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1. Introduction

Fuzzy set (-set) (Zadeh, 1965) and intuitionistic fuzzy set (if-set)
(Atanassov, 1986) are initiated to tackle uncertain data and
information. In f-set, the condition “well defined” of classical set is
characterized by a membership function 1 defined by a membership
grade pup(u;) within [0,1] for all members u; of initial universe U,
whereas if-set characterizes such condition by two functions, that
is, membership function p; and non-membership function pp
defined by membership grade pr(u;) and non-membership grade
wr(u;), respectively, within [0,1] for all u; € U subject to conditions:
(i) both pp(u;) and wp(u;) are dependent and (ii) their sum
wr(u;) + pp(u;) must lie within [0,1] with hesitancy grade
wr(u;) =1 = (ur(w;) + wp(w;)). The concept of if~set is not capable
to tackle the situation when p(u;) = 0.6 and up(u;) = 0.7; there-
fore, Yager (2013) and Yager & Abbasov (2013) initiated the concept
of Pythagorean fuzzy set (pf-set) which considers both pr and g
with conditions of 0 < pi(u;) + ud(w;) <1 and py(w) =
1 — \/p4(u;) + p2(u;). This model is more flexible and reliable as
compared to if-set to deal with uncertain nature of data. Zhang &
Xu (2014) discussed Technique for Order of Preference by Similarity
to Ideal Solution (TOPSIS) technique for multi-criteria decision-
making (MCDM) based on pf-sets. Peng & Yang (2015) and Yager
(2016) investigated the elementary properties and operations of
pf-sets. Garg (2016) determined correlation coefficients for pf-sets and
discussed its properties. Xiao & Ding (2019), Wei & Wei (2018),
Li & Lu (2019), and Zhang (2019) calculated various similarity and
distance measures between pf-sets. Thao & Smarandache (2019) mea-
sured the entropy of pf-sets. Many researchers investigated structural
contributions for uncertain environment, but the contributions of authors
(Thsanetal., 2021; Kamac etal., 2021; Petchimuthu et al., 2020; Rahman
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et al., 2021) are more significant. The researchers (Gao & Deng,
2021; Ullah etal., 2020; Zhou et al., 2020) have discussed the appli-
cations of pf-sets in different fields of mathematical sciences.
Recently, the uncertain complexities in different daily-life problems
have been investigated and addressed through employing various
MCDM techniques by the authors (Bakioglu & Atahan, 2021; Chen,
2018; Chen, 2020; Farhadinia, 2021; Ejegwa, 2020; Mahmood &
Ali, 2021; Rani et al., 2019; Xie et al., 2021). In many real-life
scenarios, we encounter with some situations which demand
sub-grades corresponding to membership and non-membership
degrees; therefore, the concepts of f-set, if-set, and pf-set have further
extended to their respective refined versions by Smarandache
(2019). Rahman et al. (2020) characterized the rudiments of refined
intuitionistic fuzzy sets by employing abstract and analytical
approaches. Dealing with uncertain data is always a challenging
field of study for the researchers. Some models have already been
devised to tackle the scenarios with uncertainties and vagueness.
Pythagorean fuzzy set is considered notable in this regards. In
real-world perspective scenarios, there are various situations
which demand multi-grades corresponding to membership and
non-membership grades which are addressed by existing models;
therefore, Smarandache initiated the concept of refined Pythagorean
fuzzy set. The basic properties and set-theoretic operations of
rpf-set are characterized in this article to provide a framework for
further utilization in different fields of study.

2. Preliminaries

In this part of the paper, certain definitions of elementary nature
are reviewed from existing literature to support the main results.
Throughout the paper, U, Z, T®, and F% represent initial universe,
unit closed interval, sub-membership grades, and sub-non-member-
ship grades, respectively.
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Definition 2.1. Fuzzy Set(fset) (Zadeh,
& = {< i, (1) > | € U} on U such that

1965) The f-set

Olz:fl—>1v-

where o (i) denotes the belonging degree of # € .

Example 2.2. Katherine wants to purchase a laptop for her
educational research purpose. She has to evaluate a unique laptop
which has all the specifications of a standard laptop. Let

U ={L,,L,,Ls,L,} be different brands of laptops such that
L, = Apple,

L, = Samsung,

L3 = Hewlett — Packard (HP),

L, = Lenovo.

Then f-set Z’f over 1 can be stated as
b ={< £,,045>,< £5,057 >, < L3,0.6 >,< L4,0.64 >}

Definition 2.3. Intuitionistic Fuzzy Set(i/~set) (Atanassov, 1986)
An if-set &y over U is stated as

Z-IF:{< ﬁvTZ(ﬁ)aFZ(ﬁ) > | ﬁeﬁ},

with Ty(#1),Fp(fr) : 0 — Z, and 0 < Ty(f1) + Fz(ir) < 1. The

hesitant grade is
I(it) = 1 — Te(ir) — Fe(n).

