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Abstract: In this paper, using the notion of ðk�; qÞ-quasi-coincident of an ordered fuzzy point with a fuzzy set of the support, the concept of
ð2;2 _ðκ�; qκÞÞ-fuzzy bi-Γ-ideals in ordered Γ-semigroups is defined. We prove that intersection of ð2;2 _ðκ�; qκÞÞ-fuzzy bi-Γ-ideals of
S is an ð2;2 _ðκ�; qkÞÞ-fuzzy bi-Γ-ideal but the statement does not hold for union, and in this aim an example is provided. Moreover,
we present correspondence between bi-Γ-ideals and ð2;2 _ðκ�; qκÞÞ-fuzzy bi-Γ-ideals of ordered Γ-semigroups based on level subset
and ð2 _ðκ�; qκÞÞ-level subset of fuzzy sets.
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1. Introduction

In 1986, Sen and Saha (1986) introduced the notion of a
Γ-semigroup. Later on in 1993, the notion of ordered
Γ-semigroups was introduced by Sen and Seth (1993). Many
classical notions such as ideals, bi-ideals and quasi-ideals in
ordered Γ-semigroups and regular ordered Γ-semigroups have
been generalized to ordered Γ-semigroups, and these classical
notions of ordered Γ-semigroups have been studied by Changphas
and Thongkam (2011), Hila (2010), Hila and Pisha (2006),
Iampan (2009), Iampan (2015) Kwon and Lee (1998), Mahboob
and Khan (2021), and Mahboob et al. (2021).

Zadeh (1965), in 1965, introduced the concept of a fuzzy set.
The concept of a fuzzy subgroup introduced by Rosenfeld (1971).
In 1979, Kuroki (1979) introduced fuzzy sets in semigroup
theory. Fuzzy sets in ordered semigroups were first studied by
Kehayopulu and Tsingelis (2002). In Tang (2012), Tang
characterized ordered semigroups by ð2;2 _qÞ-fuzzy ideals. Later
on, the concept of ð2;2 _qkÞ- fuzzy subalgebras in BCK/BCI-
algebras is introduced by Jun (2009). In Shabir et al. (2010),
characterized the regular semigroups by ð2;2 _qkÞ-fuzzy ideals.
In Gambo et al. (2017a), characterized left regular, right regular,
regular and completely regular ordered Γ-semigroups in terms of
ð2;2 _qkÞ-fuzzy left Γ-ideals, ð2;2 _qkÞ-fuzzy right Γ-ideals and
ð2;2 _qkÞ-fuzzy ideals. By generalizing the concept of fuzzy
generalized bi Γ-ideals, the concept of ð2;2 _qkÞ-fuzzy bi Γ-ideals
in ordered Γ-semigroups is introduced by Gambo et al. (2017b). For

More concepts related to this work, we refer readers to Jun et al.
(2016); Jun et al. (2014).

In the present work, the concept of ð2;2 _ðκ�; qkÞÞ-fuzzy
bi-Γ-ideals in ordered Γ-semigroups is introduced. Furthermore, it
is proved that intersection of fuzzy bi-Γ-ideals of S is a fuzzy
bi-Γ-ideal but the statement does not hold for union, and in this
aim an example is provided. Moreover, the correspondence between
bi-Γ-ideals and ð2;2 _ðκ�; qkÞÞ-fuzzy bi-Γ-ideals of ordered
Γ-semigroups based on level subset and ð2 _ðκ�; qκÞÞ-level subset
of fuzzy sets is presented.

2. Preliminaries

Let S and Γ be the nonempty sets. Then the triplet ðS;Γ;�Þ is
called an ordered Γ-semigroup if S is a Γ-semigroup and ðS;�Þ is a
partially ordered set such that

τ � ϑ ) τγΘ � ϑγΘ and Θγτ � Θγϑ;

for all τ;ϑ;Θ 2 S and γ 2 Γ.
For a subset Ω of S, we denote ðΩ� ¼ ft 2 S j

t � a for some a 2 Ωg. For any nonempty subsets Ω and ℧ of S,
the following properties hold: (1) Ω � ðΩ�; (2) ððΩ�� ¼ ðΩ�;
(3) If Ω � ℧, then ðΩ� � ð℧�; (4) ðΩ�Γð℧� � ðΩΓ℧� and
(5) ððΩ�Γð℧�� ¼ ðΩΓ℧�.

