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Abstract:

In this paper, using the notion of (k*, g)-quasi-coincident of an ordered fuzzy point with a fuzzy set of the support, the concept of

(€, € V(«*, q,))-fuzzy bi-I'-ideals in ordered I'-semigroups is defined. We prove that intersection of (&, € V(«k*, q,))-fuzzy bi-I'-ideals of
S is an (€, € V(k*, q;))-fuzzy bi-I'-ideal but the statement does not hold for union, and in this aim an example is provided. Moreover,
we present correspondence between bi-I'-ideals and (€, € V(k*, g.))-fuzzy bi-I'-ideals of ordered I'-semigroups based on level subset

and (€ V(k*, q,))-level subset of fuzzy sets.
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1. Introduction

In 1986, Sen and Saha (1986) introduced the notion of a
I'-semigroup. Later on in 1993, the notion of ordered
I'-semigroups was introduced by Sen and Seth (1993). Many
classical notions such as ideals, bi-ideals and quasi-ideals in
ordered I'-semigroups and regular ordered I'-semigroups have
been generalized to ordered I'-semigroups, and these classical
notions of ordered I'-semigroups have been studied by Changphas
and Thongkam (2011), Hila (2010), Hila and Pisha (2006),
lampan (2009), lampan (2015) Kwon and Lee (1998), Mahboob
and Khan (2021), and Mahboob et al. (2021).

Zadeh (1965), in 1965, introduced the concept of a fuzzy set.
The concept of a fuzzy subgroup introduced by Rosenfeld (1971).
In 1979, Kuroki (1979) introduced fuzzy sets in semigroup
theory. Fuzzy sets in ordered semigroups were first studied by
Kehayopulu and Tsingelis (2002). In Tang (2012), Tang
characterized ordered semigroups by (€, € Vq)-fuzzy ideals. Later
on, the concept of (€, € Vqy)- fuzzy subalgebras in BCK/BCI-
algebras is introduced by Jun (2009). In Shabir et al. (2010),
characterized the regular semigroups by (€, € Vqy)-fuzzy ideals.
In Gambo et al. (2017a), characterized left regular, right regular,
regular and completely regular ordered I'-semigroups in terms of
(€, € Vg )-fuzzy left I'-ideals, (€, € Vgy)-fuzzy right I'-ideals and
(€, € Vqy)-fuzzy ideals. By generalizing the concept of fuzzy
generalized bi I'-ideals, the concept of (€, € Vgy)-fuzzy bi I'-ideals
in ordered I'-semigroups is introduced by Gambo et al. (2017b). For
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More concepts related to this work, we refer readers to Jun et al.
(2016); Jun et al. (2014).

In the present work, the concept of (€, € V(«*, q;))-fuzzy
bi-I'-ideals in ordered I'-semigroups is introduced. Furthermore, it
is proved that intersection of fuzzy bi-I-ideals of S is a fuzzy
bi-I'-ideal but the statement does not hold for union, and in this
aim an example is provided. Moreover, the correspondence between
bi-[-ideals and (€, € V(k*,qx))-fuzzy bi-I-ideals of ordered
I'-semigroups based on level subset and (€ V(k*, g.))-level subset
of fuzzy sets is presented.

2. Preliminaries

Let S and I be the nonempty sets. Then the triplet (S, T, <) is
called an ordered I'-semigroup if S is a ['-semigroup and (S, <) is a
partially ordered set such that

T <%= ty0® < ¥yO and Oyt < OpY,

forall 7,9,® € Sand y € T.

For a subset Q@ of S, we denote (Q]={teS]|
t < a for some a € Q}. For any nonempty subsets Q2 and O of S,
the following properties hold: (1) Q C (Q]; (2) ((]] = (2];
3) If QCO, then (] C (U]; 4 (QII'(V]C (QLrou] and
() (QIr (V] = (@ro).

A subset 7 of S is said to be a I'-subsemigroup of S if for all
,0€T and y eI, Ty € T. A subsemigroup B of S is called
bi-I'-ideal (briefly, B-I'-I) of S if BI'ST'B C B and (B] C B.