Example 2.4. Consider the Example 2.2, the if-set &z over U is
presented as

& ={< L£,,0.75,0.14 >, < [,,0.57,0.2 >, < £5,0.6,0.3 >,
< L£4,0.64,0.16 >}
Definition 2.5. Pythagorean Fuzzy Set(pf-set) (Yager, 2013;

Yager & Abbasov, 2013)
A pf-set Zpp over U is characterized as

Z‘PF = {< 1:‘7 Tz(fl),Fz(l:t) > |1:l € 11}7

with T, F; : U—7Zand0< (Ty(ir))* + (Fz(#))* < 1. The degree
of hesitancy is

F(i) = /1= (Te(@))” — (Fe(@))?

Example 2.6. Consider the Example 2.2, the pf-set Zpp over s
stated as

& = {< £,,0.5625,0.0196 >, < L,,0.3249,0.04 >,
< £5,0.36,0.09 >, < L,,0.4096, 0.0256 >}
Definition 2.7. Refined Pythagorean Fuzzy Set(rpf-set)

(Smarandache, 2019)

A refined Pythagorean fuzzy set(rpf-set) Zprfs in U is given by
Epe = {< i, T (), F2 () >: A e NP, ey,

€ NY, a+p>3,

where «, 8 € N such that Tg’,F? : 1 — Z, with the condition that,

o B
0< > (Tg")2 + Z(F?)2 < 1, such that the refined hesitancy degree is
w=1 r=1

B
(T =Y (F2? e[o.1].

w=1 A=1

-

It is denoted by (i1, Q), where Q = (Tz, Fy).
Note: Here “N” denotes the set of natural number.

Example 2.8. Consider the Example 2.2, the rpf-set Zp,fs can be
written in such a way that

Lo = { < £4,(0.02,0.1), (0.3,0.5) >, < L5, (0.05,0.34), (0.45,0.04) >,
< L3,(0.01,0.6),(0.3,0.02) >, < £, (0.6,0.04), (0.12,0.2) > }.

3. Basic Notions of rpf-set

In this segment, the elementary essential properties of rpf-set are
investigated with examples.

Definition 3.1. Refined Pythagorean fuzzy subset. Let i]l,PfS =
(i, Q1) and 7?5 = (i1, Q;) be two rpfsets, then 7'yys C i

o 3 B B .
S0 Te () < S0 Te (), X ()= Y Fi(i), v aell.
w=1 w=1 A=1 A=1

o

zmw<§mw7ﬁ%w>

w=1

Py
is denoted by (4, Ql) C (&, Qz)

Remark 3.2. 1. If
Azﬂllﬁgz(i{) vV oael It
2. Suppose (it, 9,) and (&1, Q,") be two family of rpfsets, then (i, O, )
is called family of Pythagorean fuzzy subset of (i, O,') if O,' C O,
andé1 T (i) < wéT;;;(a), éFgl(a) > ;:ng(a), vV oael.
We denote it by (i1, ;%) C (2, Q,)) ¥V i=1,2,3,...,n.

Example 3.3. Considering data given in Example 2.2, let r“]lrpfs and
i1 55 be two rpf-sets such that

(i1,9,) = { < £1,(0.4,0.5), (0.003,0.004) >, < L,, (0.5,0.4), (0.005,0.004) >,
< £3,(0.5,0.2), (0.001,0.006) >, < L4, (0.3,0.4), (0.006,0.004) > },

and

(11,0,) = { < £4,(0.3,0.005), (0.02,0.1) >, < £,,(0.45,0.04), (0.05,0.34) >,
< L5,(0.48,0.02),(0.01,0.6) >, < L4, (0.12,0.2), (0.6,0.04) > }

From definition of refined Pythagorean fuzzy subset, it is clear

that (i1, ) C (i, O,).

Definition 3.4. Equal rpfsets. Let ij',p = (i, Q,) and i, =
(i1, Q5) be two rpf-sets, then if' = 0Py, if it yps C 7Py and
flzrpfs - ﬁlrpfs-

Example 3.5. Considering data given in Example 2.2, let ﬁlrpfs and
i1 s be two rpf-sets such that

(i1, 0)) = { < £},(0.4,0.5), (0.003,0.004) >, < L,, (0.5,0.4), (0.005,0.004) >,
< £3,(0.5,0.2), (0.001,0.006) >, < Ly, (0.3,0.4), (0.006,0.004) > },
3.1

and
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(i1,0,) = { < L}, (0.4,0.5), (0.003,0.004) >, < £, (0.5,0.4), (0.005,0.004) > () mm £ P Xﬁ:Ff\ (a))
< £5,(0.5,0.2), (0.001,0.006) >, < Ly, (0.3,0.4), (0.006,0.004) > }, — i (8), e

3.2

are two rpf-sets. Then from equations (3.1) and (3.2), it is clear
that 7v71rpfs = ﬁzrpfs-

Definition 3.6. Null rpfiset. A rpfset (i, Q;) is said to be null
o B

mpfset if 3 T () =0 and Y Fj (&)
w=1 r=1

denoted by (i1, Q,)

=0,V fel It is
null*
Example 3.7. Assuming data given in Example 2.2, the null 7pf-set
is given as
(1:[7 Ql) = { < zlv (070)5 (050) >,< Z-"Za (07 0)7 (070) >,
< Z3, (070)7 (07 0) >7 < t47 (Oa O)a (070) > }

Definition 3.8. Complement of rpf-set. The complement of (i, Q)

=

is denoted by (i, Q°) and is defined that if 3 To(i) = > F?( i)
w=1 r=1

B
and A221152[(1‘4) 2 e (in).

