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Abstract: The literature on fuzzy variable linear programming (FVLP) and fuzzy number linear programming (FNLP) is prolific in terms of the
number of available solution methods. In FVLP problems, only the decision variables and right-hand side values of the constraints are fuzzy
numbers. In FNLP problems, except for the decision variables, all parameters are fuzzy numbers. A widespread approach for solving problems in
FVLP and FNLP is to use linear ranking functions in order to transform the fuzzy problems into conventional ones. Previous studies have shown
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1. Introduction

The concept of decision-making in fuzzy environments was first
proposed by Bellman and Zadeh (1970) to account for real-world
decision-making situations in which the goals, the constraints, and
the outcomes of potential decisions are not known precisely. Their
ideas were soon adopted by Tanaka et al. (1974) and Zimmermann
(1976) who introduced fuzzy linear programming (FLP). Since then,
tremendous research efforts have gone to the development of FLP, and
novel methods are continuously proposed for solving FLP problems
arising in many areas of management, science, and engineering.

FLP is classified according to how fuzziness appears in the FLP
problem. Tanakaetal. (1974) and Zimmermann (1976) considered FLP
problems in which decision-makers permit partial accomplishment of
the constraints. Verdegay (1982) generalized their approaches through
parametric linear programming and the representation theorem for
fuzzy sets. Tanaka et al. (1984) considered two types of FLP
problems: a fuzzy number linear programming (FNLP) problem, in
which all objective function coefficients, technological coefficients,
and right-hand side values of the constraints are fuzzy numbers, and
the decision variables take on real values; and a fuzzy variable linear
programming (FVLP) problem, in which only the decision variables
and the right-hand side values of the constraints are assumed to be
fuzzy numbers. Delgado et al. (1989) proposed a general model
for FLP. The authors considered FLP problems with fuzzy numbers
in the technological matrix and in the right-hand side values of
the constraints, plus the assumption of partial accomplishment of the
problem constraints.

*Corresponding author: José Luis Verdegay, Department of Computer Science
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A more general model for FLP is obtained when all parameters
and decision variables are assumed as fuzzy numbers; this is the case
of fully fuzzy linear programming (FFLP) introduced by Buckley
and Feuring (2000) and later researched in Hashemi et al. (20006),
Hosseinzadeh Lotfi et al. (2009), Kaur and Kumar (2012), Khan et al.
(2013), Ezzati et al. (2015), and Das et al. (2017) among other studies.
As the reader may have noticed, FLP is a vast research field. Recent
and comprehensive surveys by Ebrahimnejad and Verdegay (2018)
and Ghanbari et al. (2020) discuss on theoretical aspects of available
models and solution methods along with some numerical examples.

A widespread approach for solving problems in FNLP, FVLP, and
FFLP is to use linear ranking functions in order to transform FLP problems
into conventional ones. Kaur and Kumar (2012) showed that the optimal
fuzzy objective value of an FFLP problem obtained by using linear ranking
functions is not necessarily unique; they therefore suggested to use
lexicographic ranking criteria to guarantee uniqueness. In Kaur and
Kumar (2016), the authors pointed out that there was no method to find
unique optimal fuzzy objective values of FFLP problems with inequality
constraints. Pérez-Cafiedo and Concepcion-Morales (2019) proposed
such amethod and compared it with several others showing its advantages.

In this paper, we shall focus on the application to FNLP and
FVLP of the lexicographic method proposed in Pérez-Cafiedo and
Concepcion-Morales (2019). Our contribution serves four main purposes:

» To exemplify the working of the lexicographic method in handling
fuzzy inequality constraints.

* To solve FNLP and FVLP problems with inequality constraints via
the lexicographic method.

* To compare the obtained results on a diet problem with those
obtained via Ebrahimnejad’s (2015) method.

* To solve a fuzzy time—cost trade-off problem formulated as a
bi-objective FVLP problem.
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The rest of the paper is organized as follows: Section 2 presents basic
definitions concerning fuzzy numbers. In Section 3, the
mathematical models of the FVLP problem and the FNLP
problem are presented. The lexicographic method for solving
FNLP and FVLP problems is described in Section 4. Some
advantages of the lexicographic method over existing ones are
highlighted in Section 5. Illustrative examples regarding the
working of the lexicographic method are provided in Section 6.
Applications of the lexicographic method are discussed in
Subsections 6.1 and 6.2, and a comparison with Ebrahimnejad’s
(2015) method is performed as well. Concluding remarks are
given in Section 7.

2. Preliminaries

In this section, some basic definitions concerning fuzzy
numbers are presented (Bellman & Zadeh, 1970; Carlsson &
Fullér, 2005; Dubois & Prade, 1978).

Definition 1. Let X = {x} denote a collection of objects (points)
denoted generically by x. Then a fuzzy set a in X is a set of ordered
pairs @ = {(x, it (x))|x € X}, where u_: X — [0,1] and p_(x) is
termed the grade of membership of x in a.

Definition 2. A fuzzy seta = (m, n,«, B) is an LR fuzzy number
if its membership function is given by:

m—a<x<m aoa>0

u~(x) )1 m<x<mn
a R(%) n<x<n+pB B>0
0 otherwise

L and R are nonincreasing continuous functions [0, 1] — [0, 1],
invertible on [0,1], that fulfill L(0) = R(0) =1, L(1) = R(1) =0,
[m, n] is the peak of @, o, and B are the left and right spreads of
a, respectively. In cases where m =mn, we shall write
a = (m,a, B)g- The set of LR fuzzy numbers is denoted by F(R).

Definition 3. Let a; = (m,ny, a1, B))x and a, = (my, n,, 0,
B>)ir» be any LR fuzzy numbers, then a; =a, if and only if
my =my, ny =y, a; =a, and f; = B,.

Definition 4. An LR fuzzy number a = (m,n,«, )z is non-
negative, denoted by a > 0 (resp. non-positive, denoted by a < 0)
if m—a>0(esp. n+ B <0).

Definition 5. Let a; = (my, ny, 0, B1) 1, G2 = (my, 12,0, B2)1r
be any LR fuzzy numbers and a3 = (ms, n3, a3, B3) g, any RL fuzzy
number. Then arithmetic operations of addition, subtraction, and
multiplication by a scalar are defined as follows:

Addition: @, ® a, = (my + my, ny + 1y, 01 + 0, B1 + Ba)1x

ms, o + B3, B+ a3)p

(kmy, kny, kay,kBy) g,
(kny,kmy,—kpy, —kay gy,

Subtraction: a, © a; = (m; — n3, n; —

k>0

Multiplication by a scalar: ka, :{ k=0

2.1. Lexicographic ranking of LR fuzzy numbers

Let a=(myn,o,B)g be any LR fuzzy number
and fi.f,,f;, and f, be linear functions of the parameters
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of a (fi(a) = wym + wn + wiaa + wi ) with non-singular
coefficient matrix [wy,]4,,. Then, it can be shown that the following
lexicographic procedure defines a total order in the set of all LR fuzzy
numbers of the same type.