A subset T of S is said to be a Γ-subsemigroup of S if for all
τ;ϑ 2 T and γ 2 Γ; τγϑ 2 T. A subsemigroup B of S is called
bi-Γ-ideal (briefly, B-Γ-I) of S if BΓSΓB � B and ðB� � B.

A mapping Q from S to real closed interval [0,1] is called
the fuzzy set (briefly, FS) of S. For any FSs Q1 and Q2 of S,
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Q1 \Q2; Q1 [Q2 and Q1 �Q2 are defined as follows:

ðQ1 \Q2ÞðτÞ ¼ minfQ1ðτÞ;Q2ðτÞg ¼ Q1ðτÞ ^Q2ðτÞ;
ðQ1 [Q2ÞðτÞ ¼ maxfQ1ðτÞ;Q2ðτÞg ¼ Q1ðτÞ _Q2ðτÞ;

and

ðQ1
�Q2ÞðτÞ ¼

_
ðϑ;ΘÞ2Aτ

fQ1ðϑÞ ^Q2ðΘÞg if Aτ 6¼ φ

0 if Aτ ¼ φ;

(

where Aτ ¼ fðϑ; ΘÞ 2 S� S j τ � ϑαΘ for some α 2 Γg. Define
an order relation � on the set of all FSs of S by

Q1 � Q2 , Q1ðτÞ � Q2ðτÞ for all τ 2 S:

IfQ1;Q2 are FSs of S such thatQ1 � Q2, then for each FSQ3 of S,
Q1 �Q3 � Q2 �Q3 and Q3 �Q1 � Q3 �Q2.

A FS Q of S is called a fuzzy Γ-subsemigroup of S if
QðταϑÞ 	 minfQðτÞ;QðϑÞg for all τ;ϑ 2 S and α 2 Γ. A fuzzy
Γ-subsemigroup Q of S is called a fuzzy bi-Γ-ideal of S if (1)
τ � ϑ ) QðτÞ 	 QðϑÞ and (2) QðταϑβΘÞ 	 minfQðτÞ;QðΘÞg
for all τ;ϑ;Θ 2 S and α; β 2 Γ.

3. ð2;2 _ðκ�; qkÞÞ-Buzzy Bi-Γ-Ideals of Ordered
Γ-Semigroups

Let τ 2 S and δ 2 ð0; 1�. An ordered fuzzy point τδ is a mapping
from S into [0,1] which is defined as follows:

τδðϑÞ ¼ δ; if ϑ 2 ða�;
0; if ϑ =2 ða�:

�

For any FS Q of S, we shall also denote τδ � Q by τδ 2 Q in the
sequel. Then τδ 2 Q , QðτÞ 	 δ.

An OFP τδ of S is said to be quasi-coincident with a FSQ of S,
written as τδqQ, if QðτÞ þ δ > 1.

Definition 3.1. An OFP τδ of S, for any κ� 2 ð0; 1�, is said to be
ðκ�; qÞ-quasi-coincident with a FS Q of S, written as τδðκ�; qÞQ, if

QðτÞ þ δ > κ�:

Let 0 � k < κ� � 1. For an OFP τδ, we say that
(1) τδðκ�; qκÞQ if QðτÞ þ δþ k > κ�;
(2) τδ 2 _ðκ�; qκÞQ if τδ 2 Q or τδðκ�; qκÞQ;
(3) τδαf if τδαQ does not hold for α 2 fðκ�; qkÞ, 2 _ðκ�; qkÞg.

Definition 3.2. A FS Q of S is called an ð2;2 _ðκ�; qkÞÞ-fuzzy
Γ-subsemigroup of S if τδ 2 Q and ϑε 2 Q imply
ðτγϑÞminfδ;εg 2 _ðκ�; qκÞQ for all τ;ϑ 2 S; γ 2 Γ and δ; ε 2 ð0; 1�.