Remark 3.9. The complement of the family of rpf-set is deﬁned as

(i1, Q%) and can be defined in a way that if > Ty (i) = Z F} (ir)
=1 "

B o
and ZF%(u) => T,‘;’(u)7 i=1,2,3...,n
A=1 =1

Example 3.10. Considering data given in Example 2.2, if we have
rpf-set (i1, Q) given as

G = { < £1,(0.02,0.1),(0.3,0.5) >, < L5, (0.05,0.34), (0.45,0.04) >
< £5,(0.01,0.6), (0.3,0.02) >, < £, (0.6,0.04), (0.12,0.2) > },

then the complement of rpf-set (i1, Q) is given as

st = { < £1,(0.3,0.5),(0.02,0.1) >, < L5, (0.45,0.04), (0.05,0.34) >
< £5,(0.3,0.02),(0.01,0.6) >, < L4, (0.12,0.2), (0.6,0.04) > }.

4. Aggregation Operators of rpf-set

This portion describes the set-theoretic operations of rpf-set by
utilizing the data presented in Example (2.2).

Definition 4.1. Union of two rpf-sets. The union of two rpf-sets
(i1, ©;) and (i1, Q) is denoted by (&1, Q) U (&1, Q,) and it is defined

as (i1, Q) U (i1, @) = (i1, Y), where Y = Q; U Q,, and truth and
false membership of (i1, Y) is defined in such a way that

v(#) = max E T () E 2 (

12

Remark 4.2. The union of the two family of rpfsets (i, O,) and
(i, Q,") is denoted by (i, O;) U (i1, O,) and it is defined as
(@, Q) U@ Q) = (1Y), Y =0/ UQ, i=123....n
and truth and false membership of (&, Y') is defined in such a
way that

Example 4.3. Assuming data given in Example 2.2, let

(i1,0,) = { < £;,(0.003,0.004), (0.4,0.5) >, < £,, (0.005,0.004), (0.5,0.4) >
< L3,(0.001,0.006), (0.5,0.2) >, < L, (0.006,0.004), (0.3,0.4) > },

and
(i1, ;) = { < £},(0.02,0.1),(0.3,0.005) >, < L, (0.05,0.34), (0.45,0.04) >

< £5,(0.01,0.6),(0.5,0.02) >, < £,,(0.6,0.04), (0.12,0.2) > }

be two rpf-set. Then the union of (i, Q;) and (i1, Q,) is given as

(i, Y) = { < £,,(0.02,0.1), (0.3,0.005) >, < £, (0.05,0.34), (0.45,0.04) >
< L3,(0.01,0.6), (0.5,0.02) >, < L4, (0.6,0.04), (0.12,0.2) > }

Definition 4.4. Intersection of two rpf-sets The intersection of two
rpfsets (i1, Q) and (i1, Q,) is denoted by (i1, @;) N (&, Q,) and
it is defined as (i1, Q;) N (&1, Q,) = (i1, Y), where Y = Q, N Q,,
and truth and false membership of (i1, Y) is defined in such a
way that

Remark 4.5. The intersection of the two family of rpf-sets (i, Qli)
and (&1, Q,') is denoted by (#, O;) N (&, O,') and it is defined as
(@A) N (1Y) = (@ Y), Y'=0'NnQ), i=123,..,n
and truth and false membership of (i1, Y*) is defined in such a way
that
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Example 4.6. Considering data given in Example 2.2, let

(&1,6,) = { < L}, (0.003,0.004), (0.4,0.5) >, < L, (0.005,0.004), (0.5,0.4) >
< L3,(0.001,0.006), (0.5,0.2) >, < Ly, (0.006,0.004), (0.3,0.4) > },

and
(i1, 9,) = { < £4,(0.02,0.1),(0.3,0.005) >, < £, (0.05,0.34), (0.45,0.04) >

< £3,(0.01,0.6),(0.5,0.02) >, < L4, (0.6,0.04), (0.12,0.2) > }

be two rpfsets. Then the intersection of (i, O;) and (&, Q,) is
given as

(i1, Y) = { < £}, (0.003,0.004), (0.4,0.5) >, < £, (0.005,0.004), (0.5,0.4) >
< £3,(0.001,0.006), (0.5,0.2) >, < Ly, (0.006,0.004), (0.3,0.4) > },