Step 1. Find f;(a) and fl(g) B
If f,(a) > (or <)f(b), then G > (or <)b
If f,(a) = f,(b), then go to Step 2

Step 2. Find f,(a) and f,(b). B
If f,(a) > (or <)f,(b), then a - (or <)b
If f,(a) = f,(b), then go to Step 3

Step 3. Find f;(a) and f;(b). _
If f;(a) > (or <)f;(b), then G > (or <)b
If f;(a) = f;(b), then go to Step 4

Step 4. Find f,(a) and f,(b). B
If fy(a) > (or <)f,(b), then a >~ (or <)b
If fy(a) = fy(b), thena = b

In practical applications, f;, f, f3, and f; must be carefully selected to
capture, as accurately as possible, a decision-maker’s ranking
criterion. Special cases are the Rank-Mode-Divergence-Left spread
(RMDS) ranking criterion proposed by Kaur and Kumar (2016)

fi(@):= (m+n+,3fR A)dn— (fo ),ﬁ(ﬁ):z%(m-i-n),

fs(@)=n— m+ﬁJR

(A)da; Farhadlma s (2009) ranking criterion f(a) =

£@)=m—a, @ =n—m+a+p and f,a f/Lx
and Wang et al. ’s (2005) criterion f;(a) := z(m+”)= fz(a).
L(n—m)+ B, f3(a) = [ (x)dx and f,(a) := n — m.

3. Mathematical Models of FVLP and FNLP

dA+ajL A)dr and f,(a *oszl

We consider the following FLP problem:

n
max E ijj

s.t. Zal]x—bl, foriel, :={1,2,...,m}
1

Zuvx] = b,, foriel,:={m; +1,...,m}
ijF( ), forjeJ:={1,2,...,n}

where b; € F(R),¢; € R* (or¢; € RifL = R),a; € RY (ora; € Rif
L = R), and =< is an order relation defined for LR fuzzy numbers.
Since only the decision variables and the right-hand side values
of the constraints are represented by LR fuzzy numbers, FLP
problem (1) is referred to as FVLP problem. In addition, we consider
the following FLP problem:

n
max E C]xj

j=1

%tZa,]xjfb,, foriel, ={1,2,...,m}
J—l

@

Zavxj <b,, forie L, :={m, +1,...,m}
j=1

% >0, forje:={1,2,...,n}
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where each ¢;, a;;, b € F(R), and = is an order relation on F(R).
Since all ob]ectlve function coefficients, technological coefficients,
and right-hand side values of the constraints are represented by LR
fuzzy numbers, and only the decision variables take on nonnegative

real values, FLP problem (2) is referred to as FNLP problem.

Definition 6. A vector x = (x,X,,...,%,) € F(R)" is a feasible
solution to FVLP problem (1) if all equality and inequality
constraints are satisfied.

Definition 7. Denote by X the set of feasible solutions to

problem (1). A vector X* = (X}, %,...,%;) € X is an optimal fuzzy

solution to FVLP problem (1) if ) ¢;X; < Z ¢ x; forallx € X.
i=1

]71

Definition 8. A vector x = (x;,x,,...,%,) € R" is a feasible
solution to FNLP problem (2) if all equality and inequality
constraints are satisfied.

Definition 9. Denote by X the set of feasible solutions to
problem (2). A vector x* = (x},%},...,x;) € X is an optimal solu-

n n
tion to FNLP problem (2) if >° ¢jx; < > ¢} forall x € X.
j=1 j=1

Remark 1. Ebrahimnejad (2015) used a ranking function to solve
instances of FVLP problem (1). The ranking function, which in
practical applications approximates a decision-maker’s ranking
criterion, transforms fuzzy numbers into real numbers.
Consequently, comparing two fuzzy numbers reduces to
comparing the corresponding real numbers. Ebrahimnejad (2015)
pointed out that two fuzzy numbers with the same ranking value
are not necessarily equal. A major implication of this fact, as we
will show, is that the fuzzy objective value of FVLP problem (1)
obtained by using Ebrahimnejad’s (2015) method is not unique in
general, that is, there may be other solutions whose corresponding
fuzzy values may seem better to the decision-maker. This
observation also applies in FNLP and FFLP. We refer the reader
to Kaur and Kumar (2012), Ezzati et al. (2015), and Kaur and
Kumar (2016) for further discussions on this issue.

4. Lexicographic Method for FVLP and FNLP

Definition 10. Denote by <, the lexicographic order on R* and let
fi> f», f5, and f; be linear functions with non-singular coefficient
matrix. For a;,a, € F(R), the strict inequality a; < a, holds, if
and only if, (fi(a)).f2(a1),f3(@1). fa(@1)) <iex (f1(22) . 12(a2), f5(@2),
fi(ay)). The weak inequality a; <a, holds, if and only Iif]
(@), A@), S(@), L@)) < (@), @), (@), (@)
or (@), (@), (@) @) = (@), (@), f(@), fi(@))-

Remark 2. The order relation < is a total order, that is, it has the
following properties (provided that a;, a, and a; are LR fuzzy
numbers of the same type):

1. Va, € F(R) a, < a, (reflexivity).

2. Vaj,a, € FR) 4, =a, and a4, <Xa, implies a, =a,
(anti-symmetry).
3. Vc‘ilfdz,ﬁ} S F(R) El j 52 and 52 j 53 lmplles El j 53

(transitivity).
4. Va,,a, € F(R) a, < a, or a, =< a, (comparability).

= — 1
ijj - (Cj7 ],(1]7,8 )LR and g, azj j

The steps of the lexicographic method are as follows:

Step 1. If FVLP problem (1) is to be solved, then assume

X = (x] ,xj sof, Bf)r- By using Definition S, write ¢x; = (c },cf,

a;mBj)LR’ ajj j = (“ijv“,ju“,-j,ﬁg)ws and bi = (bzlvbzzvauﬁb)uz
On the other hand, if FNLP problem (2) is to be solved, then write
= (aj, a, of, )z By using the
linearity property of each fi, write the constraint set of FVLP
problem (1) (or FNLP problem (2)) as:

=
=

n n
a; =bj, aézbﬁZa%za%Zﬁ =pb foriel
. . =

j=1 j=1

Yl

A MBNACHATL N
f<(“w“wo‘v7ﬁ ) :i (“u’au’au’ﬂl])m>> Slex
(
b!

