1

1þ T 0
ij

1�wi
n�1

� �� �1
λ

; 1� 1

1þ F0
ij

1�wi
n�1

� �� �1
λ

0B@
1CAðx ¼ kÞ:
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IFSs effectively improved FSs; however, in such a situation when
there are in excess of two free circumstances like in casting a
ballot (choice of inclusion, restraint, resistance, and exclusion),
IFSs neglected to depict the circumstance. Understanding this, the
new idea was proposed in Cuong [24] known as PFS, which
described the MG, RG, and NMG.

Definition 4: A PFS is of the form k ¼ fðtðxÞ;
iðxÞ; f ðxÞÞ sh that x 2 Xg where t, i, and f are functions from X to
an element in unit interval ½0; 1� with a restriction 0 � t þ iþ f �
1 and r ¼ 1� ðt þ iþ f Þ is the HG of x in k, where ðt; i; f Þ is
considered as picture fuzzy number (PFN) [27].

Definition 5: For two PFSs k1 ¼ fðx; t1ðxÞ; i1ðxÞ; f 1ðxÞÞj x 2 Xg
and k2 ¼ fðx; t2ðxÞ; i2ðxÞ; f 2ðxÞÞjx 2 Xg, some basic operations are
defined as [25]:

1) k1 � k2 iff t1ðxÞ � t2ðxÞ, i1ðxÞ � i2ðxÞ, f 1ðxÞ 	 f 2ðxÞ.
2) k1 ¼ k2 iff k1 � k2 and k2 � k1.
3) k1 [ k2 ¼ ðmaxðt1ðxÞ; t2ðxÞÞ;minði1ðxÞ; i2ðxÞÞ;

minðf1ðxÞ; f2ðxÞÞÞ.
4) k1 \ k2 ¼ ðminðt1ðxÞ; t2ðxÞÞ;maxði1ðxÞ;

i2ðxÞÞ;maxðf1ðxÞ; f2ðxÞÞÞ.
5) kc1 ¼ ðf1ðxÞ; i1ðxÞ; t1ðxÞÞ.

3. PFHM Operators

In some situations, there exist limitations when the data are in
IFNs, following this we aim to develop above-discussed operators in
the PF environment. Here, we have developed the picture fuzzy
Dombi Hamy mean (PFDHM) operator and picture fuzzy
weighted Dombi Hamy mean (PFWDHM) operator.

Definition 6: For PFNs ki ¼ ðtk; hk; fkÞði ¼ 1; 2; . . . ; nÞ, the score
function can be defined as: SðkÞ ¼ tk � hk � fk, where SðkÞ 2 ½0; 1�.

Definition 7: For PFNs ki ¼ ðtk; hk; fkÞði ¼ 1; 2; . . . ; nÞ, the accu-
racy function can be defined as: SðkÞ ¼ tk þ hk þ fk, where
SðkÞ 2 ½0; 1�.

3.1. The PFDHM operator

Definition 8: For PFNs ki ¼ ðtij ; hij ; fijÞði ¼ 1; 2; . . . ; nÞ, the
PFDHM operator can be defined as: PFDHMðxÞðkiÞ ¼ 1

Cx
n
�1�i1<���
�

< ix � n �x
j¼1kij

� �1
xÞ, where x is a parameter and x ¼ 1; 2; . . . n; i1;

i2; . . . ; ix , are x integer values taken from the set f1; 2; . . . ; ng of n
integers values, and Cx

n ¼ n!
x!ðn�xÞ!.

Theorem 3: For PFNs kiði ¼ 1; 2; . . . ; nÞ, Definition 7 results a
PFN and has:

PFDHMðxÞðkiÞ ¼
1
Cx
n

�1�i1<���<ix�n �x
j¼1kij

� �1
x

� �
¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
T 0
xi j

� �1
λ

;
1

1þ x
Cx
n

P
1�i1<���<ix�n

1
H0

xi j

� �1
λ

;
1

1þ x
Cx
n

P
1�i1<���<ix�n

1
F 0
xi j

� �1
λ

0BBB@
1CCCA:

Further, for the sake of simplicity we use

Tij ¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
T 0
xi j

� �1
λ

; Hij ¼
1

1þ x
Cx
n

P
1�i1<���<ix�n

1
H0

xi j

� �1
λ

;

Fij ¼
1

1þ x
Cx
n

P
1�i1<���<ix�n

1
F0
xi j

� �1
λ

:

For PFN πi ¼ ðtθj ; hθj ; fθjÞ,

Tθj
¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
T 0
xθ j

� �1
λ

; Hθj
¼ 1

1þ 1
Cx
n

P
1�i1<���<ix�n

1
F0
xθ j

� �1
λ

;

Fθj ¼
1

1þ 1
Cx
n

P
1�i1<���<ix�n

1
F0
xθ j

� �1
λ

:

Proof:
1. By operational rules of PFNs, and applying Definition 7 we have:

�x
j¼1kij ¼

1

1þ T 0
ij

� �1
λ

; 1� 1

1þ H0
ij

� �1
λ

; 1� 1

1þ F0
ij

� �1
λ

0B@
1CA;

ð�x
j¼1kij Þ

1
x ¼ 1

1þ 1
x T

0
ij

� �1
λ

; 1� 1

1þ 1
x H

0
ij

� �1
λ

; 1� 1

1þ 1
x F

0
ij

� �1
λ

0B@
1CA;

Moreover,

�1�i1<���<ix�n �x
j¼1kij

� �1
x ¼

1� 1

1þ
P

1�i1<���<ix�n
xT 0

ij

� �1
λ

;

1

1þ
P

1�i1<���<ix�n
xH0

j

� �1
λ

; 1

1þ
P

1�i1<���<ix�n
xF0

ij

� �1
λ

0BBB@
1CCCA;

Furthermore,

PFDHM ¼ 1
Cx
n

�1�i1<���<ix�nð�x
j¼1kijÞ

1
x

� �
¼ ðTij ;Hij ; Fij Þ:

2. Next, we prove that Theorem 1 results a PFN.
Consider, Tij , Hij and Fij . Then we are to prove,

1) 0 � Tij � 1, 0 � Hij � 1, 0 � Fij � 1.
2) 0 � Tij þ Hij þ Fij � 1.

1) Since tij 2 ½0; 1�, we can get

1þ x
Cx
n

X
1�i1<���<ix�n

1
T 0
ij

 !1
λ

	 1 ) 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
T 0
ij

� �1
λ

2 ½0; 1� ) Tij 2 ½0; 1�:

Therefore, 0 � Tij � 1. Similarly, 0 � Hij � 1, 0 � Fij � 1.

2) Obviously, 0 � Txij þ Hxij þ Fxij � 1, then ðTij þHij þ Fij Þ �
ðFij þ Hij þ FijÞ ¼ 1. So, we get 0 � Tij þHij þ Fij � 1, it

implies that Definition 7 results a PFN.

Now, we will demonstrate some related properties.
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3.1.1. Properties
In this section, the properties related to the newly proposed

operator (Definition 7) are given.

1. Idempotency: If kið1; 2; . . . ; nÞ and ki are PFNs and ki ¼ k ¼
ðtij ; hij ; fij Þ for all ði ¼ 1; 2; . . . ; nÞ, then we get: PFDHM ¼ k

Proof: Since k ¼ ðtij ; hij ; fijÞ, once again by Definition 7, we have:

PFDHMðxÞðkiÞ ¼
1
Cx
n

�1�i1<���<ix�nð�x
j¼1kijÞ

1
x

� �
¼ ðTij ;Hij ; FijÞ

¼ 1� 1
1þ 1

1�tij
tij

;
1

1þ 1
hij

1�hij

;
1

1þ 1
f ij

1�f ij

0BB@
1CCA ¼ tij ; hij ; f ij

� �

¼ tj; hj; f j
� �

¼ k:

2. Monotonicity: For two sets of PFNs ki ¼ ðtij ; hij ; f ijÞ and
πi ¼ ðtθj ; hθj ; f θjÞði ¼ 1; 2; . . . ; nÞ, If tij 	 tθj ; hij � hθj ; f ij � f θj ,

for all j, then: PFDHMðxÞðkiÞ 	 PFDHMðxÞðπiÞ.