Definition 3.3. A FS Q of S is called an ð2;2 _ðκ�; qkÞÞ-fuzzy
bi-Γ-ideal (briefly, ð2;2 _ðκ�; qkÞÞ-FBΓI) of S if:

(1) τ � ϑ, ϑδ 2 Q ) τδ 2 _ðκ�; qκÞQ;
(2) τδ 2 Q, ϑε 2 Q imply ðτγϑÞminfδ;εg 2 _ðκ�; qκÞQ;
(3) τδ 2 Q, Θε 2 Q imply ðταϑβΘÞminfδ;εg 2 _ðκ�; qκÞQ.

for all δ; ε 2 ð0; 1�, α;β; γ 2 Γ and τ;ϑ;Θ 2 S.

Example 3.4. Consider an ordered Γ-semigroup S ¼ f0;w; b;ϑg;
Γ ¼ fα;βg under the following operations as follows:

α 0 w τ ϑ

0 0 0 0 0

w 0 τ 0 w

τ 0 τ 0 ϑ

ϑ 0 0 0 τ

β 0 w τ ϑ

0 0 0 0 0

w w w w w

τ 0 0 0 0

ϑ w w w ϑ

�:¼ fð0; 0Þ; ðw;wÞ; ðτ; τÞ; ðϑ;ϑÞ; ð0;wÞ; ð0; τÞ; ð0;ϑÞg:

Define Q : S ! ½0; 1� as:

Q ðaÞ ¼ 0:2 if a 2 f0;w; τg
0 if a ¼ ϑ:

�

Take κ� ¼ 0:5 and k ¼ 0:1. It is easy to verify that Q is an
ð2;2 _ðκ�; qkÞÞ-FBΓI of S.

Theorem 3.5. Let Ω � S. Then the FSχΩ
defined as

χΩðτÞ ¼
κ�
κ
2 ; if τ 2 Ω;
0; if τ 62 Ω;

�

is an ð2;2 _ðκ�; qkÞÞ-FBΓI of S , Ω is B-Γ-I of S.

Proof. Suppose that Ω is B-Γ-I of S. Let τ;ϑ 2 S with τ � ϑ and
δ 2 ð0; 1� such that ϑδ 2 χΩ. Then χΩðϑÞ 	 δ. As Ω is a B-Γ-I
of S, τ 2 Ω. Thus χΩðτÞ ¼ κ�
κ

2 . If δ � κ�
κ
2 , then χΩðτÞ 	 δ, so

τδ 2 χΩ. If δ > κ�
κ
2 , then χΩðτÞ þ δ > κ�
κ

2 þ κ�
κ
2 ¼ κ� 
 κ. Thus

τδðκ�; qkÞχΩ. Therefore τδ 2 _ðκ�; qkÞχΩ.
Next, take any τ;ϑ 2 S and δ; ε 2 ð0; 1� such that τδ;ϑε 2 χΩ.

Then τ;ϑ 2 Ω, χΩðτÞ 	 δ;χΩðϑÞ 	 ε. AsΩ is a B-Γ-I of S, we have
τγϑ 2 Ω for each γ 2 Γ. Thus χΩðτγϑÞ 	 κ�
κ

2 . Ifminfδ; εg � κ�
κ
2 ,

then χΩðτγϑÞ 	 δ. Therefore ðτγϑÞδ 2 χΩ. Again, if δ > κ�
κ
2 ,

then χΩðτγϑÞ þ δ > κ�
κ
2 þ κ�
κ

2 ¼ κ� 
 κ. So ðτγϑÞδðκ�; qkÞχΩ.
Therefore ðτγϑÞδ 2 _ðκ�; qkÞχΩ.

Finally, suppose that τ;ϑ;Θ 2 S and δ; ε 2 ð0; 1� such that
τδ;Θε 2 χΩ. Then τ;Θ 2 Ω, χΩðτÞ 	 δ;χΩðΘÞ 	 ε. As Ω is a
B-Γ-I of S, we have ταϑβΘ 2 Ω for each α;β 2 Γ. Thus
χΩðταϑβΘÞ 	 κ�
κ

2 . If minfδ; εg � κ�
κ
2 , then χΩðταϑβΘÞ

	 minfδ; εg. Therefore ðταϑβΘÞminfδ;εg 2 χΩ. Again, if

minfδ; εg > κ�
κ
2 , then χΩðταϑβΘÞ þminfδ; εg > κ�
κ

2 þ κ�
κ
2

¼ κ� 
 κ. So ðταϑβΘÞminfδ;εgðκ�; qkÞχΩ. Therefore
ðταϑβΘÞminfδ;εg 2 _ðκ�; qkÞχΩ.