(fl((b1 bz» o, B)1r)s fo(
(6107 B) ) S (87

HM:

bi, al’ﬂb)LR)7
7.0l BY)R)) fori€l,

Step 2. Transform FVLP problem (1) (resp. FNLP problem (2)) into
the following lexicographic optimization problem:

lexmax(jifl<<leuC]‘Zad;,ﬂf>LR)7jilj‘2((c}’51270[;’/3;)“)’
ji;ﬁ(<c}7cjg’af’ﬁ;)m)’jzn;ﬁ*(<J’ i ]7ﬁc) ))

Xlex

By >0, xf <x},forje] | res X
A °p: x>0, forje]
(3
Step 3. By introducing auxiliary variables s},s?,s?, st and binary
variables y!, y?,y?, yi, write X, as:

n n n n

Z b: xl ZaZJ,bXZ7 1a§:a?:2ﬂzj: ib7 foriel

= = i= j=

n

Z/ﬁ(( l,atj,cxv,,B >LR)+5 (01,082,008, 8%) ), fori€l,

n

Z 2(( 17 117 1) ﬂZ)LR)+SIZ _fZ hzl?hzzva?HBs])LR)’ foriEIZ
X:= ; b b .

2 ((ah e 57) )+ = (bt B, for e

n

Sl () adod ) )+t =fi((b1, 60t BY) ), fori € 1y

=1

ey1<sl<Ly,,fLy +ey? <SZ<Ly127 foriel,

Lyt +y?) ey} <si <Ly} foriel,

—Liy; +yi +y) +eyi <st <Lyfsylyiyly €{0,1), foriel

for positive € and L sufficiently small and large, respectively.

Step 4. Transform problem (3) into the following mixed-integer
lexicographic linear programming (MILLP) problem:
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n

exmen (S35 (9, ) 520 (6- ), .)
j=1 =t

$0((65),) S(504),.)
{ >0, f()f]G])

)

. (
S.t. 1 2 :
Otf,ﬂ]’-‘ > Oaxj < X f()r] e]J

Step 5. Solve MILLP problem (4) with the lexicographic method
(Ehrgott, 2005).

Step 6. IfFVLP problem (1) was solved, then put the values of x} X, ] ,

of, and g into x; = = (%}, %7, of, Bf) g and evaluate Z ¢;%; to get an

optimal fuzzy solution and its corresponding unlque fuzzy value.
On the other hand, if FNLP problem (2) was solved, then the
solution is already given by the variables x;,x,,...,x,. Evaluate

n
> ¢x; to get the unique optimal fuzzy objective value of FNLP
=1

problem (2).

Theorem 1. Problems (3) and (4) have the same feasible set (Pérez-
Cafiedo & Concepcion-Morales, 2019).

Proof. It is sufficient to prove the equivalence between the
lexicographic constraints of problem (3) and the following set of
constraints of problem (4):

ka(( l]’ l]7 1]716 ) R) +Sz f((bl b127 z7ﬂb)LR)
j=1
k—

ke{1,2,3,4},iel, - LZf+eyk<sk<Ly,’.<,y,’fe{o,1},

ke {1,2,3,4},iel,
5)

To simplify the notation, let us define [ : 7121 fk<< aj, ,J
o, Be)ir) and ry = fi (b}, b7, @, B7) ) We first show that any
solution satisfying the lexicographic constraints of problem (3), nec-
essarily satisfies constraint set (5). Thus, we have for every i € I,
(Livs-veslig) <iex (fiy -y 1ig) OF (Liyy...yliy) = (ri,..., 1;4) in prob-
lem (3). If (Ly, ..., ly) = (riy, ..., Ti), then clearly s§ = 0 for all &
which is only possible by setting y¥ = 0 for all k. On the other hand,
if (I, ...y l) <jex (Tiry ..., 1is), then there is 1 < k; < 4 such that
Ly = ry for k < k; and [, < ry,. This means that sk =0fork <k
and sf" > 0, which is obtained only by setting y¥ = 0 for k < k;,
yf’ =1and y¥ = 0 (or 1) for k > k; with positive € and L, respec-
tively, small and large enough so that sf‘ € [¢,L]. Conversely, if
yf=0 for al k then sf=0 for all k implying
(Liyy...y 1) = (ri1,...,1;4) in problem (3). Assume now that there
is 1 < k; < 4 such that y¥ = 1 and y¥ = 0 for k < k;. In such a case,
we obtain the inequality € < sf‘ < L, which implies that sk > 0.

we have sf=0 for k<k;
shia) =iex (Tiy o 7).

Therefore, and s

ing (L, ...

>0 imply-
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Remark 3. By virtue of Theorem 1 and since problems (3) and (4)
have the same objective function, both problems are equivalent.

5. Advantages and Limitations of the Lexicographic
Method

The lexicographic method has the following advantages on
solving FVLP and FNLP problems with inequality constraints:

1. All problems solved by the existing methods (Ebrahimnejad, 2015;
Lai & Hwang, 1992; Mahdavi-Amiri & Nasseri, 2007; Maleki et al.,
2000, Shaocheng, 1994) can be also solved by the lexicographic
method. However, uniqueness of optimal fuzzy objective values
is only guaranteed by the lexicographic method.

2. Most of the existing methods (Ebrahimnejad, 2015; Mahdavi-
Amiri & Nasseri, 2007) use a linear ranking function to define
fuzzy inequality relations in F(). Such an approach neglects
the fuzziness in the objective function and inequality relations
in the constraint set. On the other hand, by using several ranking
criteria, the lexicographic method takes all information into
account in the solving process.

3. The lexicographic method makes very few assumptions on the
nature of the ranking functions, which allows for a great deal
of flexibility in practical decision-making.

Despite its advantages, the lexicographic method transforms the FLP
problem into an MILLP problem, and it is therefore more complex
than the other methods.

6. Numerical Examples and Applications

This section presents four FLP problems. Examples 1 and 2 are
an FVLP problem and an FNLP problem, respectively. These
examples are used to illustrate how to carry out the steps of the
lexicographic method. We provide the optimal solution to both
examples by using three different lexicographic ranking criteria.
In Subsection 6.1, a diet problem presented in Ebrahimnejad
(2015) is solved by using the lexicographic method, and the
results are compared with those obtained via Ebrahimnejad’s
(2015) method. Lastly, an application of the lexicographic method
to a time—cost trade-off problem with fuzzy variables is discussed
in subsection 6.2. Numerical optimization was carried out by
using PuLP linear programming modeller (Mitchell et al., 2011)
version 1.6.0 and CBC MILP solver (Forrest & Lougee-Heimer,
2005) version 2.8.12. The computer codes of each example are
available from the first author upon request.