Proof: Since x 	 1; tij 	 tθj 	 0; hθj 	 h
ij
	 0; and f θj 	 f

ij	 0, then:

T 0
ij
� T 0

θj
) 1

T 0
ij

	 1
T 0
θj

) x
Cx
n

X
1�i1<���<ix�n

1
T 0
ij

	 x
Cx
n

X
1�i1<���<ix�n

1
T 0
θj

) Tij 	 T
j
:

In a similar manner, we can deal with the h and f.
For k ¼ PFDHMðxÞðkiÞ and π ¼ PFDHMðxÞðπiÞ, the SðkÞ and SðπÞ
are the score values. We can imply that SðkÞ 	 SðπÞ, related to the
score value of PFN. Further we investigate the below cases:
1) SðkÞ > SðπÞ, then we can get PFDHMðxÞðkiÞ > PFDHMðxÞ

ðπ1;π2; . . . ;πnÞ.
2) If SðkÞ ¼ SðπÞ, then ðTij þ Hij þ FijÞ ¼ ðTθj

þHθj
þ Fθj

Þ. As
tij 	 tθj 	 0; hθj 	 h

ij
	 0; f θj 	 f

ij
	 0, then we can estimate

that: Tij ¼ Tθj
, Hij ¼ θj

, and Fij ¼ Fθj
. So, it follows that

HðkÞ ¼ HðπÞ, that is, PFDHMðxÞðkiÞ ¼ PFDHMðxÞðπiÞ.

3. Boundedness: For a set of PFNs ki ¼ ðtij ; hij ; f ijÞ; kþ ¼
ðtmaxj ; hmaxj ; f maxj

Þ and k� ¼ ðtminj ; hminj ; f minj
Þði ¼ 1; 2; . . . ; kÞ,

then kþ < PFDHMðxÞðkiÞ < kþ.

Proof: From Properties 1 and 2, we have: PFDHMðxÞðkiÞ 	
PFDHMðxÞðk�; k�; . . . ; k�Þ ¼ k� and PFDHMðxÞðkiÞ � PFDHMðxÞ

ðkþ; kþ; . . . ; kþÞ ¼ kþ. Then, k� < PFDHMðxÞðkiÞ < kþ.

4. Commutativity: For two sets of PFNs ki ¼ ðtij ; hij ; f ijÞ
and πi ¼ ðtθj ; hθj ; f θjÞði ¼ 1; 2; . . . ; nÞ, then: PFDHMðxÞðkiÞ ¼
PFDHMðxÞðπ1;π2; . . . ;πnÞ, where (πiÞ is any permutation of (kiÞ.

Proof: Since, (π1;π2; . . . ;πnÞ is a permutation, then:

1
Cx
n

�1�i1<���<ix�n �x
j¼1kij

� �1
x

� �
¼ 1

Cx
n

�1�i1<���<ix�n �x
j¼1πij

� �1
x

� �
;

Thus, PFDHMðxÞðkiÞ ¼ PFDHMðxÞðπ1;π2; . . . ;πnÞ.

3.2. The PFWDHM operator

Attribute weight plays an important role in constructive DMand
also influences the outcomes. So, it is found important to deal with
the weight of attributes in gathering data. Also seen that PFDHM
operator fails to cope with the issue of attribute weight. To
overcome this problem, we have proposed PFWDHM operator.

Definition 9: For a group of PFNs ki ¼ ðtij ; hij ; f ijÞði ¼ 1; 2; . . . ; nÞ
havingWV w ¼ ðw1;w2; . . . ;wnÞT with the restriction

P
x
i¼1 wi ¼ 1,

the PFWDHM operator can be defined as:

PFWDHMðxÞ
w ðkiÞ ¼

�1�i1<���<ix�n 1�
P

x
j¼1

wij

� �
�x

j¼1kij

� �1
x

Cx
n�1

ð1 � x < nÞ
�x

j¼1kij
1�wi
n�1 ðx ¼ nÞ

:

8><>:
Theorem 4: For a group of PFNski ¼ ðtij ; hij ; f ijÞði ¼ 1; 2; . . . ; nÞ
having WV w ¼ ðw1;w2; . . . ;wnÞT with the restrictionP

x
i¼1 wi ¼ 1, Definition 8 results a PFN and has:

PFWDHMðxÞ
w ðkiÞ ¼

�1�i1<���<ix�n 1�Px
j¼1 wij

� �
�x

j¼1kij

� �1
x

Cx
n�1

¼

1� 1

1þ x
Cxn

P
1�i1<���<ix�n

1�
P

x
j¼1

wij

� �
1
T0
ij

� �1
λ

;

1

1þ x
Cxn

P
1�i1<���<ix�n

1�
P

x
j¼1

wij

� �
1

H0
ij

� �1
λ

; 1

1þ x
Cxn

P
1�i1<���<ix�n

1�
P

x
j¼1

wij

� �
1
F0
ij

� �1
λ

0BBBBB@

1CCCCCAð1 � x < nÞ:

or

PFDHMðxÞ
w ðkiÞ ¼ �x

j¼1kij
1�wi
n�1

¼

1

1þ T 0
ij

1�wi
n�1ð Þ

� �1
λ

;

1� 1

1þ H0
ij

1�wi
n�1ð Þ

� �1
λ

; 1� 1

1þ F0ij
1�wi
n�1ð Þ

� �1
λ

0BBB@
1CCCAðx ¼ kÞ:

Further, for the sake of simplicity throughout the article we use

wTij ¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
T 0
ij

� �1
λ

;

wHij ¼
1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
H0

ij

� �1
λ

;

wFij ¼
1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
F0
ij

� �1
λ

:

For PFN πi ¼ ðtθj ; hθj ; f θjÞ,

wTθj
¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
T 0
θj

� �1
λ

;

wHθj
¼ 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
H0

θj

� �1
λ

wFθj
¼ 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
F0
θj

� �1
λ

:
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Proof: 1. For ð1 � x < nÞ, we have:

�x
j¼1kij ¼

1

1þ T 0
ij

� �1
λ

; 1� 1

1þ H0
ij

� �1
λ

; 1� 1

1þ F0
ij

� �1
λ

0B@
1CA

�x
j¼1kij

� �1
x ¼ 1

1þ 1
x T

0
ij

� �1
λ

; 1� 1

1þ 1
x H

0
ij

� �1
λ

; 1� 1

1þ 1
x F

0
ij

� �1
λ

0B@
1CA

Thereafter,

1�
X

x
j¼1

wij

� �
�x

j¼1kij

� �1
x

¼

1� 1

1þ 1�
P

x
j¼1

wij

� �
xT 0

ij

� �1
λ

;

1

1þ 1�
P

x
j¼1

wij

� �
xH0

ij

� �1
λ

; 1

1þ 1�
P

x
j¼1

wij

� �
xF0ij

� �1
λ

0BBBB@
1CCCCA:

Moreover,

�1�i1<���<ix�n 1�
X

x
j¼1

wij

� �
�x

j¼1kij

� �1
x

¼

1� 1

1þ
P

1�i1<���<ix�n
1�
P

x
j¼1

wij

� �
x
T0
ij

� �1
λ

;