Conversely, assume that χΩ is an ð2;2 _ðκ�; qkÞÞ-FBΓI of S.
Let τ; y 2 S be such that τ � ϑ. If ϑ 2 Ω, then χΩðϑÞ ¼ κ�
κ

2 . As
χΩ is an ð2;2 _ðκ�; qkÞÞ-FBΓI of S and τ � ϑ, we have
χΩðτÞ 	 minfχΩðϑÞ; κ�
κ

2 g ¼ κ�
κ
2 . It follows that χΩðτÞ ¼ κ�
κ

2

and so τ 2 Ω. Let ϑ 2 S and τ;Θ 2 Ω. Then
χΩðτÞ ¼ κ�
κ

2 ;χΩðΘÞ ¼ κ�
κ
2 . Now, we have

χΩðταϑβΘÞ 	 min

�
χΩðτÞ;χΩðΘÞ; κ

� 
 κ

2

�
¼ κ� 
 κ

2
:

Thus χΩðταϑβΘÞ ¼ κ�
κ
2 and so ταϑβΘ 2 Ω. Similarly,

τγϑ 2 Ω for all τ;ϑ 2 S and γ 2 Γ. Hence Ω is a B-Γ-I of S. □

Theorem 3.6. A FS Q of S is an ð2;2 _ðκ�; qkÞÞ-FBΓI of S ,

(1) τ � ϑ ) QðτÞ 	 minfQðϑÞ; κ�
κ
2 g;
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(2) QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ�
κ
2 g;

(3) QðταϑβΘÞ 	 minfQðτÞ;QðΘÞ; κ�
κ
2 g;

for all τ;ϑ;Θ 2 S and α;β; γ 2 Γ.

Proof. Let Q be an ð2;2 _ðκ�; qkÞÞ-FBΓI of S and τ;ϑ 2 S. If
QðτÞ < minfQðϑÞ; κ�
κ

2 g for some τ;ϑ 2 S. Choose δ 2 ð0; 1�
such that QðτÞ < δ � minfQðϑÞ; κ�
κ

2 g. Then ϑδ 2 Q, but

ðτÞδ2 _ðκ�; qkÞf , a contradiction. Thus QðτÞ 	 minfQðϑÞ; κ�
κ
2 g.

If QðτγϑÞ < minfQðτÞ;QðϑÞ; κ�
κ
2 g for some τ;ϑ 2 S and

γ 2 Γ. Choose δ 2 ð0; 1� such that QðτγϑÞ < δ � minfQðτÞ;
QðϑÞ; κ�
κ

2 g. Then τδ;ϑδ 2 Q but ðτγϑÞδ2 _ðκ�; qkÞf , which is a
contradiction. Therefore QðτγϑÞ 	 minfQðϑÞ; κ�
κ

2 g. Again, If
QðταϑβΘÞ < minfQðτÞ;QðΘÞ; κ�
κ

2 g for some τ;ϑ;Θ 2 S and
α;β 2 Γ. Choose ε 2 ð0; 1� such that QðτγϑÞ < ε � minfQðτÞ;
QðΘÞ; κ�
κ

2 g. Then τδ;Θδ 2 Q but ðταϑβΘÞδ2 _ðκ�; qkÞf ,
which is again a contradiction. Hence
QðταϑβΘÞ 	 minfQðτÞ; QðΘÞ; κ�
κ

2 g.
Conversely, assume that QðτÞ 	 minfQðϑÞ; κ�
κ

2 g for all
τ;ϑ 2 S. Let ϑδ 2 Q (δ 2 ð0; 1�). Then QðϑÞ 	 δ. So
QðτÞ 	 minfQðϑÞ; κ�
κ