Example 1. Let us consider the following FVLP problem:

max 2X, X, D X3

SL X ®X, Dx3 = (6,8,2,1)x
_ 1. 11
x125x2@<022 2) ©)
X XX
X1, %,%3 >0
L(x) =R(x)=1-x

Some authors (Ezzati et al., 2015; Giri et al., 2015) use fuzzy slack
and surplus variables to transform fuzzy inequalities into equalities.
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Thus, in FVLP problem (6), the inequality x; < X; would be replaced
by X; @5 = X3 (with's > 0), and the solution to the resulting FVLP
problem is assumed to be that of the original problem. If we carry out
this sort of transformation, then the resulting FVLP problem is not
feasible. However, we next show, by using the lexicographic
method, that FVLP problem (6) is feasible.

The RMDS ranking criterion (Kaur & Kumar, 2016) is used
to solve FVLP problem (6). Note that, in this example,

fL d/\ij (A)dx =1/2.

Step 1. Assume X and write the constraint set as:

5= (%25, %, B) 1

X+ X +x =6,y +y, +y; =8,
o tayta; =28+ +ph =1,
X, = 1x2’y1 2)’2+2

o a2+27:31 2ﬂ2+27

(%(Jﬁ +y+1iB —5(11)7@7
Xlex L= ) . )
n—x+3B8 +§0117§0!1> Zlex

(1 410 L)

1 1, 1
V3 — X3 +35Bs +§0lsv§0l3)

Step 2. FVLP problem (6) into the following lexicographic
optimization problem:

1 1 1
lex max (x1+)’1+ Bi— 011“' (xz‘f'}’z“'iﬂz—iaz)%-

%(Xa ty3 +§/33——013)a(x1+)’1)+(x2 ;yZ)‘f‘(xSin)?
2y =2+ B tar+y—x Jr%ﬂz +%0¢2 Ty =X+
1 1 1 1
5.33 T2 T +50‘3)
s.t. {Xlex
@, >0, x<y;, x;—a; >0, forj=1,2,3
(7)

Step 3. Write constraint set X, as:

X +%+x =6y +y+y; =38,
‘11+‘¥2+0¢3—2 Bi+B+B=1,
x1: 1 =30 +2, 0‘1:%“2+%751:%}32+;,
(X1+J’1+ B —5en) + 51 =5 (x3 +ys +3Bs —3a3),
(X\+)'1)+52:(XJ+J'3)
2 1 PR

1 1 3 _ 1 1, 1 4_1
n—xt3Bi iy s =y —x 536 +505,50 5] =50

e <st < Lyl —Lyl + ey < st < Lyf, —L(y{ + 1) +ey] <57 < Lyj,

—Lt+ A+ +eot <st <D, e{0 1} fork=1,....4

where € = 10~ and L = 10.

Step 4. Transform problem (7) into the following MILLP problem:

1 1 1 1 1
lex max (xl +n +—/31 5% ""5 (xz +)2 +§ﬂz —Eaz)-F

1 1 - -
2<x3+}’3+ Bs — 7013) (’ﬁ‘*‘}’l)%’%—k(?’zi%)’

1 1
2y =25+ Bt +y,—x +552 +5052 +y3— %+

1 1 1 1
5/33 +50l376¥1 +50{2 +50l3

X
s.t.
S {aﬁﬂjzm %<y, x—a; >0, forj=1,2,3
(8)

Step 5. Solve MILLP (8) problem with the lexicographic method
(Ehrgott, 2005). This produces x; = 1.24, y; = 3.24, «; = 0.91,
Br = 0.66, X, = y, = 2.49, a; = 0.83, B, = 0.33, x3 = y3 = 2.25,
a3 = 0.25, and S5 = 0.

Step 6. Put the values of x;, y;, o, and ; into X; = ( X, 5%, B) -
Thus, we obtain x; = (1.24,3.24,0.91,0.66),, X, = (2. 49 2.49,
0.83,0.33) 5, and X3 = (2.25,2.25,0.25,0),,, with unique optimal
fuzzy objective value u = (7.24,11.24,2.91,1.66) .

Now, we verify that the obtained solution satisfies the inequality
constraint of FVLP problem (6) lexicographically. By using
Definition 10, we have (fi(x,),£(x),f:(x1),£(x1)) = (2.18,
2.24,2.79,0.45) and (f,(x3),£2(%3),f3(%3), fs(%3)) = (2.18,2.25,
0.12,0.12). Since (2.18,2.24,2.79, 0.45) is lexicographically less than
(2.18,2.25,0.12,0.12), we conclude that X; < X;3; therefore, the
obtained solution satisfies the inequality constraint of FVLP
problem (6). It should be noted that replacing the lexicographic
constraints with mere inequalities in MILLP problem (8), that is, drop-
ping all constraints involving binary variables y* and setting s¢ > 0 for
k =1,2,3, 4, makes the resulting optimization problem not feasible.

Additionally, Table 1 shows the solution to FVLP problem (6)
using the lexicographic method with the ranking criteria of
Wang et al. (2005) and Farhadinia (2009). We must stress that
although the optimal fuzzy objective values obtained by using
three different ranking criteria are not equal, they are unique with
respect to the corresponding ranking criteria.

Example 2. Let us consider the following FNLP problem:

max (2,2,1,1);p%, ® (4,8,2,3) %
s.t. (4,6,2,1)p% @ (5,8,3,2) %2 =
(1,3,1,1) % ©(9,13,1,1) 1 zx, =
x1,% > 0,L(x) =R(x) =1 —x

(20,24,10,11),,

(22,30,11,13),, ©)

Table 1
Solution to FVLP problem (6) using the lexicographic method
with two different ranking criteria

Ranking criterion

Solution (Wang et al., 2005) (Farhadinia, 2009)
% (1.24,3.24,1,0.66);,  (1.50,3.50,0.75,0.66),
% (2.49,2.49,1,0.33) (3,3,0.50,0.33) 5

% (2.25,2.25,0,0),, (1.50,1.50,0.74, 0),.