Definition 4.7. Extended intervsection of two rpf-sets. The
intersection of two rpf-sets (&1, Q;) and (i, Q,) is denoted by
(2, Q) N, (2,Q,) and it is defined as (i, Q;) N, (i1, Q,) =
(&,Y), where Y = Q,U Q,, and truth and false membership of
(&1,Y) is defined in such a way that

Remark 4.8. The intersection of the two family of rpfsets (i1, O,
and (i1, 9,') is denoted by (ir, O;%) N, (&, Q,') and it is defined as
(ﬁ, Qli) ms (':‘7 in) = (ilei)v Yi = Qli U inv .
i=1,2,3,...,n, and truth and false membership of (&, Y') is
defined in such a way that

Tyi(#1) = min Z ,ZT"’ ﬁ
=1
B B

Fy(it) = max (> Fj (), Fi (

Example 4.9. Assuming data given in Example 2.2, suppose that

(i1, Q) = { < £1,(0.003,0.004), (0.4,0.5) >, < L5, (0.005,0.004), (0.5,0.4) >
< £5,(0.001,0.006), (0.5,0.2) > },
and
(i1, 9,) = { < £5,(0.01,0.6),(0.5,0.02) >, < £, (0.6,0.04), (0.12,0.2) > }

be two rpfsets. Then the extended intersection of (i1, Q;) and
(i1, Q,) is given as

(i1, Y) = { < £},(0.003,0.004), (0.4,0.5) >, < £, (0.005,0.004), (0.5,0.4) >
< £5,(0.001,0.006), (0.5,0.2) >, < Ly, (0.6,0.04), (0.12,0.2) > }.

Definition 4.10. Restricted upion of two rpf—sets. The restricted
union of two rpf-sets (i, Q) and (&,0Q,) is denoted by
(4, Q)) Ug (i, Q,) and it is defined as (&, Q;) Ug (i1, Q,) =
(4, Y), where Y = O, Nz Q,, and truth and false membership of
(&1, Y) is defined in such a way that

Remark 4.11. The restricted union of the two family of rpf-sets
(i, ©1%) and (&1, Q,) is denoted by (i, Q%) Uy (i, @,') and it is
defined as (i1, Q') Ug (i1, Q,') = (&, '), Y = @,/ N Q,', i=
1,2, 3,...,n, and truth and false membership of (i, Y’) is defined
in such a way that

Tyi(#1) = max Z Z
B B

Fyi(it) = min ZF#1 (%) ,ZF%Z(Q))
=1 =1

Example 4.12. Considering data given in Example 2.2, let

(i1,0,) = { < £;,(0.003,0.004), (0.4,0.5) >, < £,, (0.005,0.004), (0.5,0.4) >
< £3,(0.001,0.006), (0.5,0.2) > },
and
(11, 9,) = { < £5,(0.01,0.6), (0.5,0.02) >, < L,,(0.6,0.04), (0.12,0.2) > }

be two rpf-sets. Then the restricted union of (i, Q;) and (&, 9,) is
given as

(&1, Y) = { < L3,(0.01,0.06), (0.5,0.02) > }.

Definition 4.13. Restricted intersection of two rpf-sets. The
restricted intersection of two rpf-sets (i1, Q;) and (&1, Q,) is denoted

y (,Q,) Ng (i, Q,) and it is defined as (i, Q,) Ng (i1, Q,) =
(#4,Y), where Y = Q, Nz Q,, and truth and false membership of
(@1, Y) is defined in such a way that

(i) = min ZT“’ ) ZTw (1))

(&t) = max ( ) F} (& ,ZF%Z(Q))

B
A= 1

B
1 A=

Remark 4.14: The restricted intersection of the two family
of rpf-sets (i1, Q%) and (&, Q,") is denoted by (&, Q%) Ng (&, Q")
and it is defined as (i, Q,)Ng (&, Q) = (&, Y), Y =
Q,iNg O,f, i=1,2,3,...,n, and truth and false membership of
(&1, Y) is defined in such a way that
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Tyi(#) = min Z T (i) Z T 1?1
B B
Fyi (&) = max Z F} (i), ZF?]2

Example 4.15. Considering data given in Example 2.2, let

(&1,9y) = { < L,,(0.003,0.004), (0.4,0.5) >
< L,,(0.005,0.004), (0.5,0.4) > },

and (i, Oy) = { < L,,(0.05,0.34), (0.45,0.04) >

< L4,(0.6,0.04), (0.12,0.2) > },
be two rpfsets. Then the restricted intersection of (i, Q;) and
(i1, Q,) is given as
(i1, Y) = { < L,,(0.005,0.004), (0.5,0.4) > }.

Definition 4.16. Restricted difference of two rpf-sets. The
restricted difference of two rpf-sets (&1, Q;) and (&, Q,) is denoted

by (i1, Q;) —x (&1, Q,) and it is defined as (i1, Q;) —g (i1, Q,) =
(#,Y), where Y = Q; —x Q,.