2 g 	 minfδ; κ�
κ
2 g. If δ � κ�
κ

2 , then
QðτÞ 	 δ implies τδ 2 Q. If δ > κ�
κ

2 , then QðτÞ 	 κ�
κ
2 . So

QðτÞ þ δ > κ�
κ
2 þ κ�
κ

2 ¼ κ� 
 κ, which implies that τδðκ�; qκÞQ.
Thus τδ 2 _ðκ�; qκÞQ. Let QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ�
κ

2 g for
all τ;ϑ 2 S and γ 2 Γ. Let τδ;ϑε 2 Q (δ; ε 2 ð0; 1�). Then
QðτÞ 	 δ and QðϑÞ 	 ε. So QðτγϑÞ 	 minfQðτÞ;
QðϑÞ; κ�
κ

2 g 	 minfδ; ; ε; κ�
κ
2 g. If minfδ; εg � κ�
κ

2 , then
QðτγϑÞ 	 minfδ; εg implies ðτγϑÞminfδ;εg 2 Q. If minfδ; εg
> κ�
κ

2 , then QðτγϑÞ 	 κ�
κ
2 . So QðτγϑÞ þminfδ; εg

> κ�
κ
2 þ κ�
κ

2 ¼ κ� 
 κ, it follows that ðτγϑÞminfδ;εgðκ�; qκÞQ. Thus
ðτγϑÞminfδ;εg 2 _ðκ�; qκÞQ. Also, assume that QðταϑβΘÞ 	
minfQðτÞ;QðΘÞ; κ�
κ

2 g for all τ;ϑ 2 S and γ 2 Γ. Let τδ;Θε 2 Q
(δ; ε 2 ð0; 1�). Then QðτÞ 	 δ and QðΘÞ 	 ε. So QðταϑβΘÞ
	 minfQðτÞ;QðΘÞ; κ�
κ

2 g 	 minfδ; ε; κ�
κ
2 g. If minfδ; εg � κ�
κ

2 ,
then QðταϑβΘÞ 	 minfδ; εg implies ðταϑβΘÞminfδ;εg 2 Q. If

minfδ; εg > κ�
κ
2 , then QðταϑβΘÞ 	 κ�
κ

2 . So QðταϑβΘÞ
þminfδ; εg > κ�
κ

2 þ κ�
κ
2 ¼ κ� 
 κ, and thus ðταϑβΘÞminfδ;εg

ðκ�; qκÞQ. Therefore ðταϑβΘÞminfδ;εg 2 _ðκ�; qκÞQ □

Lemma 3.7. Let fQi ji 2 I;Qi is að2;2 _ðκ�; qkÞÞ 
 FBΓIg.
Then

T
i2I

Qi is an ð2;2 _ðκ�; qkÞÞ-FBΓI of S.

Proof. Take any τ;ϑ 2 S such that τ � ϑ and ϑδ 2
T
i2I

Qi.

Then ϑδ 2 Qi for each i 2 I. As each Qi is an ð2;2 _ðκ�; qkÞÞ-
FBΓI, τδ 2 Qi for each i 2 I. Thus τδ 2

T
i2I

Qi.

Next, take any τ;ϑ 2 S; γ 2 Γ and δ; ε 2 ð0; 1� such that
τδ;ϑε 2

T
i2I

Qi. Then τδ;ϑε 2 Qi for each i 2 I. So QiðτÞ 	 δ;

	 QiðϑÞ 	 ε. Thus, we have
T
i2I

QiðτγϑÞ ¼
V
i2I

QiðτγϑÞ 	V
i2I

minfQiðτÞ;QiðϑÞg 	 minfδ; εg. So ðτγϑÞminfδ;εg 2
T
i2I

QiðτγϑÞ.
Finally, take any τδ 2

T
i2I

Qi and Θε 2
T
i2I

Qi for each τ;Θ 2 S

and δ; ε 2 ð0; 1�. Therefore τδ 2 Qi and Θε 2 Qi for i 2 I. As each
Qi is an ð2;2 _ðκ�; qkÞÞ-FBΓI, so for all α; β 2 Γ, ðταϑβΘÞminfδ;εg
2 _ðκ�; qκÞQi;8 i 2 I. Thus ðταϑβΘÞminfδ;εg 2 Qi or QiðταϑβΘÞ
þminfδ; εg þ κ 	 κ�. If ðταϑβΘÞminfδ;εg 2 Qi, then