Fuzzy value (7.24,11.24,3,1.66),z (7.50,11.50,2.75,1.66),
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To solve this FNLP problem, we use Farhadinia’s (2009) ranking
criterion and follow the steps of the lexicographic method. Note
that, in this example, [ p_(x)dx =#n—m+1(a+ B). Thus, we
obtain the following equivalent MILLP problem:

lex max (2x; + 4x,, %, + 2x,, 2, + 9%, %] + 6.5x;)
s.t. 4x; + 5x, + sh =20, 2x; + 2x, + s2 = 10,
5x, + 8x, + s = 25, 3.5x; + 5.5x, + sf = 14.5,
X1+ 9%, +sL =22, 8x, +53 =11,
4x; + 6x, + 85 = 32, 3x; + 5x, + 55 = 20,
el <si <Ly, —Lyi +ef <5t < Lyf,
—LOyi+y1) +ei <5 <Ly,
—Li+y1+y) t el <sf <Ly,
&y <5 <Ly, —Ly, + €3 <53 < Ly,
— Ly +2) +e; <5 < Ly;,
—Ln+y+y) tesy <5 <Ly,
x1,% >0, ¥k ke {0,1} fork=1,...,4

(10)

where € = 107> and L = 10. Solving MILLP problem (10) produ-
ces x; = 2.25 and x, = 2.19, with unique optimal fuzzy objective
value u = (13.29,22.06,6.64, 8.83), ;. Table 2 shows the solution
to FNLP problem (9) using the lexicographic method with the
ranking criteria of Wang et al. (2005) and Kaur and Kumar
(2016). Figure 1 depicts the fuzzy objective values of FNLP
problem (9) obtained with Farhadinia’s (2009) criterion

Table 2
Solution to FNLP problem (9) using the lexicographic method
with two different ranking criteria

Ranking criterion
Solution (Wang et al., 2005) (Kaur & Kumar, 2016)

X, 1.73 1.99

X, 2.04 2.04

Fuzzy  (11.66,19.85,5.83,7.88),, (12.16,20.35,6.08,8.13),,
value

1r

(Figure 1(a)), Wang et al.’s (2005) criterion (Figure 1(b)) and
Kaur & Kumar’s (2016) criterion (Figure 1(c)), and also the fuzzy
objective values obtained when adding fuzzy slack variables and
replacing the lexicographic constraints with linear inequalities. In
Figure 1(b), the solution obtained by adding fuzzy slack variables
(dashed line) and the solution derived from replacing the lexico-
graphic constraints with linear inequality constraints have equal
fuzzy objective values. From Figure 1, the reader may see that the
lexicographic method produced better results in all cases.

Examples 1 and 2 demonstrate that it is better to use the
lexicographic method as compared to the methods that introduce
fuzzy slack and surplus variables or those that transform each
fuzzy inequality into a set of crisp inequalities. By using the
lexicographic method, feasibility issues occasioned by the latter
fuzzy inequality constraint handling approaches are avoided,
better fuzzy objective values are obtained, and the decision-
maker’s ranking criterion is used properly in the solving process.

6.1. Application in a diet problem

Let us consider the diet problem solved by Ebrahimnejad
(2015), whose formulation is given below.

min 3x; @ 2X, @ 4x; O 5x,4

S X B 2% B, B 4%, = (196,202,1,5),,
3%, &%, @ 2%, B 2%, = (118,120,2,6),,
(8,12,1,1),, < % = (18,22,2,2) .4
(18,22,2,2), < % = (36,42,2,6) 5
(8,12,1,1),5 < %5 = (18,22,2,2) .5
(8,12,1,1),p < %4 = (26,32,1,5),x
L(x)=R(x)=1-—x

1mn

Solving FVLP problem (11) by using Ebrahimnejad’s (2015) method

produces: x; = (8,12,1,1),5, X3 =(8,12,1,1);5, X, = (36,42,
2,6);z and x, = (16,34.5,7.75,6.75),p with fuzzy value v =
(208, 340.5,49.75,52.75) 5. To solve FVLP problem (11) by using

the lexicographic method, we define f;(a) := % (m +n+ @),

Figure 1
Unique optimal fuzzy objective value of FNLP problem (9) (solid line), obtained by using the lexicographic method with
three different ranking criteria. Suboptimal fuzzy values were obtained by adding fuzzy slack variables (dashed line)
and alternatively by replacing lexicographic constraints with linear inequalities (dotted line)

1 r— = -

(a) Farhadinia’s (2009) ranking cri-

terion.
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(b) Wang et al.’s (2005) ranking cri-

terion.

Ly 1 b
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(c) Kaur & Kumar’s (2016) ranking

criterion.
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which is the same ranking function used by Ebrahimnejad (2015),
and additionally three more criteria f,(a) == § (m + n), f;(a) ==
(n—m+a+ B) and f,(a) := a. By following the steps of the
lexicographic method, the solution is x; =x; = (8,12,1,1)g,
X, =(39,39,0,4),; and X, = (25.25,25.25,1,0),, with optimal
fuzzy value V., = (260.25,288.25,12,15),;. According to this
solution, the special mix should include about 10 units of corn, about
39 units of lime, about 10 units of alfalfa, and about 25.25 units of
soy. Total cost is about $274.25. The total cost estimation is the same
as the one obtained by using Ebrahimnejad’s method because both
fuzzy costs have the same modal value; however, the total fuzzy cost
obtained by using the lexicographic method has less fuzziness and is
therefore preferred. Figure 2 depicts the graphs of ;.. (solid line)
and Vg (dashed line). The reader may agree with us that intuitively
Viex < Vg; hence, a decision-maker should prefer v, rather than
Vg. By using Definition 10 to compare vi., and v;, we obtain
(fl(,{;Lex)7f2(’{/’Lex)7.f3(,{;Lex)7ﬁl(;Lex)) = (275 274. 25 55, 12) and
(he), fo(Ve).fs (V) fa (7)) = (275,274.25,235,49. 75) since (275,
274.25,55,12) <, (275,274.25,235,49.75), we conclude that
Viex < Vg. It can also be easily checked that the obtained solution
is feasible according to the given lexicographic criterion. Lastly,
according to the total order properties of =<, any alternative fuzzy
solution must have the same fuzzy objective value v, ..

6.2. Application in a time—cost trade-off problem

Time—cost trade-off problems are a special type of project
scheduling problems, in which the project activity durations are
modified to achieve a balance between the project cost and its
completion time. The following assumptions are made regarding
the problem parameters and decision variables (Gocken &
Baykasoglu 2016):

1. Events are presented on the nodes and activities on the arcs.

2. Crashing cost value of activity (i, j), denoted by c;;, is assumed
crisp.

3. Normal and crash durations of activity (i,f), denoted by T” and Tfj,
respectively, are uncertain and defined as LR fuzzy numbers with
L(x) =R(x) =1-—x.

4. Problem variables, occurrence time of event i, and duration of
activity (ij) denoted by #; and t,J, respectively, are defined as
LR fuzzy numbers with L( )=R(x)=1-—x.