Example 4.17. Considering data given in Example 2.2, let

= { < L}, (0.003,0.004), (0.4,0.5) >, < L, (0.005,0.004), (0.5,0.4) >
< L3,(0.001,0.006), (0.5,0.2) >, < Ly, (0.006,0.004), (0.3,0.4) > },

(#,9y)

and

(i1,0,) = { < £,,(0.02,0.1),(0.3,0.005) >, < L5, (0.05,0.34), (0.45,0.04) >
< L3,(0.01,0.6),(0.5,0.02) > },

be two rpf-sets. Then the restricted difference operation is

given as
(Y,S) = {< L, (0.006,0.004), (0.3,0.4) >}.
Proposition 4.18. 5 ) 5
L (2, Q)U(#, Q) = (i1, Q) = (i1, Q)Ug(#1, Q)
2. (i, QN((#, Q) = (&, Q) = (&, Q)N (i, Q)
3. (i, QUd = (i1, Q) = (i1, Q)Ur®
4. (i, Q)M = (1, Q) = (2, Q)N U
5. (&, Q)0 = U = (&, Q)URl
6. (i, Q)Nd = & = (&, Q)N &
7. (8, @)0(#, D)) = (i1, 1) N, (&1, Q)
8. ((7 Ql)ﬁe(A7 Qz))c = (Av “1)Eo(a7 Qz)E
9. ((7 Ql)o(fh Qz)) = (fh Qz))o i, Ql))
10. (i, Qil)L:JR(fhuv 2)) = (ﬁvvéz))vUR(Al Ql))
T (&, Q)N(#, Q) = (i, Q))N(#, @)
12, ((#, Q)Ne (i1, Qa)) = (i1, @2))Ue (81, Q1))

14

Example 4.19. For (1), assuming data from Example (2.2), let

(1, Q) = { < £;,(0.003,0.004), (0.4,0.5) >, < L5, (0.005,0.004), (0.5,0.4) >
< L5,(0.001,0.006), (0.5,0.2) >, < L, (0.006,0.004), (0.3,0.4) > },

It can be observed that

(i1,0)0(#, ©) = { < £,,(0.003,0.004), (0.4,0.5) >, < L5, (0.005,0.004), (0.5,0.4) >
< £3,(0.001,0.006), (0.5,0.2) >, < L, (0.006,0.004), (0.3,0.4) > },

Similarly, we can prove (2).
For (3), let

(i, Q) = { < L,,(0.003,0.004), (0.4,0.5) >, < L5, (0.005,0.004), (0.5,0.4) >
< £5,(0.001,0.006), (0.5,0.2) >, < Ly, (0.006,0.004), (0.3,0.4) > },

It can be observed that

(i1, QU@ = { < L,,(0.003,0.004), (0.4,0.5) >, < £,,(0.005,0.004), (0.5,0.4) >
< L3,(0.001,0.006), (0.5,0.2) >, < L4, (0.006,0.004), (0.3,0.4) > },

= (&1, Q) = (i1, Q)Up®.
Similarly, we can prove (4). For (5), let

(1, Q) = { < £,,(0.003,0.004), (0.4,0.5) >, < L5, (0.005,0.004), (0.5,0.4) >
< L5,(0.001,0.006), (0.5,0.2) >, < L, (0.006,0.004), (0.3,0.4) > },

It can be observed that

(i1, QU = { < L,,(0.003,0.004), (0.4,0.5) >, < L,, (0.005,0.004), (0.5,0.4) >
< £5,(0.001,0.006), (0.5,0.2) >, < Ly, (0.006,0.004), (0.3,0.4) > } U U,

Similarly, we can prove (6).

For (7), consider L.H.S

(1, 01)0(#, Qy) = { < £,,(0.02,0.1),(0.3,0.5) >, < £,, (0.05,0.34), (0.45,0.04) >
< £5,(0.01,0.6), (0.5,0.02) >, < Ly, (0.6,0.04), (0.12,0.2) > }

Then
(i1, G)U(#1, ©y))¢ = { < £1,(0.3,0.5),(0.02,0.1) >, < L,,(0.45,0.04), (0.05,0.34)) >,
< £5,(0.5,0.02), (0.01,0.6) >, < £4,(0.12,0.2), (0.6,0.04) > }

Now, consider R.H.S

(i1, ©)U(it, Q)¢ = { < £,(0.3,0.5),(0.02,0.1) >, < £, (0.45,0.04), (0.05,0.34)) >
< £5,(0.5,0.02), (0.01,0.6) >, < L4, (0.12,0.2), (0.6,0.04) > }

From this, it is clear that L.H.S = R.H.S

For (9), let

LHS:

(81, 8))0(11, ©,)) = { < L,,(0.02,0.1),(0.3,0.5) >, < £,,(0.05,0.34), (0.45,0.04) >,
< £5,(0.01,0.6), (0.5,0.02) >, < £4,(0.6,0.04), (0.12,0.2) > }

(4.1)
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R.H.S:

(21, 9,)0(2r, Q1)) = { < £1,(0.02,0.1),(0.3,0.5) >, < L,, (0.05,0.34), (0.45,0.04) >,
< L4,(0.01,0.6), (0.5,0.02) >, < Ly, (0.6,0.04), (0.12,0.2) > }

(4.2)

Similarly, other laws can easily be proved.