1

1þ
P

1�i1<���<ix�n
1�
P

x
j¼1

wij

� �
1

H0
ij

� �1
λ

; 1

1þ
P

1�i1<���<ix�n
1�
P

x
j¼1

wij

� �
1
F0
ij

� �1
λ
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:

Therefore,

1
Cx
n
�1�i1<���<ix�n 1�

Xx
j¼1

wij

 !
�x

j¼1kij

� �1
x ¼ wTij ;wHij ;wFij

� �

For the second case, when ðx ¼ nÞ, we get

�x
j¼1kij

1�wi
n�1 ¼

1

1þ T 0
ij

1�wi
n�1ð Þ

� �1
λ

;

1� 1

1þ H0
ij

1�wi
n�1ð Þ

� �1
λ

; 1� 1

1þ F0
ij

1�wi
n�1ð Þ

� �1
λ

0BBB@
1CCCA:

2. Next, for the first case, when ð1 � x < nÞ. Consider, wTij ; wHij
and wFij , then we have to prove:

1) 0 � wTij � 1; 0 � wHij � 1; 0 � wFij � 1.
2) 0 � wTij þ wHij þ wFij � 1.
As, a 2 ½0; 1�, we have:

1þ x
Cx
n

X
1�i1<���<ix�n

1�
Xx
j¼1

wij

 !
1
T 0
ij

 !1
λ

	 1 ) wTij 2 ½0; 1�

Therefore, 0 � wTij � 1. Similarly, we can get for 0 � wHij � 1 and

0 � wFij � 1. Since, 0 � wTij þ wHij þ wFij � 1, we get the fol-

lowing inequality:
wTij þ wHij þ wFij � wFij þ wHij þ wFij ¼ 1. So, we get 0 � wTij
þwHij þ wFij � 1, it implies that Definition 8 results a PFN.

For x ¼ n, it is easy to find the feasibility. Therefore, Definition 8
still results a PFN. We will then evaluate some of the required
features of PFWDHM operator.

Now, we will demonstrate some related properties.

3.2.1. Properties
In this section, the properties related to the newly proposed

operator (Definition 8) are given.

1. Idempotency: If kiði ¼ 1; 2; . . . ; nÞ are equal, that is,
ki ¼ k ¼ ðt; h; f Þ, and WV meets wi 2 ½0; 1� and Px

i¼1 wi ¼ 1,
then PFWDHM ¼ k.

Proof: Since ki ¼ k ¼ ðt; h; f Þ, by Theorem 4, we have
1. For 1 �< n,

PFWDHMðxÞ
w ðkiÞ ¼ wTij ;wHij ;wFij

� �

¼

1� 1

1þ 1
Cx
n�1

Cx
n�
P

1�i1<���<ix�n

P
x
i¼1

wij

� �� �
1

1�ttð Þλ

� �1
λ

;

1

1þ 1
Cx
n�1

Cx
n�
P

1�i1<���<ix�n

P
x
i¼1

wij

� �� �
1

h1�hð Þλ

� �1
λ

;

1

1þ 1
Cx
n�1

Cx
n�
P

1�i1<���<ix�n

P
x
i¼1

wij

� �� �
1

f 1�fð Þλ

� �1
λ

0BBBBBBBBBBBBB@
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¼

1� 1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1

P
x
i¼1

wij

� �
1

1�ttð Þλ

� �1
λ

;

1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1

P
x
i¼1

wij

� �
1

h1�hð Þλ

� �1
λ

;

1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1

P
x
i¼1

wij

� �
1

f 1�fð Þλ

� �1
λ

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA
Since

P
k
i¼1 wi ¼ 1, we can get

PFWDHMðxÞ
w ðkiÞ ¼ 1� 1

1þ 1
1�ttð Þλ

� �1
λ

;
1

1þ 1
h1�hð Þλ

� �1
λ

;
1

1þ 1
f 1�fð Þλ

� �1
λ

0B@
1CA

¼ ðt; h; f Þ ¼ k

2. For the second case, when ¼ n,

PFWDHMðxÞ
w ðkiÞ¼

1

1þ T 0
ij

1�wi
n�1ð Þ

� �1
λ

;

1� 1

1þ H0
ij

1�wi
n�1ð Þ

� �1
λ

;

1� 1

1þ F0
ij

1�wi
n�1ð Þ

� �1
λ

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
¼

1

1þ n�1
n�1

1�t
tð Þλð Þ1λ ;

1� 1

1þ n�1
n�1

h
1�hð Þλð Þ1λ ;

1� 1

1þ n�1
n�1

f
1�f

� �
λ

� �1
λ

0BBBBBBBBB@
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¼ t; h; fð Þ¼ k;

which proves the required result.
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2. Monotonicity: For two sets of PFNs ki ¼ ðtij ; hij ; f ijÞ and

πi ¼ tθj ; hθj ; f θj

� �
ði ¼ 1; 2; . . . ; nÞ having WV wi 2 ½0; 1� with

restriction
P

x
i¼1 wi ¼ 1. If tij 	 tθj ; hij � hθj ; f ij � f θj , for all j,

then: PFWDHMðxÞ
w ðkiÞ 	 PFWDHMðxÞ

w ðπiÞ.

Proof: Since x 	 1; tij 	 tθj 	 0; 0 � hij � hθj and 0 � f ij � f θj ,
then:

T 0
ij
� T 0

θj
) 1

T 0
ij

	 1
T 0
θj

) 1�
X

x
j¼1

wij

� � 1
T 0
ij

	 1�
X

x
j¼1

wij

� � 1
T 0
θj

)
x

Cx
n�1

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
T 0
ij

	
x

Cx
n�1

P
1�i1<���<ix�n 1�Px

j¼1 wij

� �
1
T 0
θj

0B@
1CA) wTij 	 wTθj

� �
:

Similarly, we can prove it for h and f.

For k ¼ PFWDHMðxÞ
w ðkiÞ and π ¼ PFWDHMðxÞ

w ðπiÞ the SðkÞ and
SðπÞ are the score. We can imply that SðkÞ 	 SðπÞ, related to the
score value of PFN. Further, we investigate the below cases:
1) If SðkÞ > SðπÞ, then we can get: PFWDHMðxÞ

w ðkiÞ >
PFWDHMðxÞ

w ðπiÞ
2) If SðkÞ ¼ SðπÞ, then:

ðwTij � wHij � wFijÞ ¼ ðwTθj
� wHθj

� wFθj
Þ:

Since, tij 	 tθj 	 0; 0 � f ij � f θj , 0 � f ij � f θj and we can deduce

that: wTij ¼ wTθj
. Similarly, for h and f. Therefore, it follows that

HðkÞ ¼ HðπÞ, the PFWDHMðxÞ
w ðkiÞ ¼ PFWDHMðxÞ

w ðπiÞ. In a simi-
lar way, we can prove for x ¼ n.

3. Boundedness: For a set of PFNs ki ¼ tij ; f ij

� �
; kþ ¼

tmaxij ; f maxij

� �
ði ¼ 1; 2; . . . ; kÞ and k� ¼ tminij ; f minij

� �
having

weight vector wi 2 ½0; 1� with restriction
P

x
i¼1 wi ¼ 1,

then: k� � PFWDHMðxÞ
w ðkiÞ � kþ.