A mapping Q from S to real closed interval [0,1] is called
the fuzzy set (briefly, FS) of S. For any FSs Q, and 9, of S,
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Q,NQY, 9 UQ,and Q, o Q, are defined as follows:
o 0w t 9 B 0w t 0O
(@1 N Q)(r) = min{Q, (1), Q(7)} = Qui(r) A Qu(7), 0100000 /] 000 O
(Q1 U Q,)(r) = max{Q,(7), (1)} = Qi(7) V Qi(7), w0 1t 0 ww/| www w
T 07 0 9% = 0 0 0 O
and
g 00 0 t 9 wow w U
vV {Q1(0)AQ,(O)) ifA, £ <:={(0,0), (w,w), (7, 7), (2, 9), (0,w), (0, 7), (0, )}
(@ Q:)(r) = { elen Ay
A =0,

where A, = {(9, ©) € S$x §| t < YO for some « € I'}. Define
an order relation < on the set of all FSs of S by

0,20, 9,(1) < Qy(r) forall T € S.

If Q,, Q, are FSs of S such that @, < Q,, then for each FS Q; of S,
Q10095 XQ,00Q3and Q300Q; X Q300,.

A FS Q of S is called a fuzzy I'-subsemigroup of S if
Q(ra) > min{Q(t), Q(?)} for all 7, € S and o € T'. A fuzzy
I'-subsemigroup Q of S is called a fuzzy bi-I'-ideal of S if (1)
r<®= Q(r) > Q) and (2) Q(radO) > min{Q(), Q(O)}
forall 7,9, € Sand o, B € T".

3. (€,€ V(k*, q))-Buzzy Bi-I'-Ideals of Ordered
I'-Semigroups

Lett € Sand § € (0, 1]. An ordered fuzzy point 75 is a mapping
from S into [0,1] which is defined as follows:

¢, ifv € (a],
w(?) = {o, if ¢ (al.

For any FS Q of S, we shall also denote 75 C Q by 75 € Q in the
sequel. Then 75 € Q & Q(1) > 4.

An OFP 75 of S is said to be quasi-coincident with a FS Q of S,
written as 73909, if Q(7) +3 > 1.

Definition 3.1. An OFP 75 of S, for any «* € (0, 1], is said to be
(k*, q)-quasi-coincident with a FS Q of S, written as t5(k*, q) Q, if

Q(t) + 8 > «*.

Let 0 < k < «* < 1. For an OFP t;, we say that
(1) 7s(k*,qe)Q if O(7) + 8 + k > «*;
(2) Ts € V(K*qu)Q iff& €Qor Té(K*v%()Q;
(3) tsaf if ;0 Q does not hold for & € {(x*, qi), € V(«*, qx) }-

Definition 3.2. A FS Q of S is called an (€, € V(k*, g))-fuzzy
I'-subsemigroup of § if t;€Q and J,€Q imply
(TYD)mings.ey € V(k*,q,)Q forall 7,9 € S,y € T and 8, ¢ € (0,1].

Definition 3.3. A FS Q of S is called an (€, € V(«*, qy))-fuzzy
bi-I'-ideal (briefly, (€, € V(k*, g;))-FBI) of S if:

(D) <8, 0s€Q=15€V(Kq)D;

(2) Ts € Q’ 06 €Q lmply (tyﬁ)min{&s} € V(K*vqk) Q’
(3) € 9, 0, € Q lmply (raﬂﬂ®)min{b‘,s} € V(K*MIK)Q-
forall §,e € (0,1], &, B,y € Mand 7,9,0 € S.

Example 3.4. Consider an ordered I'-semigroup S = {0, w, b, 9},
I’ = {«, B} under the following operations as follows:

Define Q : S — [0,1] as:

_fo02 ifae {0,w1}
Q(“)*{o ifa = v.

Take «* =0.5 and k=0.1. It is easy to verify that Q is an
(€,€ V(k*, qy))-FBIT of S.

Theorem 3.5. Let @ C S. Then the FS,, defined as

K'—k lf T€EQ;
— 2 >
XQ(.K) { 07 lf T ¢ Q’

is an (€,€ V(«*,qx))-FBUI of S < Q is B-I'-I of S.