5. Conclusion

In this paper, a conceptual context of rpf-set is devised to tackle
the scenario with entitlement of sub-grades with respect to
membership and non-membership degrees of existing fuzzy set-
like models. Some essential properties, aggregation operations,
and set-theoretic laws are characterized by employing theoretic
and analytical approaches. The future scope of the proposed study
is broad in the sense that certain kinds of similarity and distance
measures, entropies, and aggregations can be calculated between
rpf-sets using this context.

Conflicts of Interest

The authors declare that they have no conflicts of interest to this
work.

References

Atanassov, K. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems,
20, 87-96. http://doi.org/10.1016/S0165-0114(86)80034-3
Bakioglu, G., & Atahan, A. O. (2021). AHP integrated TOPSIS and
VIKOR methods with Pythagorean fuzzy sets to prioritize risks
in self-driving vehicles. Applied Soft Computing, 99, 106948.
https://doi.org/10.1016/j.as0¢.2020.106948

Chen, T. Y. (2018). Remoteness index-based Pythagorean fuzzy
VIKOR methods with a generalized distance measure for
multiple criteria decision analysis. Information Fusion, 41,
129-150. https://doi.org/10.1016/.inffus.2017.09.003

Chen, T. Y. (2020). New Chebyshev distance measures for
Pythagorean fuzzy sets with applications to multiple criteria
decision analysis using an extended ELECTRE approach.
Expert Systems with Applications, 147, 113164. https://doi.
org/10.1016/j.eswa.2019.113164

Ejegwa, P. A. (2020). Improved composite relation for Pythagorean
fuzzy sets and its application to medical diagnosis. Granular
Computing, 5(2), 277-286. http://doi.org/10.1007/s41066-019-
00156-8

Farhadinia, B. (2021). Similarity-based multi-criteria decision making
technique of pythagorean fuzzy sets. Artificial Intelligence
Review, 1-46. http://doi.org/10.1007/s10462-021-10054-8

Gao, X., & Deng, Y. (2021). Generating method of Pythagorean
fuzzy sets from the negation of probability. Engineering
Applications of Artificial Intelligence, 105, 104403. https://
doi.org/10.1016/j.engappai.2021.104403

Garg, H. (2016). A novel correlation coefficients between Pythagorean
fuzzy sets and its applications to decision-making processes.
International Journal of Intelligent Systems, 31(12), 1234—
1252. https://doi.org/10.1002/int.21827

Thsan, M., Rahman, A. U., Saced, M., & Khalifa, H. A. E. W. (2021).
Convexity-cum-concavity on fuzzy soft expert set with certain
properties. International Journal of Fuzzy Logic and
Intelligent Systems, 21(3), 233-242. http://doi.org/10.5391/
1JF1S.2021.21.3.233

Kamac, H., Garg, H., & Petchimuthu, S. (2021). Bipolar
trapezoidal neutrosophic sets and their Dombi operators
with applications in multicriteria decision making. Soff
Computing, 1-24. http://doi.org/10.1007/s00500-021-05768-4

Li, Z., & Lu, M. (2019). Some novel similarity and distance measures
of pythagorean fuzzy sets and their applications. Journal of
Intelligent & Fuzzy Systems, 37(2), 1781-1799. http://doi.
org/10.3233/JIFS-179241

Mahmood, T., & Ali, Z. (2021). Schweizer—Sklar muirhead mean
aggregation operators based on pythagorean fuzzy sets and
their  application in  multi-criteria  decision-making.
Pythagorean Fuzzy Sets: Theory and Applications, 235-259.
https://doi.org/10.1007/978-981-16-1989-2_10

Peng, X., & Yang, Y. (2015). Some results for Pythagorean fuzzy sets.
International Journal of Intelligent Systems, 30(11),
1133-1160. https://doi.org/10.1002/int.21738

Petchimuthu, S., Garg, H., Kamac, H., & Atagiin, A. O. (2020). The
mean operators and generalized products of fuzzy soft matrices
and their applications in MCGDM. Computational and
Applied Mathematics, 39(2), 1-32. https://doi.org/10.1007/
s40314-020-1083-2

Rahman, A. U., Ahmad, M. R., Saeed, M., Ahsan, M., Arshad, M., &
Thsan, M. (2020). A study on fundamentals of refined
intuitionistic fuzzy set with some properties. Journal of
Fuzzy Extension and Applications, 1(4), 300-314. http://doi.
org/10.22105/jfea.2020.261946.1067

Rahman, A. U., Saeed, M., Arshad, M., Thsan, M., & Ahmad, M. R.
(2021). (m, n)-convexity-cum-concavity on fuzzy soft set with
applications in first and second sense. Pumjab University
Journal of Mathematics, 53(1), 19-33. http://doi.org/10.
52280/pujm.2021.530102