\
i2I

QiðταϑβΘÞ ¼
^
i2I

QiðταϑβΘÞ 	
^
i2I

minfδ; εg ¼ minfδ; εg:

Therefore ðταϑβΘÞminfδ;εg 2
T
i2I

Qi; which implies that

ðταϑβΘÞminfδ;εg 2 _ðκ�; qκÞ
T
i2I

Qi. Similarly, if QiðταϑβΘÞ þ
minfδ; εg þ κ 	 κ�, then

ðταϑβΘÞminfδ;εg 2 _ðκ�; qκÞ
\
i2I

Qi:

Hence
T
i2I

Qi is an ð2;2 _ðκ�; qkÞÞ-FBΓI. □

Remark 3.8. Let fQiji 2 I;Qi is að2;2 _ðκ�; qkÞÞ 
 FBΓIg.
Then

S
i2I

Qi need not be an ð2;2 _ðκ�; qkÞÞ-FBΓI. The following

example validates the above claim:

Example 3.9. Consider an ordered Γ-semigroup S ¼ fw; τ;ϑ;Θg;
Γ ¼ fαg under the following operations as follows:

α w τ ϑ Θ

w w w w w
τ w w Θ w
ϑ w w w w
Θ w w w w

�:¼ fðw;wÞ; ðτ; τÞ; ðϑ;ϑÞ; ðΘ;ΘÞ; ðw; τÞg:

Define Q1 and Q2 as follows:

Q1ðwÞ ¼ 0:4;Q1ðτÞ ¼ 0:4;Q1ðϑÞ ¼ 0;Q1ðΘÞ ¼ 0;

Q2ðwÞ ¼ 0:4;Q2ðτÞ ¼ 0;Q2ðϑÞ ¼ 0:4;Q2ðΘÞ ¼ 0:

Then Q1;Q2 are ð2;2 _ðκ�; qkÞÞ-FBΓIs of S, but Q1 [Q2 is not a
ð2;2 _ðκ�; qkÞÞ-FBΓI because 0 ¼ Q1ðΘÞ _Q2ðΘÞ ¼ ðQ1 [
Q2ÞðΘÞ ¼ ðQ1 [Q2ÞðταϑÞ < minfðQ1 [Q2ÞðτÞ; ðQ1 [Q2Þ
ðϑÞ; κ�
κ

2 g.

Definition 3.10. Let Q be any FS of S. For any δ 2 ð0; 1�, the set

UðQ; δÞ ¼ fτ 2 S jQðτÞ 	 δg;

is called a level subset of Q.

Theorem 3.11. LetQ be a FS of S. ThenQ is an ð2;2 _ðκ�; qkÞÞ-
FBΓI of S , UðQ; δÞð6¼ ;Þ � ðδ 2 ð0; κ�
κ

2 �Þ is a B-Γ-I of S.

Proof. Suppose that Q is an ð2;2 _ðκ�; qkÞÞ-FBΓI of S. Let
τ;ϑ 2 S be such that τ � ϑ 2 UðQ; δÞ, where δ 2 ð0; κ�
κ

2 �.
Then QðϑÞ 	 δ. By Theorem 3.6, QðτÞ 	 minfQðϑÞ; κ�
κ

2 g
	 minfδ; κ�
κ

2 g ¼ δ. Therefore τ 2 UðQ; δÞ. Let τ;ϑ 2 UðQ; δÞ.
Then QðτÞ 	 δ and QðyÞ 	 δ. So, by Theorem 3.6,
QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ�
κ

2 g 	 minfδ; δ; κ�
κ
2 g ¼ δ. Thus

QðτγϑÞ 	 δ. Therefore τγϑ 2 UðQ; δÞ. Assume that ϑ 2 S
and τ;Θ 2 UðQ; δÞ. Then QðτÞ 	 δ and QðΘÞ 	 δ.
So, by Theorem 3.6, QðταϑβΘÞ 	 minfQðτÞ;QðΘÞ; κ�
κ

