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Abstract: Intuitionistic fuzzy sets (IFSs) are one of the fuzzy set extensions. Over them, a lot of operations, relations, and operators are
introduced. A part of the operators defined over IFSs are topological ones. In this paper, a new topological operator is defined, some of
its properties are studied, and some open problems related to it are given.
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1. Introduction

The concept of an intuitionistic fuzzy set (IFS) was
introduced in 1983 in Atanassov, 2016 as an extension of the
fuzzy set of Zadeh (1965). During these approximately 40 years,
the theory of the IFSs was developed in different directions.
One of them is the research over intuitionistic fuzzy topological
operators, introduced in 1985 by Atanassov (1985) and described
in more details in Atanassov (1986). About 10 years ago,
Dogan Çoker published first research over intuitionistic fuzzy
topology (Çoker, 1996; Çoker, 2000; Çoker & Demirci, 1995;
Çoker & Haydar, 1995) giving another interpretation of the two
intuitionistic fuzzy topological operators from Atanassov (1985)
Atanassov (1986). They were described in details in Atanassov
(1999) and only two years later, they were extended in Atanassov
(2001). These and three other extended intuitionistic fuzzy
topological operators were described in details in Atanassov (2012).
Now, there are a lot of research of different authors from different
countries, devoted to the intuitionistic fuzzy topology, but the
curious fact is that all this research is related only to the first two
intuitionistic fuzzy topological operators.

The definitions of all older intuitionistic fuzzy topological
operators will be given in Section 2.

Starting with the first paper over IFS (Atanassov, 2016), a lot of
modal type of intuitionistic fuzzy operators are introduced, too. The
last two ones are given in Atanassov (2022). In Section 3, we will use
them in a combination of the first two intuitionistic fuzzy topological
operators with aim to construct the region in which all intuitionistic
fuzzy evaluations of a given universe are placed. This region will be a
basis for introduction of a new intuitionistic fuzzy topological
operator in Section 4. In the conclusion, some open problems are
formulated.

We will not comment the results of the colleagues, working
in the area of intuitionistic fuzzy topology, because they are a lot
and a lot of them are very serious and it will be well if they are
an object of special research, while, as we mentioned above, the
aim of the present research is directed to the introduction of a new
operator.

2. Preliminaries

Initially, we give some basic definitions, related to the IFSs,
following Atanassov (2021).

Let a set E be fixed. An IFS A in E is an object of the following
form:

A ¼ fhx;µAðxÞ; νAðxÞijx 2 Eg;

where the functions µA : E ! ½0; 1� and νA : E ! ½0; 1� define the
degree of membership and the degree of non-membership of the
element x 2 E, respectively, and for every x 2 E:

0 � µAðxÞ þ νAðxÞ � 1:

Let for every x 2 E:

πAðxÞ ¼ 1� µAðxÞ � νAðxÞ:

Therefore, function π determines the degree of uncertainty.
Obviously, for every ordinary fuzzy set πAðxÞ ¼ 0 for each

x 2 E and these sets have the form:

fhx;µAðxÞ; 1� µAðxÞijx 2 Eg:

Following Atanassov (1999) and Atanassov (2012), for two IFSs
A and B we define

A � B if and only if ð8x 2 EÞððµAðxÞ � µBðxÞ & νAðxÞ > νBðxÞÞ
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_ ðµAðxÞ < µBðxÞ& νAðxÞ � νBðxÞÞ
_ ðµAðxÞ < µBðxÞ& νAðxÞ > νBðxÞÞÞ:

Let a universe E be given. One of the geometrical interpretations of
the IFSs uses figure F in Figure 1.

The first two intuitionistic fuzzy topological operators are
defined over the IFSs by:

CðAÞ ¼ fhx;K; Lijx 2 Eg;

IðAÞ ¼ fhx; k; lijx 2 Eg;

where

K ¼ sup
y2E

µAðyÞ;

L ¼ inf
y2E

νAðyÞ;

k ¼ inf
y2 E

µAðyÞ;

l ¼ sup
y2 E

νAðyÞ:

These two operators have geometrical interpretations as shown in
Figures 2 and 3. They are called “closure” (C) and “interior” (I)
and they are analogs of the respective topological operators (see
e.g., Kuratowski, 1966; Yosida, 1995).