Proof: From Properties 5 and 6, we have:

PFWDHMðxÞ
w ðkiÞ 	 PFWDHMðxÞ

w ðk�; k�; . . . ; k�Þ ¼ k�;

PFWDHMðxÞ
w ðkiÞ � PFWDHMðxÞ

w ðkþ; kþ; . . . ; kþÞ ¼ kþ ) k� � PFWDHMðxÞ
w ðkiÞ � kþ:

4. Commutativity: For two sets of PFNs ki ¼ tij ; hij ; f ij

� �
and πi ¼

tθj ; hθj ; f θj

� �
ði ¼ 1; 2; . . . ; nÞ having weight vector meets wi 2

½0; 1� with restriction
P

x
i¼1 wi ¼ 1, then PFWDHMðxÞ

w ðkiÞ ¼
PFWDHMðxÞ

w ðπiÞ, where (π1;π2; . . . ;πnÞ is any permutation
of (k1; k2; . . . ; knÞ.

Proof: Because (π1;π2; . . . ;πnÞ is any permutation of

(k1; k2; . . . ; knÞ, then �x
j¼1kij

1�ωi
n�1 ¼ �x

j¼1πij

1�ωi
n�1 ðx ¼ kÞ;Thus;

PFWDHMðxÞ
w ðkiÞ ¼ PFWDHMðxÞ

w ðiÞ.
Example 1: For four PFNS k1 ¼ ð0:3; 0:3; 0:3Þ; k2 ¼
ð0:2; 0:1; 0:3Þ; k3 ¼ ð0:4; 0:3; 0:2Þ; k4 ¼ ð0:1; 0:3; 0:3Þ with the
weight vector w ¼ ð0:1; 0:4; 0:3; 0:2Þ, then we used to propose
PFWDHM operator to aggregate four PFNs (suppose x ¼ 2;
λ ¼ 2Þ. Let

PFWDHMð2Þ
w ðk1; k2; k3; k4Þ ¼

1� 1

1þ 2
C2
4�1

P
1�i1<���<i2�4

1�
P

2
j¼1

wij

� �
1
T0
ij

� �1
2
;

1

1þ 2
C2
4�1

P
1�i1<���<i2�4

1�
P

2
j¼1

wij

� �
1

H0
ij

� �1
2
;

1

1þ 2
C2
4�1

P
1�i1<���<i2�4

1�
P

2
j¼1

wij

� �
1
F0
ij

� �1
2

0BBBBBBBBBB@

1CCCCCCCCCCA

At last we get PFWDHMð2Þ
w ðk1; k2; k3; k4Þ ¼ ð0:23; 0:27; 0:28Þ:

3.3. The PFDDHM operator

The dual Hamy mean (DHM) operator proposed in Cuong and
Pham [25]. We aim to develop DHM operator in PF environment.

Definition 10: The DHM operator is defined as follows [25]:

DHMðxÞðk1; k2; . . . ; knÞ ¼
Q

1�i1<���<ix�n

P
x
j¼1

kij
x

� �� � 1
Cxn .

Following this, we proposed a picture fuzzy Dombi dual Hamy
mean (PFDDHM) operator as follows:

PFDDHMðxÞðkiÞ ¼ �1�i1<���<ix�n

�x
j¼1kij
x

� �� � 1
Cxn

where x is a parameter and x ¼ 1; 2; . . . n; i1; i2; . . . ; ix, are x integer
values taken from the set 1; 2; . . . ; nf g of n integer’s values,
and Cx

n ¼ n!
x!ðn�xÞ!.

Theorem 5: For a PFNs ki ¼ ðtij ; hij ; f ij Þði ¼ 1; 2; . . . ; nÞ,
Definition 9 results a PFN and has:

PFDDHMðxÞðkiÞ ¼ �1�i1<���<ix�n �x
j¼1kij x

� �� � 1
Cxn

¼

1

1þ x
Cxn

P
1�i1<���<ix�n

1
T0
ij

� �1
λ

; 1� 1

1þ x
Cxn

P
1�i1<���<ix�n

1
H0
ij

� �1
λ

;

1� 1

1þ x
Cxn

P
1�i1<���<ix�n

1
F0
ij

� �1
λ

0BBBBBBB@

1CCCCCCCA:

Further, for the sake of simplicity throughout the article we use

DTij ¼
1

1þ x
Cx
n

P
1�i1<���<ix�n

1
T 0
ij

� �1
λ

;DHij ¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
H0

ij

� �1
λ

DFij ¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
F0
ij

� �1
λ

;

For PFN πi ¼ ðtθj ; hθj ; f θjÞ,

DTθj
¼ 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
T 0
xθj

� �1
λ

;DHij ¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
H0

xθj

� �1
λ

;

DFij ¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n

1
F0
xθj

� �1
λ

:

Journal of Computational and Cognitive Engineering Vol. 3 Iss. 3 2024

257



Proof:

1. First we prove that Theorem 5 holds, we have:

�x
j¼1kij ¼ 1� 1

1þ T 0
ij

� �1
λ

;
1

1þ H0
ij

� �1
λ

;
1

1þ F0
ij

� �1
λ

0B@
1CA;

�1�i1<���<ix�n

�x
j¼1kij
x

� �
¼

1

1þ
P

1�i1<���<ix�n
x
T 0
ij

� �1
λ

;

1� 1

1þ
P

1�i1<���<ix�n
x

H0
ij

� �1
λ

; 1� 1

1þ
P

1�i1<���<ix�n
x
F0
ij

� �1
λ

0BBBBB@

1CCCCCA

) PFDDHMðxÞðkiÞ ¼ �1�i1<���<ix�n

�x
j¼1kij
x

� �� � 1
Cxn

¼ DTij ;DHij ;DFij

� �
:

2. Next, we have to prove that Theorem 5 results a PFN

Consider, DTij ; DHij and DFij , Then the following conditions are
to prove
1) 0 � DTij � 1; 0 � DHij � 1; 0 � DFij � 1;
2) 0 � DTij þ DHij þ DFij � 1.

Since tij 2 ½0; 1�, we can get

1þ x
Cx
n

X
1�i1<���<ix�n

1
T 0
ij

 !1
λ

	 1 ) DTij 2 ½0; 1�

Therefore, 0 � DTij � 1. Similarly, it can be done for 0 � DHij � 1,

0 � DFij � 1.

Since, 0 � DTij þ DHij þ DFij � 1, we get the following
inequality:DTij þ DHij þ DFij � DFij þ DHij þ DFij ¼ 1. So, we

get 0 � DTij þ DHij þ DFij � 1.

For x ¼ n, it is easy to find the feasibility. Therefore,
Definition 9 still results a PFN. Now, we will then evaluate some
of the required features of PFWDHM operator.

3.3.1. Properties
Some basic properties of PFDDHM operator are as follows.

1. Idempotency: If kið1; 2; . . . ; nÞ and ki are PFNs and ki ¼ k ¼
ðtij ; f ijÞ for all ði ¼ 1; 2; . . . ; nÞ then we get PFDDHM ¼ k.

Proof: From Theorem 5, we have

PFDDHMðxÞðkiÞ ¼ �1�i1<���<ix�n

�x
j¼1kij
x

� �� � 1
Cxn

¼ DTij ;DHij ;DFij

� �
¼

1
1þ 1

tij
1�tij

;

1� 1
1þ 1

1�hij
hij

; 1� 1
1þ 1

1�f ij
f ij

0BBBB@
1CCCCA ¼ tij ; hij ; f ij

� �
¼ t; h; fð Þ ¼ k:

2. Monotonicity: For two sets of PFNs ki ¼ ðtij ; hij ; f ijÞ and

πi ¼ tθj ; hθj ; f θj

� �
ði ¼ 1; 2; . . . ; nÞ, if tij 	 tθj ; hij � hθj and

f ij � f θj , for all j, then PFDDHMðxÞðkiÞ 	 PFDDHMðxÞðπiÞ.