2 g
	 minfδ; δ; κ�
κ

2 g ¼ δ. Thus QðταϑβΘÞ 	 δ. Therefore ταϑβΘ

2 UðQ; δÞ. Hence UðQ; δÞ is a B-Γ-I.
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Conversely, assume that UðQ; δÞð6¼ ;Þ is a B-Γ-I of S for
all δ 2 ð0; κ�
κ

2 �. Take any τ;ϑ 2 S with τ � ϑ. If
QðτÞ < minfQðϑÞ; κ�
κ

2 g. Then QðτÞ < δ � minfQðϑÞ; κ�
κ
2 g, for

some δ 2 ð0; κ�
κ
2 �. It follows that ϑ 2 UðQ; δÞ but τ 62 UðQ; δÞ,

which is not possible. Thus QðτÞ 	 minfQðϑÞ; κ�
κ
2 g for all

τ;ϑ 2 S with τ � ϑ. If QðτγϑÞ < minfQðτÞ;QðϑÞ κ�
κ
2 g for some

τ;ϑ 2 S. Therefore there exists δ 2 ð0; κ�
κ
2 � such that

QðτγϑÞ < δ � minfQðτÞ;QðϑÞ; κ�
κ
2 g implies τδ;ϑδ 2 UðQ; δÞ

but ðτγϑÞδ 62 UðQ; δÞ, which is a contradiction. Thus
QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ�
κ

2 g for all τ;ϑ 2 S. Again, if
QðταϑβΘÞ < minfQðτÞ;QðΘÞ κ�
κ

2 g for some τ;ϑ;Θ 2 S and
α;β 2 Γ. Therefore there exist δ 2 ð0; κ�
κ

2 � such that QðταϑβΘÞ <
δ � minfQðτÞ;QðΘÞ; κ�
κ

2 g implies τδ;Θδ 2 UðQ; δÞ but
ðταϑβΘÞδ 62 UðQ; δÞ, which is again a contradiction, and hence,
QðταϑβΘÞ 	 minfQðτÞ;QðΘÞ; κ�
κ

2 g for all τ;ϑ;Θ 2 S. Hence
by Theorem 3.6, Q is an ð2;2 _ðκ�; qkÞÞ-FBΓI of S.

Definition 3.12. Let Q be a FS of S. The set ½Q�δ ¼ fτ 2 S jτδ 2
_ðκ�; qκÞQg; where δ 2 ð0; 1�; is called an ð2 _ðκ�; qκÞÞ-level
subset of Q.

Theorem 3.13. Let Q be a FS of S such that τ � ϑ implies
QðτÞ 	 QðϑÞ. Then Q is an ð2;2 _ðκ�; qκÞÞ-FBΓI of
R , 8 δ 2 ð0; 1�, the ð2 _ðκ�; qκÞÞ-level subset ½Q�δ of Q is a
B-Γ-I of R.

Proof. ()) Take any τ 2 S and ϑ 2 ½Q�δ such that τ � ϑ. As
ϑ 2 ½Q�δ, we have ϑδ 2 _ðκ�; qκÞQ implies QðϑÞ 	 δ or
QðϑÞ þ δþ κ > κ�. By hypothesis, we have QðτÞ 	 QðϑÞ 	 δ or
QðτÞ 	 QðϑÞ 	 κ� 
 δ
 κ. Thus τδ 2 _ðκ�; qκÞQ. Therefore
τ 2 ½Q�δ. Next, take any τ;ϑ 2 ½Q�δ. Then τδ;ϑδ 2 _ðκ�; qκÞQ;
that is QðτÞ 	 δ or QðτÞ þ δþ κ > κ� and QðϑÞ 	 δ

or QðϑÞ þ δþ κ > κ�.

Case (i). Let QðτÞ 	 δ and QðϑÞ 	 δ. If δ > κ�
κ
2 , then

QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ
� 
 κ

2
g 	 minfδ; δ; κ

� 
 κ

2
g ¼ κ� 
 κ

2
;

and, thus, ðτγϑÞδðκ�; qκÞQ. If δ � κ�
κ
2 , then

QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ
� 
 κ

2
g 	 minfδ; δ; κ

� 
 κ

2
g ¼ δ;

and so ðτγϑÞδ 2 Q. Hence ðτγϑÞδ 2 _ðκ�; qκÞQ.