The first two intuitionistic fuzzy topological operators are
generalized to the following six new ones (see Atanassov, 2001;
Atanassov, 2010; Atanassov, 2012):

CµðAÞ ¼ fhx;K;minð1� K; νAðxÞÞijx 2 Eg;
CνðAÞ ¼ fhx;µAðxÞ; Lijx 2 Eg;
IµðAÞ ¼ fhx; k; νAðxÞijx 2 Eg;
IνðAÞ ¼ fhx;minð1� l;µAðxÞÞ; l ijx 2 Eg;
C�µðAÞ ¼ fhx;minðK; 1� νAðxÞÞ;minð1� K; νAðxÞÞijx 2 Eg;
I�
νðAÞ ¼ fhx;minð1� l;µAðxÞÞ;minðl; 1� µAðxÞÞijx 2 Eg;

where K; L; k; l are as defined above.
The geometrical interpretations of these operators applied to the

IFS A are shown in Figures 4, 5, 6, 7, 8 and 9.
The “weight-center operator” over a given IFS A was

introduced in Atanassov and Ban (2000) by:

WðAÞ ¼ x;

P
y2E

µAðyÞ

cardðEÞ ;

P
y2E

νAðyÞ

cardðEÞ

* +
jx2E

8><
>:

9>=
>;;

where cardðEÞ is the number of the elements of a finite set E. For the
continuous case, the “summations” may be replaced by integrals
over E.

Figure 1
A geometrical interpretation of an IFS

Figure 2
Operator C

Figure 3
Operator I

Figure 4
Operator Cµ
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3. The Region of the Intuitionistic Fuzzy
Evaluations of a Given Universe

In Atanassov (2021), the following two modal operators are
introduced:

ΔA ¼ Δfhx;µAðxÞ; νAðxÞijx 2 Eg ¼ fhx;µAðxÞ þ νAðxÞ; 0ijx 2 Eg;

rx ¼ rfhx;µAðxÞ; νAðxÞijx 2 Eg ¼ fhx; 0;µAðxÞ þ νAðxÞijx 2 Eg:

The geometrical interpretation of both operators is shown in
Figure 10. for the element x2E.

Now, we will combine these two operators together with the
first two intuitionistic fuzzy topological operators.

Let everywhere below:

a¼1� inf
y2 E

ðµAðyÞ þ νAðyÞÞ;

b¼1� sup
y2 E

ðµAðyÞ þ νAðyÞÞ;

while K; L; k; l are as above. In Figure 11, the red regions within the
intuitionistic fuzzy interpretation triangle represent the regions where
evaluations of the elements of the universe cannot exist.

Figure 5
Operator Cν

Figure 6
Operator Iµ

Figure 7
Operator Iν

Figure 8
Operator C�µ

Figure 9
Operator I�

ν

Figure 10
Operators r and Δ
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Let x 2 E and let x ¼ hµ; νi.
If we assume that x lies in the upper red-colored triangle, then

we see that

k � µ � K;

b � 1� µ� ν � a;

but ν > l that is impossible. If x lies in the lower-left red-colored
triangle, then we see that

k � µ � K;

L � ν � l;

but µþ ν < b, while if x lies in the lower-right red-colored triangle,
then we see that

L � ν � l;

b � 1� µ� ν � a;

but µþ ν > a.
Now, we will discuss the forms of the different regions that can

be generated by the two topological and two modal operators
exhausting all possible cases. There are six cases, shown in
Figures 12–30. For each separate case, we give the relations
among parameters a; b;K; k; L; l.
Everywhere below a > b.

Therefore, each IFS generates a region with one of the
above forms, which contains all evaluations of the elements of
the given IFS.

Figure 11
Impossible case

Figure 12
Case 1: a ¼ b ¼ K þ L;K ¼ k;L ¼ l

Figure 13
Case 2.1: a ¼ b ¼ K þ L ¼ kþ l

Figure 14
Case 2.2: L ¼ l, a ¼ K þ L, b ¼ kþ l

Figure 15
Case 2.3: K ¼ k, a ¼ K þ l, b ¼ kþ L

Figure 16
Case 3.1: a ¼ K þ L ¼ kþ l;b ¼ kþ L
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Figure 17
Case 3.2: a ¼ K þ l; b ¼ K þ L ¼ kþ l

Figure 18
Case 4.1: a ¼ K þ l;b ¼ kþ L

Figure 19
Case 4.2: a ¼ K þ L;b ¼ kþ L

Figure 20
Case 4.3: a ¼ kþ l;b ¼ kþ L

Figure 21
Case 4.4: a ¼ kþ l;b ¼ K þ L

Figure 22
Case 4.5: a ¼ K þ L;b > kþ L

Figure 23
Case 4.6: a ¼ K þ L;b ¼ kþ l

Figure 24
Case 5.1: K þ L < a < K þ l;b ¼ kþ l
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4. A New Intuitionistic Fuzzy Topological
Operator

First let us determine the coordinates of the vertices of the
regions shown in Figures 12–30, starting with the lower left
vertex and going counter-clockwise.