Proof: Since x 	 1; tij 	 tθj 	 0; hθj 	 hij 	 0 and f θj 	 f
ij
	 0,

we have

T 0
ij
� T 0

xθj
) 1

T 0
ij

	 1
T 0
xθj

) 1þ x
Cx
n

X
1�i1<���<ix�n

1
T 0
ij

 !1
λ

	 1þ x
Cx
n

X
1�i1<���<ix�n

1
T 0
xθj

 !1
λ

) DTij 	 DTθj
:

In same manner, we have DHij 	 DHθj
and DFij 	 DFθj

.

For k ¼ PFDDHMðxÞðkiÞ and π ¼ PFWDHMðxÞðπiÞ, the SðkÞ and
SðπÞ are the score. We can imply that SðkÞ 	 SðπÞ, related to the
score value of PFN. Further, we investigate the below cases:
1) SðkÞ > SðπÞ, then we can get PFDDHMðxÞðkiÞ >

PFDDHMðxÞðπiÞ:
2) If SðkÞ ¼ SðπÞ, then

ðDTij ;DHij ;DFijÞ ¼ ðDTθj
;DHθj

;DFθj
Þ:

As tij 	 tθj 	 0; hθj 	 h
ij
	 0 and f θj 	 f

ij
	 0, so we can

estimate that DTij ¼ DTθj
, DHij ¼ DHθj

and DFij ¼ DFθj
.

Therefore, it follows that: HðkÞ ¼ DTij þ DHij

�
þDFijÞ ¼ DTθj

þ DHθj
þ DFθj

� �
¼ HðπÞ. That

is, PFDDHMðxÞðkiÞ ¼ PFDDHMðxÞðπiÞ.

3. Boundedness: For a set of PFNs ki ¼ tij ; hij ; f ij

� �
; kþ ¼

tmaxj ; hmaxj ;f maxj

� �
ði ¼ 1; 2; . . . ; kÞ and k� ¼ tminij ; hminij ;

�
fminijÞ, then k� < PFDDHMðxÞðkiÞ < kþ.

Proof: From Properties 9 and 10, we have PFDDHMðxÞðkiÞ 	
PFDDHMðxÞðk�; k�; . . . ; k�Þ ¼ k�.

PFDDHMðxÞðkiÞ � PFDDHMðxÞðkþ; kþ; . . . ; kþÞ ¼ kþ:

Then, k� < PFDDHMðxÞðkiÞ < kþ.

4. Commutativity: For two sets of PFNs ki ¼ ðtij ; hij ; f ijÞ
and πi ¼ ðtθj ; hθj ; f θjÞði ¼ 1; 2; . . . ; nÞ, then: PFDDHMðxÞðkiÞ ¼
PFDHMðxÞðπiÞ, where (π1;π2; . . . ;πnÞ is any permutation
of (k1; k2; . . . ; knÞ.

Proof: Since (π1;π2; . . . ;πnÞ is a permutation, then

�1�i1<���<ix�n �x
j¼1kij x

� �� � 1
Cxn ¼ �1�i1<���<ix�n �x

j¼1πij x
� �� � 1

Cxn

Thus, PFDDHMðxÞðkiÞ ¼ PFDDHMðxÞðπiÞ.

Example 2: For four PFNs k1 ¼ 0:3; 0:3; 0:3ð Þ, k2 ¼ ð0:2; 0:1; 0:3Þ,
k3 ¼ ð0:4; 0:3; 0:2Þ, and k4 ¼ ð0:1; 0:3; 0:3Þ, we used PFDHM
operator to aggregate four PFNs (suppose x ¼ 2; λ ¼ 2Þ.
Let k ¼ PFDDHM ¼ DTij ;DHij ;DFij

� �
. At last, we get

PFDDHM ¼ ð0:24; 0:25; 0:27Þ, for n ¼ 4.

3.4. The PFWDDHM operator

Attribute weight plays an important role in constructive DMand
also influences the outcomes. So, it is found important cope with the
weight of attributes in gathering data. Also it is seen that PFDDHM
operator fails to consider the issue of attribute weight. To overcome
this problem, we have proposed picture fuzzy weighted Dombi dual
Hamy mean (PFWDDHM) operator.
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Definition 11: For a group of PFNs ki ¼ tij ; hij ; f ij

� �
ði ¼

1; 2; . . . ; nÞ having WV w ¼ w1;w2; . . . ;wnð ÞT with the restrictionP
x
i¼1 wi ¼ 1, the PFWDDHM operator can be defined as:

PFWDDHMðxÞ
w ðkiÞ ¼

�1�i1<���<ix�n 1�
P

x
j¼1

wij

� �
�x

j¼1kij

� �1
x

Cx
n�1

ð1 � x < nÞ
�x

j¼1kij
1�wi
n�1 ðx ¼ nÞ

8><>:

Theorem 6: For a group of PFNs ki ¼ tij ; hij ; f ij

� �
ði ¼ 1; 2; . . . ; nÞ

having weight vector w ¼ w1;w2; . . . ;wnð ÞT with the restrictionP
x
i¼1 wi ¼ 1, Definition 12 results a PFN and has:

PFWDDHMðxÞ
w ðkiÞ ¼

�1�i1<���<ix�n 1�Px
j¼1 wij

� �
�x

j¼1kij

� �1
x

Cx
n�1

¼

1

1þ x
Cxn

P
1�i1<���<ix�n

1�
P

x
i¼1

wij

� �
1
T0
ij

� �1
λ

; 1� 1

1þ x
Cxn

P
1�i1<���<ix�n

1�
P

x
i¼1

wij

� �
1

H0
ij

� �1
λ

;

1� 1

1þ x
Cxn

P
1�i1<���<ix�n

1�
P

x
i¼1

wij

� �
1
F0
ij

� �1
λ

0BBBBBBB@

1CCCCCCCA 1 � x < nð Þ:

Further, for the sake of simplicity throughout the article we use

wDTij ¼
1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

i¼1 wij

� �
1
T 0
ij

� �1
λ

;

wDHij ¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

i¼1 wij

� �
1
H0

ij

� �1
λ

;

wDFij ¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

i¼1 wij

� �
1
F0ij

� �1
λ

:

For PFN πi ¼ tθj ; hθj ; f θj

� �
,

wDTθj
¼ 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

i¼1 wij

� �
1
T 0
ij

� �1
λ

;

wDHθj
¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

i¼1 wij

� �
1
H0

ij

� �1
λ

;

wDFθj
¼ 1� 1

1þ x
Cx
n

P
1�i1<���<ix�n 1�Px

i¼1 wij

� �
1
F0
ij

� �1
λ

:

or

PFWDDHMðxÞ
w ðkiÞ ¼ �x

j¼1kij
1�wi
n�1

¼
1� 1

1þ
P

x
i¼1

1�wi
n�1ð Þ tij

1�tij

� �
λ

� �1
λ

;

1

1þ
P

x
i¼1

1�wi
n�1ð Þ 1�hij

hij

� �
λ

� �1
λ

; 1

1þ
P

x
i¼1

1�wi
n�1ð Þ 1�f ij

f ij

� �
λ

� �1
λ

0BBB@
1CCCA

ðx ¼ nÞ

Proof: Consider,

1�
X

x
j¼1

wij

� �
�x

j¼1kij

� �1
x

¼

1

1þ 1�
P

x
j¼1

wij

� �
x
T0
ij

� �1
λ

;

1� 1

1þ 1�
P

x
j¼1

wij

� �
x

H0
ij

� �1
λ

; 1� 1

1þ 1�
P

x
j¼1

wij

� �
x
F0
ij

� �1
λ

0BBBBB@

1CCCCCA:

Therefore,

1
Cx
n�1

�1�i1<���<ix�n 1�
X

x
i¼1

wij

� �
�x

j¼1kij

� �1
x

¼ wDTij ;wDHij ;wDFij
� �

ð1 � x < nÞ:

For the second case, whenðx ¼ nÞ, we get

�x
j¼1kij

1�wi
n�1 ¼

1

1þ T 0
ij

1�wi
n�1ð Þ

� �1
λ

;

1� 1

1þ T 0
ij

1�wi
n�1ð Þ

� �1
λ

; 1� 1

1þ T 0
ij

1�wi
n�1ð Þ

� �1
λ

0BBB@
1CCCA:

Next, for the first case, when ð1 � x < nÞ,

Consider, wDTij ; wDHij and wDFij . Then we have to prove
1) 0 � wDTij � 1; 0 � wDHij � 1 and 0 � wDFij � 1
2) 0 � wDTij þ wDHij þ wDFij � 1.