Figure 2
Membership functions of optimal fuzzy value v, (solid line) and
Vg (dashed line)

ir [

/
\
0
PR, T . X .
PP Y ? $

In the time—cost trade-off problem with n nodes (events), two
objectives are considered: (1) minimization of crashing cost

n—1 - -

22 (TZ o tij) , where §; is the set of activities that begin with
i=1jes,

event 7; (2) minimization of the makespan of project execution f,.
Since Tf'j is a constant LR fuzzy number, we choose to maximize

n—1 -
>~ > cjtj. The problem is then formulated as the bi-objective
i=1j€S;

FVLP (BOFVLP) problem (12):

n—1
max E E Cl]ttj

i=1 jes;
min f, (12)
SLE®E; =G, fori=1,...,n—1j€S,
chzjj ,J,forz—l Ln—1Ljes;

In order to solve BOFVLP problem (12) with the lexicographic
method, we use the popular e-constraint scalarization approach. In
the e-constraint scalarization approach, the objective function with
the highest priority is optimized, while the other objective functions
are bounded from above (in case of minimization) or below (in case
of maximization) by means of additional constraints.

If we assume that a decision-maker wishes to complete the
project in at most € days, then BOFVLP problem (12) is transformed
into single-objective FVLP problem (13) and solved by using the
lexicographic method with different fuzzy values of parameter €.
To illustrate this approach, let us consider the project network
depicted in Figure 3. Table 3 shows the crash duration, normal
duration, and crashing cost of each activity. Tables 4 and 5 show
the solution to FVLP problem (13) with different values of €.
A decision-maker can now choose the most preferable solution

Figure 3
Network of problem (12)

(3—(7)

Table 3
Data of project network depicted in Figure 3

Activity index Crash duration Normal duration Crashing cost

(1,2) (1,0,1) 5 (8,3,1)1x 15
(2,3) (2,0,0) .5 (6,1,0).5 25
2,4) (2,1,1) 4 (7,2,2)1x 23
(2,5) (4,1,1) 5 (10,2,2), 5 35
(5, 6) (4,1,0)% (7,0,2)x 18
(4, 6) (4,1,1) 15 (7,2,0) 5 32
3,7 (3,1,1) 11 (8,2,2)15 20
(7, 8) (3,1,1)1x (7,0,0) 5 17
(6, 8) (4,2,2)1x (7,1,1) & 30
8,9 (4,1,2) 1 (10,1,3),2 27
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Table 4
Activity durations obtained with the lexicographic method and Farhadinia’s criterion
Values of €
Activity index (42,10,10) (39,8,8)z (36,8,10),, (31,4,4) 1 (18,7,7)1x
(1,2) (8,6,2) 1z (5,4,0) 1z (2,2,0) 1z (1,0, 1)z (1,0,1) 4
(2’ 3) (67 17 O)LR (67 1? O)LR (67 1? O)LR (67 17 O)LR (67 17 O)LR
(2’ 4) (77 27 2)LR (77 2> 2)LR (77 27 2)LR (77 2’ 2)LR (27 17 1)LR
2,5) (10,2,2), 5 (10,2,2) ;5 (10,2,2), (10,2,2),5 (5,3,2)1r
(Sa 6) (7 07 2)LR (77 07 2)LR (7/ 27 4)LR (47 07 0)LR (47 17 C’)LR
(47 6) (77210)LR (77 270)LR (772’0)LR (77270)LR (7737 1)LR
(3’ 7) (87272)LR (872?2)LR (87272)LR (872’ 2)LR (4747 3)LR
(7’ 8) (77 07 O)LR (77 Ov 0)LR (7’ 07 O)LR (7 O, 0)LR (37 L, 1)LR
(6’ 8) (77 17 1)LR (77 17 1)LR (71 17 1)LR (77 17 1)LR (47 272)LR
(87 9) (107173)LR (10, 173)LR (107173)LR (97170)LR (47 1 2)LR
n-l - (1890, 392, 333), (1845, 362,303), (1800, 368, 339), (1704, 302,201), (1041, 451,331) .,
> D0 Gt
i=1jes,
T (42,10,10),, (39,8,8),z (36,8,10),, (31,4,4) 5 (18,7,7)»
Table 5
Event times obtained with the lexicographic method and Farhadinia’s criterion
Values of €
Node index (42,10, 10),, (39,8,8).z (36,8,10);, (31,4,4) 2 (18,7,7)1z
1 (0701 O)LR (07070)LR (0707 0)LR (07070)LR (07 070)LR
2 (8767 2)LR (574a 0)LR (2a270)LR (170> 1)LR (1107 1)LR
3 (147 77 5)LR (117570)LR (870’ 0)LR (77 172)LR (77 17 1)LR
4 (15-,07 12)LR (1276’ 2)LR (97()’ 0)LR (8’0*3)LR (37 lvz)LR
5 (18,8,4)LR (15,6,2)LR (12,4,2)LR (11,2,3)LR (6,3,3)LR
6 (257876)LR (221674)LR (197676)LR (157273)LR (10741 3)LR
7 (22,9,7)1r (19,0,0), (16,2,12),p (15,3,4),2 (11,5,4), 2
8 (32,9,7)1r (29,7,5)1r (26,7,7)1r (22,3,4) 2 (14,6,5)r
9 (42,10,10) 4 (39,8,8)r (36,8,10), (31,4,4) 2 (18,7,7)1r

among the available ones or provide more values for € and analyze
the corresponding solutions.

n—1
max E g cijt,-j

i=1 jes;

st t, <€ (13)
Z@ijtj, fori=1,....n—1Lj€S;
TG =1, 2Ty fori=1,....n—1; jES

7. Conclusions and Future Research Lines

In this paper, we used the lexicographic method proposed by
Pérez-Cafiedo and Concepcion-Morales (2019) to solve FVLP
problems and FNLP problems. All fuzzy parameters and fuzzy
decision variables of the FLP problems were considered LR fuzzy
numbers of the same type. By using the lexicographic method, the
FLP problems were transformed into equivalent MILLP problems.
Numerical examples, including applications in diet and time—cost
trade-off problems, illustrated the lexicographic method. By
following the steps of the lexicographic method, we found
optimal solutions with unique fuzzy objective values. However,
the lexicographic method increases the complexity of the solution
process since solving an FLP problem requires to solve four
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mixed-integer linear programming problems. Future research
may therefore be devoted to assessing the lexicographic method
in high-dimensional real-world FLP problems and using
metaheuristic algorithms as substitutes of exact approaches. In the
future, emphasis could be done on the multiobjective case, since
by nature those models provide more realistic and richer solutions
to real-world problems. In this case, it seems promising the
application of the Grossone methodology for lexicographic
optimization described in Lai et al. (2020); Lai et al. (2021).
To extend the lexicographic method for solving FLP problems
with different types of fuzzy numbers is also an interesting
research line to address in the future. From an application point of
view, given the vagueness of the available data around all topics
covered by the sustainable development goals (UN, 2015), FLP
models, and solution methods are ideal for them (e.g., the case of
fish harvesting (FAO, 1995) or sustainable power generation
(Khan et al., 2021)). This is a topic that we will address in the
immediate future.