Proof. Suppose that Q2 is B-I'-I of S. Let 7,9 € S with ¢ < ¢ and
8 € (0,1] such that 95 € xq. Then xo(9) >38. As Q is a B-T-I
of S, T € Q. Thus xo(r) =" If § < 5%, then xq(t) >34, so
Ts € Xq. If 8 > %, then xqo(T) +8 > <55 + <«
75(k*, qx) Xq- Therefore 75 € V(k*, qx) Xq-

Next, take any 7,9 € S and 8, ¢ € (0,1] such that 75,9, € xgq.
Then 7,9 € @, xo(T) > 3, xo(P) > . As QisaB-T-1of S, we have
Ty® € Qforeachy € T. Thus xo(ty?) > S Ifmin{s, e} < <%,
then xgq(ry?) > 4. Therefore (ty9); € xq. Again, if § >+
then xq(Ty?) +8 > X+ 4=k —k. So (ty?)s(k*, i) Xa-
Therefore (tyd); € V(k*, qx) Xa-

Finally, suppose that 7,9,® € S and 8,¢ € (0,1] such that
75,0, € xo. Then 7,0 € Q, xq(7) > 6, xo(®) > c. As Q is a
B-I'-I of S, we have ta9f® € Q for each «,B € I'. Thus
xo(ta¥BO) > £ If min{s, e} <5% then xo(Ta?BO)
> min{d,e}. Therefore (T@?fO),nis,) € Xo-  Again,  if
min{s,e} > 5% then yq(ta?p®)+ min{s,e} > K45
(Ta?BO) ings e} (K, Gk) X - Therefore
(ta?BO) yingse € V(K" qk) X

Conversely, assume that xq is an (€, € V(«*, g;))-FBI'T of S.
Let 7,y € S be such that T < 9. If ¥ € Q, then xq(¥) =*7*. As
Xo is an (€,€ V(«*,q;))-FBI'T of S and v <4¥, we have
xo(1) = min{xq(¥), 5%} =<5~ It follows that xq(r) =43
and so teQ Let 9e€S and 1,0€Q  Then
xa(7) =5, xa(®) = <~ Now, we have

= k* — k. Thus

=k" — k. So

a(ra0po) > min { xa(r), xa(0). 5 b = 1E.

Thus  xo(te¥p®) =“5* and so ta?BO € Q. Similarly,
typ € Qforall t,9 € Sand y € I'. Hence Q isa B-I-I of S. []

Theorem 3.6. 4 FS Q of Sis an (€,€ V(k*, q;))-FBI'I of S &

(1) T <9 = Q(r) = min{Q(9), 57}
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2) Q(ryv) > min{Q(1), Q(¥),“5*}; , .

(3) Q(raﬁﬂ@) > mm{Q( ) (@) K K} Q Q,(Tal?ﬂ@) = Q Q,(T()ll?ﬂ@) > Qmm{& 8} = 1’1’111’1{8,8}.
forallt,9,© € Sand a,p,y €T. Therefore which  implies  that

Proof. Let Q be an (€,€ V(k*,q;))-FBI'T of S and 7,9 € S. If
Q(r) < min{Q(¥),5%} for some 7,9 €S. Choose & € (0,1]
such that Q(r) <8 < min{Q(¥),“%}. Then v;€ Q, but
(1)s€ V(k*, qp)f, a contradiction. Thus Q(t) > min{Q(¥), 5%}
If Q(ty?) < min{Q(r), Q(),“5*} for some 7,0€S and
y €. Choose & € (0,1] such that Q(ty?) <& < min{Q(7),
Q(¥),“5<}. Then 74,95 € Q but (tyd);€ V(«*, qi)f, which is a
contradiction. Therefore Q(ty?) > min{Q(¥),“5*}. Again, If
Q(ta¥p®) < min{Q(1), Q(®),~} for some 7,9,© € S and
a,B €T. Choose & € (0,1] such that Q(ry¥) < & < min{Q(1),

Q(0),“5%}. Then 1;,0;€Q but (ta?¥p®)se V(K" qi)f,
which is again a contradiction. Hence
Q(ta¥p®) > min{Q(1), Q(©),}.
Conversely, assume that Q(7) > min{Q(¥),5*

1,0€S8 Let 9;,€Q (€(0,1]). Then Q(F) >35. So
Q(r) > min{Q(¥), If §<%  then
O(r) > 6 implies 75 € Q. If §>%% then Q(r) >*“5* So
Q(1) + 8 > 555 + £ = k* — k, which implies that 7,(x ,qk)Q.