Proof:
1) As wDTxij 2 ½0; 1�, we can get

1þ x
Cx
n

X
1�i1<���<ix�n

1�
X

x
i¼1

wij

� � 1
T 0
ij

 !1
λ

gt; 1 ) wDTij 2 ½0; 1�:

Therefore, 0 � wDTij � 1. Similarly, we can get 0 � wDHij � 1,
0 � wDFij � 1.

2) Since, 0 � wDTij þ wDHij þ wDFij � 1, we get the following
inequality,
wDTij þ wDHij þ wDFij � wDFij þ wDHij þ wDFij ¼ 1. So,

we get 0 � DTij þ DHij þ DFij � 1.

For x ¼ n, it is easy to find the feasibility. Therefore, Definition 10
still results a PFN. We will then evaluate some of the required fea-
tures of PFWDDHM operator.

3.4.1. Properties

1. Idempotency: If kiði ¼ 1; 2; . . . ; nÞ are equal, that is,
ki ¼ k ¼ ðt; h; f Þ, and WV meets wi 2 ½0; 1� and Px

i¼1 wi ¼ 1

then: PFWDDHMðxÞ
w ðkiÞ ¼ k.

Proof: Since ki ¼ k ¼ ðt; h; f Þ, by Theorem 6, we have:
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(1) For 1 � x < n.

PFWDDHMðxÞ
w ðkiÞ ¼ wDTij ;wDHij ;wDFij

� �

¼

1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1

P
x
i¼1

wij

� �
1

t1�tð Þλ

� �1
λ

;

1� 1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1

P
x
i¼1

wij

� �
1

1�hhð Þλ

� �1
λ

; 1� 1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1

P
x
i¼1

wij

� �
1

1�f fð Þλ

� �1
λ

0BBBBB@

1CCCCCA

Since
P

k
i¼1 wi ¼ 1, we can get

PFWDDHMðxÞ
w ðkiÞ ¼

1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1ð Þ 1
t

1�tð Þλ
� �1

λ

;

1� 1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1ð Þ 1
1�hhð Þλ

� �1
λ

;

1� 1

1þ 1
Cx
n�1

Cx
n�Cx�1

n�1ð Þ 1
1�f
fð Þλ

� �1
λ

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA

¼ 1

1þ 1
1�ttð Þλ

� �1
λ

; 1� 1

1þ 1
h1�hð Þλ

� �1
λ

; 1� 1

1þ 1
f 1�fð Þλ

� �1
λ

0B@
1CA ¼ t; h; fð Þ ¼ k:

(2) For the second case, when x ¼ n,

PFWDDHMðxÞ
w ðkiÞ

¼ 1� 1

1þ P
x
i¼1

1�wi
n�1

� � tij
1�tij

� �
λ

� �1
λ

;
1

1þ P
x
i¼1

1�wi
n�1

� � 1�hij
hij

� �
λ

� �1
λ

;
1

1þ P
x
i¼1

1�wi
n�1

� �
1� f ij f ij

� �
λ

� �1
λ

0BBB@
1CCCA

¼ 1

1þ n�1
n�1

t
1�t

� �
λ

� �1
λ

; 1� 1

1þ n�1
n�1

1�h
h

� �
λ

� �1
λ

; 1� 1

1þ n�1
n�1

1�f
f

� �
λ

� �1
λ

0B@
1CA ¼ t; h; fð Þ ¼ k;Proved:

2. Monotonicity: For two sets of PFNs ki ¼ ðtij ; hij ; f ijÞ and

πi ¼ tθj ; hθj ; f θj

� �
ði ¼ 1; 2; . . . ; nÞ having WV wi 2 ½0; 1� with

restriction
P

x
i¼1 wj ¼ 1, If tij 	 tθj ; hij � hθj ; f ij � f θj , for all j,

then: PFWDDHMðxÞ
w ðkiÞ 	 PFWDDHMðxÞ

w ðπiÞ.

Proof: Since x 	 1; tij 	 tθj 	 0; 0 � hij � hθj and 0 � f ij � f θj ,
then: T 0

ij
	 T 0

xθj
) 1

T 0
ij

� 1
T 0
xθj

) wDTij 	 wDTθj
. Similarly, we have:

wDTij � wDTθj
and wDTij � wDTθj

.

For k ¼ PFWDDHMðxÞ
w ðkiÞ and π ¼ PFWDDHMðxÞðπiÞ, the SðkÞ

and SðπÞ are the score. We can imply that SðkÞ 	 SðπÞ, related to
the score value of PFN. Further, we investigate the below cases:

1) If SðkÞ > SðπÞ, then we can get PFWDDHMðxÞ
w ðkiÞ >

PFWDDHMðxÞ
w ðπiÞ.

2) If SðkÞ ¼ SðπÞ, then

ðwDTij � wDHij � wDFijÞ ¼ ðwDTθj
� wDHθj

� wDFθj
Þ:

Since, tij 	 tθj 	 0; 0 � hij � hθj and 0 � f ij � f θj , we can
deduce that: wDTij ¼ wDTθj

, wDHij ¼ wDHθj
and

wDFij ¼ DFθj
. Therefore, it follows that HðkÞ ¼ HðπÞ. That

is, PFWDDHMðxÞ
w ðkiÞ ¼ PFWDDHMðxÞ

w ðπiÞ. Similarly,
for x ¼ n.

3. Boundedness: For a set of PFNs ki ¼ tij ; hij ; f ij

� �
; kþ ¼

tmaxij ; hmaxij ; f maxij

� �
ði ¼ 1; 2; . . . ; kÞ and k� ¼ tminij ; hminij ;

�
f minij

Þ having WV wi 2 ½0; 1� with the restriction
P

x
i¼1 wi ¼ 1,

then k� � PFWDDHMðxÞ
w ðkiÞ � kþ.

Proof: Based on Properties 13 and 14, we have

PFWDDHMðxÞ
w ðkiÞ 	 PFWDDHMðxÞ

w ðk�; k�; . . . ; k�Þ ¼ k�,

PFWDDHMðxÞ
w ðkiÞ � PFWDDHMðxÞ

w ðkþ; kþ; . . . ; kþÞ ¼ kþ:

Then we have k� � PFWDDHMðxÞ
w ðkiÞ � kþ.

4. Commutativity: For two sets of PFNs ki ¼ tij ; hij ; f ij

� �
and πi ¼

tθj ; hθj ; f θj

� �
ði ¼ 1; 2; . . . ; nÞ having weight vector meets wi 2

½0; 1� with restriction
P

x
i¼1 wi ¼ 1, then PFWDDHMðxÞ

w ðkiÞ ¼
PFWDDHMðxÞðπ1;π2; . . . ;πnÞ, where (π1;π2; . . . ;πnÞ is any per-
mutation of (k1; k2; . . . ; knÞ.