• Figure 12: hK; Li
• Figure 13: ha� L; Li, hk; li
• Figure 14: hk; Li, hK; li
• Figure 15: hk; Li, hk; li
• Figure 16: hk; Li, hK; Li, hk; li
• Figure 17: hK; Li, hK; Li, hk; li
• Figure 18: hk; Li, hK; Li, hK; li, hk; li
• Figure 19: hk; Li, hK; Li, ha� l; li, hk; li
• Figure 20: hk; Li, hK; Li, hK; a� Ki, hk; li
• Figure 21: hK; Li, hK; a� Ki, hk; li, hk; b� ki
• Figure 22: hb� L; Li, hK; Li, hk; li, hk; b� ki
• Figure 23: hb� L; Li, hK; Li, ha� l; li, hk; li
• Figure 24: hk; Li, hK; Li, hK; a� Ki, ha� l; li, hk; li
• Figure 25: hb� L; Li, hK; Li, hK; li, hk; li, hk; b� ki
• Figure 26: hb� L; Li, hK; Li, hK; a� Ki, hk; li, hk; b� ki
• Figure 27: hb� L; Li, hK; Li, ha� l; li, hk; li, hk; b� ki
• Figure 28: hb� L; Li, hK; Li, hK; a� Ki, ha� l; li, hk; li
• Figure 29: hK; Li, hK; a� Ki, ha� l; li, hk; li, hk; b� ki
• Figure 30: hb� L; Li, hK; Li, hK; a� Ki, ha� l; li, hk; li,
hk; b� ki.

Let the vertices of the region that corresponds to the IFS
A be hµA;1; νA;1i; . . . ; hµA;sðAÞ; νA;sðAÞi, where sðAÞ is the number of
the vertices of this region.

Figure 25
Case 5.2: a ¼ K þ l; K þ L > b > kþ L

Figure 26
Case 5.3: a ¼ kþ l; kþ L < b < K þ L

Figure 27
Case 5.4: a ¼ K þ L; kþ l > b > kþ L

Figure 28
Case 5.5: K þ L < a < K þ l; b ¼ kþ l

Figure 29
Case 5.6: a ¼ kþ l; b ¼ K þ L

Figure 30
Case 6: K þ l > a > K þ L; kþ l > b > kþ L
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Now, by analogy with operator W from Section 2, we can
introduce the following operator:

VðAÞ ¼ x;

PsðAÞ
i¼1

µA;i

sðAÞ ;

PsðAÞ
i¼1

νA;i

sðAÞ

* +
jx 2 E

8>>><
>>>:

9>>>=
>>>;
:

Therefore, if the regions from Figures 12–30 are generated by the
IFSs A1; . . . ;A19, respectively, then we calculate

VðA1Þ ¼ fhx;K; Lijx 2 Egg;

VðA2Þ ¼ x;
K þ k
2

;
Lþ l
2

� �
jx 2 E

� �
;

VðA3Þ ¼ x;
K þ k
2

; L

� �
jx 2 E

� �
;

VðA4Þ ¼ x;K;
Lþ l
2

� �
jx 2 E

� �
;

VðA5Þ ¼ x;
K þ 2k

3
;
2Lþ l

3

� �
jx 2 E

� �
;

VðA6Þ ¼ x;
2K þ k

3
;
Lþ 2l

3

� �
jx 2 E

� �
;

VðA7Þ ¼ x;
K þ k
2

;
Lþ l
2

� �
jx 2 E

� �
;

VðA8Þ ¼ x;
aþ K þ 2k� l

4
;
Lþ l
2

� �
jx 2 E

� �
;

VðA9Þ ¼ x;
K þ k
2

;
a� K þ kþ 2Lþ l

4

� �
jx 2 E

� �
;

VðA10Þ ¼ x;
K þ k
2

;
aþ b� K � kþ Lþ l

4

� �
jx 2 E

� �
;

VðA12Þ ¼ x;
bþ K þ 2k� L

4
;
b� kþ 2Lþ l

2

� �
jx 2 E

� �
;

VðA12Þ ¼ x;
aþ bþ K þ k� L� l

4
;
Lþ l
2

� �
jx 2 E

� �
;

VðA13Þ ¼ x;
aþ 2K þ 2k� l

5
;
a� K þ 2Lþ 2l

5

� �
jx 2 E

� �
;

VðA14Þ ¼ x;
bþ 2K þ 2k� L

5
;
aþ b� K þ 2Lþ 2l

5

� �
jx 2 E

� �
;