Acknowledgment

The authors are grateful to the editor and the anonymous
reviewers for their constructive comments and suggestions.
Research supported by projects PID2020-112754GB-10, MCIN/AEIL
and B-TIC-640-UGR20 FEDER/Junta de Andalucia.



Journal of Computational and Cognitive Engineering

Vol.2 Iss.1 2023

Conflicts of Interest

The authors declare that they have no conflicts of interest to this
work.

References

Bellman, R. E., & Zadeh, L. A. (1970). Decision-making in fuzzy
environment. Management Science, 17, 141-164. https://doi.
org/10.1287/mnsc.17.4.B141

Buckley, J. J., & Feuring, T. (2000). Evolutionary algorithm solution
to fuzzy problems: Fuzzy linear programming. Fuzzy Sets and
Systems, 109, 35-53. https://doi.org/10.1016/S0165-0114(98)
00022-0

Carlsson, C., & Fullér, R. (2005). On additions of interactive fuzzy
numbers. Acta Polytechnica Hungarica, 2.

Das, S. K., Mandal, T., & Edalatpanah, S. A. (2017). A mathematical
model for solving fully fuzzy linear programming problem
with trapezoidal fuzzy numbers. Applied Intelligence, 46,
509-519. https://doi.org/10.1007/s10489-016-0779-x

Delgado, M., Verdegay, J. L., & Vila, M. A. (1989). A general model
for fuzzy linear programming. Fuzzy Sets and Systems, 29,
21-29. https://doi.org/10.1016/0165-0114(89)90133-4

Dubois, D., & Prade, H. (1978). Operations on fuzzy numbers.
International Journal of Systems Science, 9, 613—626.
https://doi.org/10.1080/00207727808941724

Ebrahimnejad, A. (2015). A duality approach for solving bounded
linear programming problems with fuzzy variables based on
ranking functions and its application in bounded transportation
problems. [International Journal of Systems Science, 46,
2048-2060. https://doi.org/10.1080/00207721.2013.844285

Ebrahimnejad, A., & Verdegay, J. L. (2018). Fuzzy sets-based
methods and techniques for modern analytics, 364. Springer
International Publishing. https://doi.org/10.1007/978-3-319-
73903-8

Ehrgott, M. (2005). Multicriteria Optimization, 491. Springer Science
& Business Media. https://doi.org/10.1007/3-540-27659-9

Ezzati, R., Khorram, E., & Enayati, R. (2015). A new algorithm to
solve fully fuzzy linear programming problems using the
MOLP problem. Applied Mathematical Modelling, 39,
3183-3193. https://doi.org/10.1016/j.apm.2013.03.014

FAO (1995). Code of Conduct for Responsible Fisheries. Rome:
FAO. https://www.fao.org/3/v9878e/v9878e.pdf

Farhadinia, B. (2009). Ranking fuzzy numbers based on
lexicographical ordering. International Journal of Applied
Mathematics and Computer Sciences, 5, 248-251.

Forrest, J., & Lougee-Heimer, R. (2005). CBC user guide: In
Emerging Theory, Methods, and Applications, 10, 257-2717.
INFORMS. https://doi.org/10.1287/educ.1053.0020

Ghanbari, R., Ghorbani-Moghadam, K., Mahdavi-Amiri, N., & De
Baets, B. (2020). Fuzzy linear programming problems: models
and solutions. Sofi Computing, 24, 10043—10073. https://doi.
org/10.1007/s00500-019-04519-w

Giri, P. K., Maiti, M. K., & Maiti, M. (2015). Fully fuzzy fixed charge
multi-item solid transportation problem. Applied Soft Computing,
27,77-91. https://doi.org/10.1016/j.as0c¢.2014.10.003

Gogken, T., & Baykasoglu, A. (2016). Direct solution of time—cost
tradeoff problem with fuzzy decision variables. Cybernetics
and  Systems, 47, 206-219. https://doi.org/10.1080/
01969722.2016.1156913

Hashemi, S. M., Modarres, M., Nasrabadi, E., & Nasrabadi, M. M.
(2006). Fully fuzzified linear programming, solution and
duality. Journal of Intelligent & Fuzzy Systems, 17, 253-261.

Lotfi, F. H., Allahviranloo, T., Jondabeh, M. A., & Alizadeh, L. (2009).
Solving a full fuzzy linear programming using lexicography
method and fuzzy approximate solution. Applied Mathematical
Modelling, 33, 3151-3156. https://doi.org/10.1016/j.apm.
2008.10.020

Kaur, J., & Kumar, A. (2012). Unique fuzzy optimal value of fully
fuzzy linear programming problems. Control and Cybernetics,
41, 171-182.

Kaur, J.,, & Kumar, A. (2016). An Introduction to fuzzy linear
programming problems. Studies in Fuzziness and Soft
Computing, 340, 1-119. https://doi.org/10.1007/978-3-319-
31274-3

Khan, I. U., Ahmad, T., & Maan, N. (2013). A Simplified Novel
Technique for Solving Fully Fuzzy Linear Programming
Problems. Journal of Optimization Theory and Applications,
159, 536-546. https://doi.org/10.1007/s10957-012-0215-2

Khan, M. F., Pervez, A., Modibbo, U. M., Chauhan, J., & Ali, L.
(2021). Flexible fuzzy goal programming approach in
optimal mix of power generation for socio-economic
sustainability: A case study. Sustainability, 13, 8256. https://
doi.org/10.3390/sul3158256

Lai, L., Fiaschi, L., & Cococcioni, M. (2020). Solving mixed pareto-
lexicographic multi-objective optimization problems: The case
of priority chains. Swarm and Evolutionary Computation, 55,
100687. https://doi.org/10.1016/j.swev0.2020.100687

Lai, L., Fiaschi, L., Cococcioni, M., & Deb, K. (2021). Solving
mixed pareto-lexicographic multiobjective optimization
problems: The case of priority levels. IEEE Transactions on
Evolutionary Computation, 25, 971-985. https://doi.org/10.
1109/TEVC.2021.3068816

Lai, Y.-J., & Hwang, C.-L. (1992). A new approach to some
possibilistic linear programming problems. Fuzzy Sets and
Systems, 49, 121-133. https://doi.org/10.1016/0165-0114(92)
90318-X