Rani, P., Mishra, A. R., Pardasani, K. R., Mardani, A., Liao, H., &
Streimikiene, D. (2019). A novel VIKOR approach based on
entropy and divergence measures of Pythagorean fuzzy sets
to evaluate renewable energy technologies in India. Journal
of Cleaner Production, 238, 117936. https://doi.org/10.1016/
jJclepro.2019.117936

Smarandache, F. (2019). Neutrosophic set is a generalization of
intuitionistic fuzzy set, inconsistent intuitionistic fuzzy set
(Picture fuzzy set, ternary fuzzy set), pythagorean fuzzy
set (Atanassovs intuitionistic fuzzy set of second type),
g-Rung orthopair fuzzy set, spherical fuzzy set, and
n-HyperSpherical fuzzy set, while neutrosophication is a
generalization of regret theory, grey system theory, and
three-ways decision. Journal of New Theory, 29, 1-35.
https://www.researchgate.net/publication/337334844_
Neutrosophic_Set_is_a_Generalization_of Intuitionistic_Fuzzy
Set_Inconsistent_Intuitionistic_Fuzzy_Set_Picture_Fuzzy_
Set_Ternary_Fuzzy_Set_Pythagorean_Fuzzy_Set_q-Rung_
Orthopair_Fuzzy_Set_Spherical_Fu

Thao, N. X., & Smarandache, F. (2019). A new fuzzy entropy on
Pythagorean fuzzy sets. Journal of Intelligent & Fuzzy
Systems, 37(1), 1065-1074. http://doi.org/10.3233/JIFS-182540

Ullah, K., Mahmood, T., Ali, Z., & Jan, N. (2020). On some distance
measures of complex Pythagorean fuzzy sets and their
applications in pattern recognition. Complex & Intelligent
Systems, 6(1), 15-27. https://doi.org/10.1007/s40747-019-0103-6

Wei, G., & Wei, Y. (2018). Similarity measures of Pythagorean
fuzzy sets based on the cosine function and their
applications. International Journal of Intelligent Systems,
33(3), 634-652. http://doi.org/10.1002/int.21965

Xiao, F., & Ding, W. (2019). Divergence measure of Pythagorean
fuzzy sets and its application in medical diagnosis. Applied

15


http://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1016/j.asoc.2020.106948
https://doi.org/10.1016/j.inffus.2017.09.003
https://doi.org/10.1016/j.eswa.2019.113164
https://doi.org/10.1016/j.eswa.2019.113164
http://doi.org/10.1007/s41066-019-00156-8
http://doi.org/10.1007/s41066-019-00156-8
http://doi.org/10.1007/s10462-021-10054-8
https://doi.org/10.1016/j.engappai.2021.104403
https://doi.org/10.1016/j.engappai.2021.104403
https://doi.org/10.1002/int.21827
http://doi.org/10.5391/IJFIS.2021.21.3.233
http://doi.org/10.5391/IJFIS.2021.21.3.233
http://doi.org/10.1007/s00500-021-05768-4
http://doi.org/10.3233/JIFS-179241
http://doi.org/10.3233/JIFS-179241
https://doi.org/10.1007/978-981-16-1989-2_10
https://doi.org/10.1002/int.21738
https://doi.org/10.1007/s40314-020-1083-2
https://doi.org/10.1007/s40314-020-1083-2
http://doi.org/10.22105/jfea.2020.261946.1067
http://doi.org/10.22105/jfea.2020.261946.1067
http://doi.org/10.52280/pujm.2021.530102
http://doi.org/10.52280/pujm.2021.530102
https://doi.org/10.1016/j.jclepro.2019.117936
https://doi.org/10.1016/j.jclepro.2019.117936
https://www.researchgate.net/publication/337334844_Neutrosophic_Set_is_a_Generalization_of_Intuitionistic_Fuzzy_Set_Inconsistent_Intuitionistic_Fuzzy_Set_Picture_Fuzzy_Set_Ternary_Fuzzy_Set_Pythagorean_Fuzzy_Set_q-Rung_Orthopair_Fuzzy_Set_Spherical_Fu
https://www.researchgate.net/publication/337334844_Neutrosophic_Set_is_a_Generalization_of_Intuitionistic_Fuzzy_Set_Inconsistent_Intuitionistic_Fuzzy_Set_Picture_Fuzzy_Set_Ternary_Fuzzy_Set_Pythagorean_Fuzzy_Set_q-Rung_Orthopair_Fuzzy_Set_Spherical_Fu
https://www.researchgate.net/publication/337334844_Neutrosophic_Set_is_a_Generalization_of_Intuitionistic_Fuzzy_Set_Inconsistent_Intuitionistic_Fuzzy_Set_Picture_Fuzzy_Set_Ternary_Fuzzy_Set_Pythagorean_Fuzzy_Set_q-Rung_Orthopair_Fuzzy_Set_Spherical_Fu
https://www.researchgate.net/publication/337334844_Neutrosophic_Set_is_a_Generalization_of_Intuitionistic_Fuzzy_Set_Inconsistent_Intuitionistic_Fuzzy_Set_Picture_Fuzzy_Set_Ternary_Fuzzy_Set_Pythagorean_Fuzzy_Set_q-Rung_Orthopair_Fuzzy_Set_Spherical_Fu
https://www.researchgate.net/publication/337334844_Neutrosophic_Set_is_a_Generalization_of_Intuitionistic_Fuzzy_Set_Inconsistent_Intuitionistic_Fuzzy_Set_Picture_Fuzzy_Set_Ternary_Fuzzy_Set_Pythagorean_Fuzzy_Set_q-Rung_Orthopair_Fuzzy_Set_Spherical_Fu
http://doi.org/10.3233/JIFS-182540
https://doi.org/10.1007/s40747-019-0103-6
http://doi.org/10.1002/int.21965