Thus 75 € V(«*,q,)Q. Let Q(ty®) > min{Q(r), Q(¥),“5~} for
all 7,0 6 S and yeTl. Let 15,9, € Q (8,¢€(0,1]). Then

Q(r) > and Q(z?) >e. So Q(ty?) > min{Q(7),
o)< )y 8T If  min{é,e} <55%  then
(fyz?) > mm{8 e} implies (ty?)ingse) € Q- If min{d, e}

";“, then

O(tyd) >~ So  Q(ty?) + min{s, e}
> 5K 4 K = it — i, it follows that (TyD) yings.) (€7, 4,c) Q. Thus
(YD) mings.c} € V(K*,q)Q. Also, assume that Q(ra?p®) >
min{Q(1), Q(®),“5*} forall 7,9 € Sand y € I". Let 75,0, € Q
(8, € (0,1]). Then Q(r) >é and Q(®)>¢. So Qo)
> min{Q(7), Q(0),“5*} > min{s,&,“5*}. If min{s,e} <%,
then Q(ra¥f®) > min{s, e} implies (ta?BO)ng;y € Q- If
min{8, e} > % then Q(ra¥BO) >~ So Q(ra?pO)
+min{s, e} > 554K = k" —k, and thus (@?BO), s
(k*, q,) Q. Therefore (ta?fO), a5y € V(K q)Q O

Lemma 3.7. Let {Q;|i€l,Q;isa(€, € V(k*, q))
Then () Q; is an (€, € V(k*, qx))-FBTI of S.

i€l

— FBTT}.

Proof. Take any 1,9 € S such that t <9 and 95 €()Q;.
iel
Then 95 € Q; for each i € I. As each Q; is an (€, € V(«*,qi))-
FBI'L, 15 € Q, for each i € I. Thus 75 € [) Q;.
iel
Next, take any 7,9 € S,y € I' and 8,¢ € (0,1] such that
75,0 € [ Q;. Then 14,0, € Q; for each i€ 1. So Q;(r) >34,

i€l

> Q;(9) >e. Thus, we have [)Q;(ty?®) = A Qi(ry?) >

iel iel
/\Imin{Qi(f% Qi(9)} = min{8, &}. S0 (¥?) pings e} € ﬂl Qi(ty).
ie i

Finally, take any 75 € (] Q; and ©, € (| Q; foreach 7,® € §
iel iel
and 8, ¢ € (0, 1]. Therefore 753 € Q; and ©, € Q; fori € I. As each
Q;isan (€, € V(k*, q¢))-FBI'L so forall o, B € T', (10O )45,
V(K*7qK)Qi>V i € I. Thus (Taﬁﬂ®)min{5,g} € Qi or Q,(Tal?ﬁ@)
+min{$, e} + « > «*. If (ta¥BO) y € Qj, then

min{é,e

44

(raﬁlg@)min{&e} € QQia
ic
(Ta?BO) ings e € V(K*,q,) (1 Q;- Similarly, if Q;(ra?B®) +
iel

min{§, e} + k > «*, then

(TO”},BG)mm{B e} € \/

a0 ()9

i€l

Hence () Q; is an (€, € V(«*, g))-FBI'L O

iel
Remark 3.8. Let {Qlie I, Q;isa(e, € V(xk*, q)) — FBI'T}.
Then |J Q; need not be an (€, € V(k*, q;))-FBI'L. The following

icl
example validates the above claim:

Example 3.9. Consider an ordered I'-semigroup S = {w, t, 9, ©},
I' = {«a} under the following operations as follows:

<= {(W7 W)? (tv ‘C), (197 0)7 (®7 ®)7 (W» T)}

Define Q, and Q, as follows:
Q1(w) = 0.4, 9Q(7) = 0.4, Q,() = 0,9,(0) = 0;
Q,(w) =0.4,9,(t) =0,9,() = 0.4, 9,(O) = 0.