Mahdavi-Amiri, N., & Nasseri, S. H. (2007). Duality results and a
dual simplex method for linear programming problems with
trapezoidal fuzzy variables. Fuzzy Sets and Systems, 158,
1961-1978. https://doi.org/10.1016/j.fss.2007.05.005

Maleki, H., Tata, M., & Mashinchi, M. (2000). Linear programming
with fuzzy variables. Fuzzy Sets and Systems, 109, 21-33.
https://doi.org/10.1016/S0165-0114(98)00066-9

Mitchell, S., O’Sullivan, M., & Dunning, I. (2011). PuLP: A Linear
Programming Toolkit for Python. The University of Auckland,
Auckland, New Zealand. http://www.optimization-online.org/
DB_FILE/2011/09/3178.pdf

Pérez-Caiiedo, B., & Concepcion-Morales, E. R. (2019). A method
to find the unique optimal fuzzy value of fully fuzzy linear
programming problems with inequality constraints having
unrestricted L-R fuzzy parameters and decision variables.
Expert Systems With Applications, 123, 256-269. https://doi.
org/10.1016/j.eswa.2019.01.041

Shaocheng, T. (1994). Interval number and fuzzy number
linear programmings. Fuzzy Sets and Systems, 66, 301-306.
https://doi.org/10.1016/0165-0114(94)90097-3

Tanaka, H., Ichihashi, H., & Asai, K. (1984). A formulation of fuzzy
linear programming problem based on comparison of fuzzy
numbers. Control and Cybernetics, 13, 185-194.

Tanaka, H., Okuda, T., & Asai, K. (1974). On fuzzy-mathematical
programming. Journal of Cybernetics, 3, 37-46. https://doi.
org/10.1080/01969727308545912

UN (2015). Transforming Our World: The 2030 Agenda for
Sustainable Development. New York, NY, USA: United
Nations. https://sustainabledevelopment.un.org/content/

55


https://doi.org/10.1287/mnsc.17.4.B141
https://doi.org/10.1287/mnsc.17.4.B141
https://doi.org/10.1016/S0165-0114(98)00022-0
https://doi.org/10.1016/S0165-0114(98)00022-0
https://doi.org/10.1007/s10489-016-0779-x
https://doi.org/10.1016/0165-0114(89)90133-4
https://doi.org/10.1080/00207727808941724
https://doi.org/10.1080/00207721.2013.844285
https://doi.org/10.1007/978-3-319-73903-8
https://doi.org/10.1007/978-3-319-73903-8
https://doi.org/10.1007/3-540-27659-9
https://doi.org/10.1016/j.apm.2013.03.014
https://www.fao.org/3/v9878e/v9878e.pdf
https://doi.org/10.1287/educ.1053.0020
https://doi.org/10.1007/s00500-019-04519-w
https://doi.org/10.1007/s00500-019-04519-w
https://doi.org/10.1016/j.asoc.2014.10.003
https://doi.org/10.1080/01969722.2016.1156913
https://doi.org/10.1080/01969722.2016.1156913
https://doi.org/10.1016/j.apm.2008.10.020
https://doi.org/10.1016/j.apm.2008.10.020
https://doi.org/10.1007/978-3-319-31274-3
https://doi.org/10.1007/978-3-319-31274-3
https://doi.org/10.1007/s10957-012-0215-2
https://doi.org/10.3390/su13158256
https://doi.org/10.3390/su13158256
https://doi.org/10.1016/j.swevo.2020.100687
https://doi.org/10.1109/TEVC.2021.3068816
https://doi.org/10.1109/TEVC.2021.3068816
https://doi.org/10.1016/0165-0114(92)90318-X
https://doi.org/10.1016/0165-0114(92)90318-X
https://doi.org/10.1016/j.fss.2007.05.005
https://doi.org/10.1016/S0165-0114(98)00066-9
http://www.optimization-online.org/DB_FILE/2011/09/3178.pdf
http://www.optimization-online.org/DB_FILE/2011/09/3178.pdf
https://doi.org/10.1016/j.eswa.2019.01.041
https://doi.org/10.1016/j.eswa.2019.01.041
https://doi.org/10.1016/0165-0114(94)90097-3
https://doi.org/10.1080/01969727308545912
https://doi.org/10.1080/01969727308545912
https://sustainabledevelopment.un.org/content/documents/21252030%20Agenda%20for%20Sustainable%20Development%20web.pdf

Journal of Computational and Cognitive Engineering Vol.2 Iss.1 2023

56

documents/21252030%20Agenda%20for%20Sustainable
%20Development%20web.pdf

Verdegay, J. L. (1982). Fuzzy mathematical programming. In
M. M. Gupta, & E. Sanchez (Eds.), Fuzzy Information and Decision
Processes (pp. 231-237). North-Holland Publishing Company.

Wang, M.-L., Wang, H.-F., & Chih-Lung, L. (2005). Ranking fuzzy
number based on lexicographic screening procedure. International
Journal of Information Technology & Decision Making, 4,
663—-678. https://doi.org/10.1142/S0219622005001696

Zimmermann, H. J. (1976). Description and optimization of
fuzzy systems. International Journal of General Systems, 2,
209-215. https://doi.org/10.1080/03081077508960870

How to Cite: Pérez-Cailedo, B. & Verdegay, J. L. (2023). On the Application of a
Lexicographic Method to Fuzzy Linear Programming Problems. Journal of

Computational and Cognitive Engineering 2(1), 47-56, https://doi.org/10.47852/
bonviewJCCE20235142025



https://sustainabledevelopment.un.org/content/documents/21252030%20Agenda%20for%20Sustainable%20Development%20web.pdf
https://sustainabledevelopment.un.org/content/documents/21252030%20Agenda%20for%20Sustainable%20Development%20web.pdf
https://doi.org/10.1142/S0219622005001696
https://doi.org/10.1080/03081077508960870
https://doi.org/10.47852/bonviewJCCE20235142025
https://doi.org/10.47852/bonviewJCCE20235142025

	On the Application of a Lexicographic Method to Fuzzy Linear Programming Problems
	1. Introduction
	2. Preliminaries
	2.1. Lexicographic ranking of LR fuzzy numbers

	3. Mathematical Models of FVLP and FNLP
	4. Lexicographic Method for FVLP and FNLP
	5. Advantages and Limitations of the Lexicographic Method
	6. Numerical Examples and Applications
	6.1. Application in a diet problem
	6.2. Application in a time-cost trade-off problem

	7. Conclusions and Future Research Lines
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth 4
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (U.S. Web Coated \050SWOP\051 v2)
  /PDFXOutputConditionIdentifier (CGATS TR 001)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (U.S. Web Coated \(SWOP\) v2)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