Journal of Computational and Cognitive Engineering

Vol.2 Iss.1 2023

Soft Computing, 79, 254-267. https://doi.org/10.1016/j.asoc.
2019.03.043

Xie, Y.,Zhou, Y., Peng, Y., Diner, H., Yiiksel, S., & Xiang, P. (2021). An
extended pythagorean fuzzy approach to group decision-making
with incomplete preferences for analyzing balanced scorecard-
based renewable energy investments. /EEE Access, 9, 43020—
43035. http://doi.org/10.1109/ACCESS.2021.3065294

Yager, R. R. (2013). Pythagorean fuzzy subsets. In Joint IFSA World
Congress and NAFIPS Annual Meeting (IFSA/NAFIPS),
Edmonton, AB (pp. 57-61). http://doi.org/10.1109/IFSA-
NAFIPS.2013.6608375

Yager, R. R. (2016). Properties and applications of Pythagorean
fuzzy sets. Imprecision and Uncertainty in Information
Representation and Processing: New Tools Based on
Intuitionistic Fuzzy Sets and Generalized Nets, 119-136.
https://doi.org/10.1007/978-3-319-26302-1_9

Yager, R. R., & Abbasov, A. M. (2013). Pythagorean membership
grades, complex numbers, and decision making. Infer-
national Journal of Intelligent Systems, 28(5), 436—452.
https://doi.org/10.1002/int.21584

16

Zadeh, L. (1965). Fuzzy sets. Information and Control, 8(3),
338-353. http://doi.org/10.1016/S0019-9958(65)90241-X

Zhang, Q., Hu, J., Feng, J., Liu, A., & Li, Y. (2019). New similarity
measures of Pythagorean fuzzy sets and their applications.
IEEE Access, 7, 138192-138202. http://doi.org/10.1109/
ACCESS.2019.2942766

Zhou, Q., Mo, H., & Deng, Y. (2020). A new divergence measure of
pythagorean fuzzy sets based on belief function and its
application in medical diagnosis. Mathematics, 8(1), 142.
https://doi.org/10.3390/math8010142

Zhang, X., & Xu, Z. (2014). Extension of TOPSIS to multiple criteria
decision making with Pythagorean fuzzy sets. International
Journal of Intelligent Systems, 29(12), 1061-1078. https://
doi.org/10.1002/int.21676

How to Cite: Saced, M., Ahmad, M. R., & Ur Rahman, A. (2023). Refined
Pythagorean Fuzzy Sets: Properties, Set-Theoretic Operations and Axiomatic
Results. Journal of Computational and Cognitive Engineering 2(1), 10-16,
https://doi.org/10.47852/bonviewJCCE2023512225



https://doi.org/10.1016/j.asoc.2019.03.043
https://doi.org/10.1016/j.asoc.2019.03.043
http://doi.org/10.1109/ACCESS.2021.3065294
http://doi.org/10.1109/IFSA-NAFIPS.2013.6608375
http://doi.org/10.1109/IFSA-NAFIPS.2013.6608375
https://doi.org/10.1007/978-3-319-26302-1_9
https://doi.org/10.1002/int.21584
http://doi.org/10.1016/S0019-9958(65)90241-X
http://doi.org/10.1109/ACCESS.2019.2942766
http://doi.org/10.1109/ACCESS.2019.2942766
https://doi.org/10.3390/math8010142
https://doi.org/10.1002/int.21676
https://doi.org/10.1002/int.21676
https://doi.org/10.47852/bonviewJCCE2023512225

	Refined Pythagorean Fuzzy Sets: Properties, Set-Theoretic Operations and Axiomatic Results
	1. Introduction
	2. Preliminaries
	3. Basic Notions of rpf-set
	4. Aggregation Operators of rpf-set
	5. Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth 4
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (U.S. Web Coated \050SWOP\051 v2)
  /PDFXOutputConditionIdentifier (CGATS TR 001)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (U.S. Web Coated \(SWOP\) v2)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