Proof: Because (π1;π2; . . . ;πnÞ is a permutation of (k1; k2; . . . ; knÞ,
then:
1

Cx
n�1

ð�1�i1<���<ix�nð1�
P

x
j¼1 wijÞð�x

j¼1kijÞ
1
xÞ ¼

1
Cx
n�1

ð�1�i1<���<ix�nð1�
P

x
j¼1 wijÞð�x

j¼1πijÞ
1
xÞ, for ð1 � x < kÞ

and �x
j¼1kij

1�wi
n�1 ¼ �x

j¼1πij

1�wi
n�1 for ðx ¼ kÞ. Thus,

PFWDDHMðxÞ
w ðkiÞ ¼ PFWDDHMðxÞ

ið Þ.

4. A MAGDM Approach Based on the Proposed
Operators

This section refers to the application of the proposed operators
to deal with the problem of MAGDM with PFNs. Suppose
X ¼ fx1; x2; . . . ; xng and C ¼ c1; c2; . . . ; cnf g are the sets of alterna-
tives and attributes, respectively. The weight vector of C be
w ¼ fw1;w2; . . . ;wng with restriction wj 2 ½0; 1� and Px

j¼1 wi ¼ 1:

We may find connoisseurs Y ¼ fy1; y2; . . . ; yzg who are called to
assess data and their weight vector isw ¼ w1;w2; . . . ;wzf gT with
wt 2 ½0; 1�; t ¼ 1; 2; . . . ; zð Þ; Pz

t¼1 wt ¼ 1. The expert yt evaluates
each attributes cj of each alternative xi by the form of PFN

atij ¼ ttij; h
t
ij; f

t
ij

� �
i ¼ 1; 2; . . . ;m; j ¼ 1; 2; . . . ; nð Þ and then the deci-

sion matrix A ¼ 
atij
� �

¼ ttij; h
t
ij; f

t
ij

� �� �
m�n

ðt ¼ 1; 2; . . . ; zÞ is

constructed.
The resultant target is to provide the degrees of all alternatives.

After that, we will provide the stages for the solution to this issue.

Step 1: Provide the whole evaluation value of every feature for
every alternative by ae t

ij ¼ PFWDHMðxÞ
w ae 1

ij; ae 2
ij; . . . ; ae z

ij

� �
and

ae t
ij ¼ PFWDDHMðxÞ

w ae 1
ij; ae 2

ij; . . . ; ae z
ij

� �
Step 2: Evaluate the total value of each alternative taking help from
the PFWDHM (PFWDDHM) operator.

ae t
i ¼ PFWDHMðxÞ

w ae i1; ae i2; . . . ; ae inð Þ
and ae t

i ¼ PFWDDHMðxÞ
w ae i1; ae i2; . . . ; ae inð Þ

Step 3: Evaluate the S aeð Þ and H aeð Þ.
Step 4: Grade the complete alternatives fx1; x2; . . . ; xng as select
the most appropriate one.
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5. Practical Example

An example is being suggested here for the explanation of this
method. Take four cars Mi ¼ ðM1;M2;M3;M4Þ and choose only
one from the transportation company. We calculate all the providers
from four angles Ei ¼ ðE1; E2; E3;E4Þ, and these are quality, produc-
tion, service efficiency, and risk factor, and w ¼ ð0:1; 0:4; 0:3; 0:2ÞT
represent the weight vector of attributes. Take four experts and the

weight vector ð0:1; 0:4; 0:3; 0:2ÞT . Rt ¼ atij
� �

4�4
ðt ¼ 1; 2; 3; 4Þ show

theDMgiven inTables 1-4.Our ambition is to choose the best car of all.

5.1. Decision-making progress

Step 1: As E1; E2; E3, and E4 all are of the same type so we would
not need to normalize the decision matrices.
Step 2: By using the PFWDHM operator on four decision matrices
Rt ¼ ðatijÞm�n

and develop a collective decision matrix R ¼ ðatijÞm�n

which is shown in Table 5 for x ¼ 2 and λ ¼ 2.
By using the PFWDDHM operator on four decision matrices Rt ¼
ðatijÞm�n

and developing a collective decision matrix R ¼ ðatijÞm�n

which is shown in Table 6 for x ¼ 2 and λ ¼ 2.

Table 1
Decision matrix R1

E1 E2 E3 E4

M1 ð0:3; 0:3; 0:3Þ ð0:2; 0:4; 0:1Þ ð0:2; 0:3; 0:3Þ ð0:5; 0:1; 0:1Þ
M2 ð0:3; 0:4; 0:3Þ ð0:4; 0:2; 0:3Þ ð0:5; 0:1; 0:3Þ ð0:2; 0:2; 0:3Þ
M3 ð0:4; 0:2; 0:3Þ ð0:6; 0:1; 0:1Þ ð0:3; 0:3; 0:2Þ ð0:6; 0:2; 0:1Þ
M4 ð0:5; 0:1; 0:2Þ ð0:4; 0:2; 0:2Þ ð0:1; 0:4; 0:3Þ ð0:5; 0:3; 0:1Þ

Table 2
Decision matrix R2

E1 E2 E3 E4

M1 ð0:2; 0:1; 0:3Þ ð0:4; 0:4; 0:1Þ ð0:3; 0:2; 0:3Þ ð0:7; 0:1; 0:1Þ
M2 ð0:3; 0:4; 0:2Þ ð0:3; 0:1; 0:3Þ ð0:4; 0:1; 0:4Þ ð0:2; 0:4; 0:3Þ
M3 ð0:1; 0:3; 0:3Þ ð0:5; 0:1; 0:1Þ 0:6; 0:1; 0:2ð Þ ð0:5; 0:3; 0:1Þ
M4 ð0:3; 0:1; 0:2Þ ð0:2; 0:2; 0:2Þ ð0:1; 0:4; 0:3Þ ð0:5; 0:2; 0:1Þ

Table 3
Decision matrix R3

E1 E2 E3 E4

M1 ð0:4; 0:3; 0:2Þ ð0:3; 0:4; 0:1Þ ð0:2; 0:4; 0:3Þ ð0:7; 0:1; 0:1Þ
M2 ð0:3; 0:4; 0:1Þ ð0:6; 0:1; 0:2Þ ð0:6; 0:1; 0:1Þ ð0:4; 0:1; 0:3Þ
M3 ð0:2; 0:2; 0:3Þ ð0:6; 0:1; 0:1Þ ð0:2; 0:2; 0:2Þ ð0:5; 0:1; 0:2Þ
M4 ð0:6; 0:1; 0:2Þ ð0:4; 0:3; 0:1Þ ð0:2; 0:4; 0:3Þ ð0:4; 0:3; 0:1Þ

Table 4
Decision matrix R4

E1 E2 E3 E4

M1 ð0:1; 0:3; 0:3Þ ð0:3; 0:3; 0:1Þ ð0:1; 0:4; 0:2Þ ð0:5; 0:1; 0:1Þ
M2 ð0:2; 0:4; 0:2Þ ð0:2; 0:2; 0:2Þ ð0:1; 0:2; 0:3Þ ð0:4; 0:2; 0:3Þ
M3 ð0:5; 0:1; 0:3Þ ð0:3; 0:1; 0:1Þ ð0:3; 0:1; 0:2Þ ð0:3; 0:2; 0:1Þ
M4 ð0:4; 0:1; 0:2Þ ð0:4; 0:3; 0:2Þ ð0:5; 0:1; 0:2Þ ð0:4; 0:3; 0:2Þ