Case (ii). Let QðτÞ 	 δ and QðϑÞ þ δþ κ > κ�. If δ > κ�
κ
2 , then

QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ
� 
 κ

2
g

¼ minfQðϑÞ; κ
� 
 κ

2
g

> minfðκ� 
 δ
 κÞ; κ
� 
 κ

2
g

¼ κ� 
 δ
 κ;

that isQðτγϑÞ þ δþ κ > κ�, and thus ðτγϑÞδðκ�; qκÞQ. If δ � κ�
κ
2 ,

then

QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ
� 
 κ

2
g

	 minfδ; ðκ� 
 δ
 κÞ; κ
� 
 κ

2
g ¼ δ;

and so ðτγϑÞδ 2 Q. Hence ðτγϑÞδ 2 _ðκ�; qκÞQ.

Case (iii). LetQðτÞ þ δþ κ > κ� andQðϑÞ 	 δ. Proof is similar to
the proof of Case (ii).

Case (iv). LetQðτÞ þ δþ κ > κ� andQðϑÞ þ δþ κ > κ�. Proof is
similar to previous two cases.

Thus in each case, we have ðτγϑÞδ 2 _ðκ�; qκÞQ, and so
τγϑ 2 ½Q�δ. Similarly, for any ϑ 2 R and τ;Θ 2 ½Q�δ, we have
ταϑβΘ 2 ½Q�δ. Hence ½Q�δ is a B-Γ-I of R.

(() Let QðτÞ < minfQðϑÞ; κ�
κ
2 g for some τ;ϑ 2 R. Then

δ 2 ð0; κ�
κ
2 � such that QðτÞ < δ � minfQðϑÞ; κ�
κ

2 g. It follows that
ϑ 2 ½Q�δ but τ=2½Q�δ which is a condradictioin, and hence
QðτÞ 	 minfQðϑÞ; κ�
κ

2 g. Let QðτγϑÞ < minfQðτÞ;QðϑÞ; κ�
κ
2 g

for some τ;ϑ 2 R. Then 9 δ 2 ð0; κ�
κ
2 � such that

QðτγϑÞ < δ � minfQðτÞ;QðϑÞ; κ�
κ
2 g. It follows that τ;ϑ 2 ½Q�δ

but τγϑ=2½Q�δ which is a condradictioin. Therefore
QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ�
κ

2 g for all τ;ϑ 2 R. Similarly,
QðτγϑÞ 	 minfQðτÞ;QðϑÞ; κ�
κ

2 g for all τ;ϑ 2 R. Next, suppose
that QðταϑβΘÞ 	 minfQðτÞ;QðΘÞ; κ�
κ

2 g for some τ;ϑ;Θ 2 R.
Then τ;Θ 2 ½Q�δ but ταϑβΘ=2½Q�δ which is again a contraduction.
Thus QðταϑβΘÞ 	 minfQðτÞ;QðΘÞ; κ�
κ

2 g. Hence Q is an
ð2;2 _ðκ�; qκÞÞ-FBΓI of S.

4. Conclusion

The main purpose of the present paper is to introduce
the concept of ð2;2 _ðk�; qkÞÞ-fuzzy bi-Γ-ideals in ordered
Γ-semigroups by generalizing the concept of ð2;2 _qkÞ-fuzzy
bi-Γ-ideals. Equivalent condition investigated for ð2;2 _ðk�; qkÞÞ-
fuzzy bi-Γ-ideals in ordered Γ-semigroups. Furthermore, we have
proven that intersection of ð2;2 _ðk�; qkÞÞ-fuzzy bi-Γ-ideals of S
is an ð2;2 _ðk�; qkÞÞ-fuzzy bi-Γ-ideal but the statement is not valid
for union, and in this aim an example is provided. Moreover, we
presented correspondence between bi-Γ-ideals and ð2;2 _ðκ�; qkÞÞ-
fuzzy bi-Γ-ideals of ordered Γ-semigroups based on level subset and
ð2 _ðκ�; qκÞÞ-level subset of fuzzy sets. In our future work, by
using the concept of ðk�; qÞ-quasi-coincident with a fuzzy subset
of ordered Γ-semigroups, some different kinds of ideals will be
introduced.
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