VðA15Þ ¼ x;
bþ 2K þ 2k� L

5
;
b� K þ 2Lþ l

5

� �
jx 2 E

� �
;

VðA16Þ ¼ x;
aþ bþ 2K þ k� L� l

5
;
b� kþ 2Lþ 2l

5

� �
jx 2 E

� �
;

VðA17Þ ¼ x;
aþ bþ 2K þ k� L� l

5
;
a� K þ 2Lþ 2l

5

� �
jx 2 E

� �

VðA18Þ ¼ x;
aþ 2K þ 2k� l

5
;
aþ b� K � kþ Lþ 2l

5

� �
jx 2 E

� �

VðA19Þ ¼ x;
aþ bþ 2K þ 2k� L� l

6
;
aþ b� K � kþ 2Lþ 2l

6

� �
jx 2 E

� �
:

From the above definitions, it follows the validity of the following:

Theorem. For each IFS Ai, for i ¼ 1; 2; . . . ; 19

• VðVðAiÞÞ ¼ VðAiÞ,
• VðCðAiÞÞ ¼ CðAiÞ,
• CðVðAiÞÞ ¼ VðAiÞ,
• VðIðAiÞÞ ¼ IðAiÞ,
• IðVðAiÞÞ ¼ VðAiÞ,
• VðWðAiÞÞ ¼ WðAiÞ,
• WðVðAiÞÞ ¼ VðAiÞ.
Proof. Let for i ¼ 1; 2; . . . ; 19, Ai be an IFS. Then, for example, for
i ¼ 19, for (a) we obtain

VðVðA19ÞÞ ¼ V x;
aþ bþ 2K þ 2k� L� l

6
;
aþ b� K � kþ 2Lþ 2l

6

� �
jx 2 E

� �� �
¼ VðA19Þ;

because all elements of the set VðA19Þ have equal degrees, that is, it
has a form, similar to the form of set A1. For (c) we obtain

CðVðA19ÞÞ ¼ C x;
aþ bþ 2K þ 2k� L� l

6
;
aþ b� K � kþ 2Lþ 2l

6

� �
jx 2 E

� �� �

¼ x; sup
y2 E

aþ bþ 2K þ 2k� L� l
6

; inf
y2 E

aþ b� K � kþ 2Lþ 2l
6

* +
jx 2 E

( ) !

¼ x;
aþ bþ 2K þ 2k� L� l

6
;
aþ b� K � kþ 2Lþ 2l

6

� �
jx 2 E

� �� �
¼ VðA19Þ:

The validity of assertions (b), (d) – (g) is checked by the same
manner, because we see again that all elements of the sets
CðAiÞ; IðAiÞ;WðAiÞ have equal degrees, and in each one of these
cases, we obtain a set from Ai-type.

5. A Property of Operators V and W

In Atanassov et al. (2013), the ordered pair ha; bi is called an
intuitionistic fuzzy pair (IFP) when a; b; aþ b 2 ½0; 1�. For two IFPs
ha; bi and hc; di, we define

ha; bi � hc; di if and only if a � c & b � d:

We can tell that IFP ha; bi is more positive than IFP hc; di if and
only if

hc; di � ha; bi:

Now, we can define: the IFS A is

• positive if and only if (see Figure 31)

WðAÞ � VðAÞ;

• negative if and only if (see Figure 32)

VðAÞ � WðAÞ;

• indeterminate otherwise (see Figures 33 and 34).
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6. Conclusion

In this paper, the possible regions that contain all evaluations
of a given IFS elements are described and some of their
properties are discussed. A new operator of topological type is
introduced.

The present research opens a new direction for research in the
area of the intuitionistic fuzziness and generates a lot of open
problems. Four of them are the following.

• If � is some intuitionistic fuzzy operation (for more details on them
see, e.g., Atanassov, 2012), then what is the relation between the
IFSs VðA � BÞ and VðAÞ � BðAÞ?

• If T is some one of the six intuitionistic fuzzy topological operators
given in Section 2 (different from these, mentioned in the
theorem), for which of them the equalities TðVðAÞÞ ¼ VðAÞ
and VðTðAÞÞ ¼ TðAÞ are valid?

• If M is some intuitionistic fuzzy modal operator (for them
see, e.g., Atanassov, 2012), then for which of them the equality
MðVðAÞÞ ¼ VðMðAÞÞ is valid?

• If L is some intuitionistic fuzzy level operator (for them
see, e.g., Atanassov, 2012), then for which of them the equality
LðVðAÞÞ ¼ VðLðAÞÞ is valid?

The new operator can obtain application in different decision-
making procedures, in interpretation of the results from intercriteria
analysis, etc.
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