Then Q,, Q, are (€,€ V(k
(€,€ V(k*,q))-FBIT because 0= Q,(0)V Q,(0) =
)(0) =
(9),54}

Definition 3.10. Let O be any FS of S. For any § € (0, 1], the set

*.qy))-FBI'Is of S, but Q; U Q, is not a
(Qu
(Q1 U Qy)(rad?) < min{(Q, U Q,)(1),(Q1 U Q)

U(Q;8) ={re€S§|Q(z) > 6},
is called a level subset of Q.

Theorem 3.11. Let Q be a FS of S. Then Qis an (€, € V(k*, qx))-
FBII of S & U(Q;8)(# 0) ~ (8 € (0,54]) is a B-T- of .

Proof. Suppose that Q is an (€, € V(k*,q;))-FBIT of S. Let
7,9 €S be such that v <9 € U(Q;8), where &€ (0,4
Then Q(¥#) >45. By Theorem 3.6, Q(r) > min{Q(¥),5*}
> min{3,“5%} = §. Therefore 7 € U(Q;8). Let 1,9 € U(Q;9).
Then Q(r) >3 and Q(y)>68. So, by Theorem 3.6,
Q(ry?) > min{Q(1), Q(¥),“5%} > min{s, 8,5} = 4. Thus
Q(ryv) > 8. Therefore ty9 € U(Q;8). Assume that 9 €S
and 7,0 €U(Q8). Then Q(r)>8§ and Q(O)>34.
So, by Theorem 3.6, Q(ta?f®) > min{Q(r), (),

> min{4,8,“5%} = 8. Thus Q(ra¥BO) > 4. Therefore Ta?fO
€ U(Q;8). Hence U(Q;8) is a B-I'-L.
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Conversely, assume that U(Q;8)(# () is a B-I'-I of S for
all §€(0,55%. Take any r,0€S with t<v. If

9(7) < min{Q(¥),“5*}. Then QO(7) < & < min{Q(?),“5*}, for
some 8 € (0,54 It follows that & € U(Q;8) but T & U(Q;6),
which is not possible. Thus Q(r) > min{Q(#),5%} for all
7,9 € S with T < 9. If Q(ry?) < min{Q(7), Q(¥) <5~} for some
7,0 €S. Therefore there exists &€ (0,55% such that
Q(ry¥) < § < min{Q(r), Q(¥),55%} implies 75,95 € U(Q;9)
but (ty®); € U(Q;8), which is a contradiction. Thus
Q(ty?) > min{Q(1), Q(¥), 5%} for all 7,0€S Again, if
Q(ta¥BO) < min{Q(7), Q(O©)“5%} for some 7,9,© € S and
a, B € T. Therefore there exist § € (0,“5*] such that Q(ta?p®) <
8 < min{Q(1), Q(®), 5% implies 75,05 € U(Q;8)  but
(ta¥B®);s & U(Q;8), which is again a contradiction, and hence,
Q(ta¥p®) > min{Q(1), Q(©),“*} for all 7,9, © € S. Hence

by Theorem 3.6, Q is an (€, € V(«*, g;))-FBI'T of S.

Definition 3.12. Let Q be a FS of S. The set [Q]; = {r € S |15 €
V(k*,q,)Q}, where § € (0,1], is called an (€ V(k*,q,))-level
subset of Q.

Theorem 3.13. Let Q be a FS of S such that t <O implies
Q(t) > Q). Then Q is an (€,€V(k* q.))-FBII of
R& Ve (0,1], the (€ V(k*, q,))-level subset Q)5 of Q is a
BT-I of R.