Table 5
Collective decision matrix R

G1 G2 G3 G4

A1 ð0:23; 0:27; 0:28Þ ð0:28; 0:38; 0:10Þ ð0:18; 0:33; 0:28Þ ð0:58; 0:10; 0:10Þ
A2 ð0:27; 0:40; 0:20Þ ð0:34; 0:36; 0:25Þ ð0:40; 0:12; 0:28Þ ð0:28; 0:20; 0:30Þ
A3 ð0:30; 0:19; 0:30Þ ð0:49; 0:10; 0:10Þ 0:30; 0:17; 0:17ð Þ ð0:46; 0:19; 0:11Þ
A4 ð0:44; 0:10; 0:20Þ ð0:35; 0:25; 0:17Þ ð0:16; 0:35; 0:27Þ ð0:44; 0:28; 0:12Þ
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Step 3: By using PFWDHM (PFWDDHM) operator to aggregate
all the attributes values aij, a0ijðj ¼ 1; 2; 3; 4Þ and get the comprehen-
sive evaluation value shown in Table 7 for x ¼ 2 and λ ¼ 2.

a1 ¼ ð0:29; 0:22; 0:24Þ; a2 ¼ ð0:34; 0:28; 0:14Þ;
a3 ¼ ð0:22; 0:25; 0:25Þ; a4 ¼ ð0:44; 0:19; 0:13Þ:
a01 ¼ ð0:31; 0:20; 0:23Þ; a02 ¼ ð0:37; 0:19; 0:13Þ;
a03 ¼ ð0:25; 0:22; 0:23Þ; a04 ¼ ð0:48; 0:16; 0:12Þ:

Step 4: Calculate the score values.

S a1ð Þ ¼ �0:17; S a2ð Þ ¼ �0:08; S a3ð Þ ¼ �0:28; S a4ð Þ ¼ 0:12:

S a01ð Þ ¼ �0:12 Sða02Þ ¼ 0:05; S a03ð Þ ¼ �0:20; S a04ð Þ ¼ 0:20:

Step 5: Rank all alternatives. a4 > a2 > a1 > a3. Hence, a4 is the
best choice.

By considering the different values of x, and by applying the
PFWDHM (PFWDDHM) operator, we came to the result that the
answer is the same.

6. Comparative Study

Keeping in view the above discussion, we will evaluate our
suggested method with the previous ones. For that purpose, the
following remarks show the generalization of the new operators of
PFSs over IFSs and FSs.

Remarks:
1) If we put Hxij ¼ 0 in Definition 7, the PFDHM operator reduces

to the IFDHM operator discussed in Li et al. [23].
2) If we put wHxij ¼ 0 in Definition 8, the PFWDHM operator

reduces to the IFWDHM operator discussed in Li et al. [23].
3) If we put DHxij ¼ 0 in Definition 9, the PFDDHM operator

reduces to the IFDDHM operator discussed in Li et al. [23].
4) If we put wDHxij ¼ 0 in Definition 10, the PFWDDHM operator

reduces to the IFWDDHM operator discussed in Li et al. [23].
5) If we putHxij ¼ 0 and Fxij ¼ 0 in Definition 7, the PFDHM oper-

ator reduces to the fuzzy DHM operator discussed in Dombi [20].
6) Ifwe putHxij ¼ 0 andFxij ¼ 0 inDefinition 8, the PFWDHMoper-

ator reduces to the fuzzyWDHMoperator discussed in Dombi [20].

7) If we put Hxij ¼ 0 and Fxij ¼ 0 in Definition 9, the PFDDHM
operator reduces to the fuzzy DDHM operator discussed in
Dombi [20].

8) If we putHxij ¼ 0 and Fxij ¼ 0 in Definition 10, the PFWDDHM
operator reduces to the fuzzy WDDHM operator discussed in
Dombi [20].
Furthermore, we require an example pertaining to MAGDM

with PFNs. Keeping in view the example related to MAGDM
[26], we use our suggested methods to obtain results with PFNs.
Moreover, we will evaluate the results to reach the logic. Four PF
decision matrices are being represented as an example [26] and to
obtain the results we will use PFWFHM operator. In the
application of the PFWDHM operator in Tables 1-4 given in Liu
et al. [21], we get all feature values aijðj ¼ 1; 2; 3; 4Þ and get the com-
prehensive evaluation value for x ¼ 2 and λ ¼ 2with the weight vec-
tor w ¼ ð0:1; 0:4; 0:3; 0:2ÞT .

a1 ¼ ð0:58; 0:24; 0:06Þ; a2 ¼ ð0:56; 0:14; 0:13Þ;
a3 ¼ ð0:24; 0:51; 0:07Þ; a4 ¼ ð0:68; 0:14; 0:07Þ:

Sða1Þ ¼ 28, Sða2Þ ¼ 0:29, Sða3Þ ¼ �0:34, Sða4Þ ¼ 0:47. By ranking
we get, a4 > a2 > a1 > a3. As the results are the same, therefore, it is
obvious that the suggested work is applicable to PFNs too.

By comparing the results of our proposed methods with the
methods proposed by Liu et al. [21], it is clear that the results
produced by Peide Liu and the results produced by us in
this article are the same by solving the same example
given in Liu et al. [21]. Hence, our proposed methods are
applicable and it is the generalized structure of methods
proposed in Li et al. [23].

7. Conclusion

PFS requires operators to measure the coordination of two
PFSs. The most part of this article is related to the PF operators as
it is the generalized production of the FSs and IFSs. Here, the HM
operator, DHM operator, and DDHM operator are extended in the
context of PFS to develop the PFDHM operator, PFDHM
operator, PFDDHM operator, and PFWDDHM operator. Further,
the properties related to the proposed operators are discussed. By
using the proposed operators, the MAGDM methods are
developed. Further, we applied the operators to a numerical
example of a car supplier to conclude our results. A comparative

Table 6
Collective decision matrix R

G1 G2 G3 G4

A1 ð0:24; 0:25; 0:27Þ ð0:29; 0:37; 0:10Þ ð0:19; 0:32; 0:26Þ ð0:59; 0:10; 0:10Þ
A2 ð0:27; 0:40; 0:19Þ ð0:36; 0:14; 0:24Þ ð0:44; 0:11; 0:26Þ ð0:29; 0:19; 0:30Þ
A3 ð0:30; 0:18; 0:30Þ ð0:52; 0:10; 0:10Þ 0:31; 0:15; 0:20ð Þ ð0:49; 0:18; 0:11Þ
A4 ð0:46; 0:10; 0:20Þ ð0:36; 0:24; 0:17Þ ð0:17; 0:31; 0:26Þ ð0:45; 0:27; 0:11Þ

Table 7
Collective decision matrix R

G1 G2 G3 G4

A1 0:53; 0:32; 0:08ð Þ 0:70; 0:11; 0:18ð Þ 0:30; 0:47; 0:07ð Þ 0:13; 0:075; 0:05ð Þ
A2 ð0:72; 0:14; 0:08Þ 0:34; 0:40; 0:18ð Þ 0:17; 0:56; 0:12ð Þ 0:68; 0:15; 0:09ð Þ
A3 0:84; 0:07; 0:02ð Þ 0:46; 0:28; 0:08ð Þ 0:04; 0:86; 0:07ð Þ 0:12; 0:68; 0:08ð Þ
A4 0:26; 0:58; 0:07ð Þ 0:65; 0:22; 0:11ð Þ 0:81; 0:06; 0:05ð Þ 0:13; 0:72; 0:07ð Þ
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study is alsomade to study the importanceof theproposedwork. In the
coming years, the use of the PFNs requires to be discovered in the
process of DM, risk analysis, and many other fuzzy conditions. So,
in the incoming years, our aim is to develop the proposed operator
in the context of interval-valued PFSs and bipolar picture FSs. It is
also our aim to extend the operators in complex theory.
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