Proof. (=) Take any 7€ S and ¥ € [Q]; such that t < 9. As
v e [Qls, we have ¥;€ V(k* q,)Q implies Q(¥) >6§ or
Q(Y) + 8 + k > «*. By hypothesis, we have Q(t) > Q(¥) > § or
O(t) > 9() > k* —8—«. Thus 15€ V(k*, q,)Q. Therefore
7 € [Q)s. Next, take any 7,0 € [Q];. Then 14,95 € V(k*,q,)Q;
that is Q(r)>8 or Q(r)+8+«k>«k* and Q) >§
or Q(V) + 8+« > «*.

Case (i). Let Q(1) > 8 and Q(¥) > 4. If § > “5% then

* * s

Q(ry?) 2 min{Q(r), Q).+ } 2 min{8,8,"— ) ===
and, thus, (ty9),(x", q,)Q. If § < 7%, then
K —K K=K

Q(ty?) > min{Q(z), Q(V), > min{S,S,T} =39,

and so (ty?); € Q. Hence (ty?); € V(k*,q,)Q.

Case (ii). Let Q(7) > S and Q(¢) + 8+« > «*. If § > £, then

K" —«k
2

}

K

Q(ry?) = min{Q(r), Q(V), }

*

K — K
2

— min{Q(9),

*—K

> min{(k* — 8 — «), 5

}

=Kk"—68§—«k,

that is Q(ty®) + 8 4+ k > «*, and thus (tyd);(«*, q,) Q. If § < £,

then

K* —

Q(ry?) = min{Q(r), Q(¥),

P

> min{$, (x* — 8§ — k),

and so (ty?); € Q. Hence (ty9); € V(«*, q,) Q.

Case (iii). Let Q(7) + 8 + « > «* and Q(¥) > 8. Proof’is similar to
the proof of Case (ii).

Case (iv). Let O(t) + 8+« > «*and Q(¥) + § + k > «*. Proofis
similar to previous two cases.

Thus in each case, we have (ty?); € V(k*,q,)Q, and so
Ty € [Q,. Similarly, for any © € R and 7,® € [Q];, we have
B0 € [Q];. Hence [Q); is a B-I'-I of R.

(<) Let Q(1) < min{Q(¥),55%} for some 7,9 € R. Then
8 € (0,5*] such that Q(r) < § < min{Q(¥),“5*}. It follows that
¥ €[Q]; but t¢[Q]; which is a condradictioin, and hence

Q) > min{Q(z?),"*;"}. Let Q(ry?) < min{Q(7), Q(L‘}‘),”*;"

for some t,9€R  Then 3 &€ (0,5 such that
Q(ty¥) < 8 < min{Q(r), Q(¥),“5%}. It follows that 7,9 € [Q];
but tyd¢[Q]; which is a condradictioin. Therefore

Q(ty¥) > min{Q(r), Q(¥), 5%} for all 7,9 €R. Similarly,
Q(ty?) > min{Q(1), Q(¥),“5%} for all 7, € R. Next, suppose
that Q(ta¥f®) > min{Q(1), Q(®),~} for some 7,9,0 € R.
Then 7, ® € [Q], but tayfOE[Q]; which is again a contraduction.
Thus  Q(ta¥f®) > min{Q(r), Q(0),“5%}. Hence Q is an
(€,€ V(k*,q,))-FBIT of S.

4. Conclusion

The main purpose of the present paper is to introduce
the concept of (&, € V(k*, qx))-fuzzy bi-I'-ideals in ordered
I-semigroups by generalizing the concept of (€, € Vq;)-fuzzy
bi-I'-ideals. Equivalent condition investigated for (€, € V(k*, g;))-
fuzzy bi-I'-ideals in ordered I'-semigroups. Furthermore, we have
proven that intersection of (€, € V(k*, q))-fuzzy bi-I'-ideals of S
isan (€, € V(k*, q))-fuzzy bi-I'-ideal but the statement is not valid
for union, and in this aim an example is provided. Moreover, we
presented correspondence between bi-I'-ideals and (€, € V(x*, gy))-
fuzzy bi-I"-ideals of ordered I'-semigroups based on level subset and
(€ V(k*,q.))-level subset of fuzzy sets. In our future work, by
using the concept of (k*, q)-quasi-coincident with a fuzzy subset
of ordered I'-semigroups, some different kinds of ideals will be
introduced.
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