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Abstract: Multiset modules and their properties are introduced in this paper. Some interesting properties are obtained, such as the countable
intersection of multiset modules is multiset module, but the union need not be. Also, the sub-multiset module is defined and illustrated with
suitable examples. Homomorphism and isomorphism in the contest of multisets are defined, and some valuable theorems are proved. Then the
quotient module is proposed, and the relation that M /ker f is isomorphic to Im f for a multiset homomorphism f. Multiset modules drawn
from a Z module are of particular interest and proved that if £ € ML[ZM], then £ is an mset group under addition, and conversely, every mset

abelian group drawn from Z is an element of ML[ZM].
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1. Introduction

George Cantor’s formal definition of a set is as a well-defined
collection of distinct objects. The terms well defined and distinct
in this, and their integrity, or lack of after that, eventually led to the
formation of generalized set theory, mainly consisting of fuzzy
sets, multisets, rough sets, soft sets, etc. Out of these, multiset
is the primary focus here. The distinctness property is violated
in multisets such that duplicate elements can occur in it. Since
multiplicity of elements is the key feature of a multiset, all the
findings are based on the count value. In other words, the
characteristic function plays a significant role in this work.

Multisets, just like sets, are associative containers but differ
because there is a possibility for the same value to be assigned
to multiple elements. A crisp set can distinguish members and
nonmembers of the universal set with the help of characteristic
function, which gives value 1 for members and 0 for
nonmembers of the given collection. The membership function is
further broadened to ensure that the values assigned to the
members of the universal set fall over the range of positive
integers, and such a defined set is known as the multiset. As
mentioned earlier, crisp sets take membership values 0 or 1, but
for the case of fuzzy sets (Zadeh, 1965), membership function
ranges in [0, 1]. If we move on to multisets, the values can be
positive integers. The fuzzy set theory and its results can be
applied in many areas, especially computer science. Multisets are
also emerging in various domains nowadays, although they are
broadly uninvestigated. A significant example would be JAVA’s
other version, called GUAVA, developed by Google, which is
chiefly based on multisets and their properties as opposed to
fuzzy sets. During the process of information retrieval,
duplicates may arrive at various phases. In such a context, the
need for multisets and multiset operations arises. For example, in
a cyber-investigation, hitting on a particular website and phone
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number in a tower at some time interval is a situation where
multisets are more suitable than other forms of sets.

Algebra and algebraic structures such as group, ring, etc., are
significant in Mathematics. These structures are based on classical
set theory. Questions such as why classical sets can be replaced
by multisets, the effects of such a change, and what would happen
to the sentences and results if such a change occurred led to
research into it. Fundamental works related to multisets and its
extensions can be seen in Blizard (1989) and Blizard (1991),
Wildberger (2003), Radoaca (2015), and Shravan and Tripathy
(2019). An overview of various applications of multisets is given
in Singh et al. (2007).

Algebraic structures built on fuzzy sets are useful in
disciplines, particularly Chemistry, Physics, Computer Science.
These fuzzy-set-based structures have been discussed and
deliberated in recent years. The basic notions of fuzzy groups, as
well as fuzzy groupoids, have been explained by Rosenfeld
(1971). Rings, prime ideals, maximal ideals, left and right ideals,
for a general ring R in the context of fuzzy sets are explained by
Sebastian et al. (2012). Li et al. (2013) have given a remarkable
type of (A, u) fuzzy subgroup. Even though these reside in multisets,
their applications and possibilities have persistently unexplored.
Some of them, such as multigroups and their results, are studied
in Ibrahim and Ejegwa (2016), Tripathy et al. (2018), Ejegwa
(2017), Nazmul et al. (2013), Tella and Daniel (2013), and Awolola
and Ibrahim (2016). Rajarajeswari and Uma (2013) have investi-
gated various aspects and applications of fuzzy multisets along with
Sebastian and Ramakrishnan (2011).

This paper explores the concept of modules in a multiset
context, and different results are presented. In Section 2, different
fundamental definitions and properties related to multisets,
multiset groups, and multiset rings are included. Section 3 is
devoted to the extensive study of multiset modules. Mset module
homomorphism and isomorphism are studied. Mset modules
drawn from a Z module are considered with particular interest.
Section 4 gives conclusions and future directions of research.
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2. Preliminaries and Basic Definitions

This section explains basic definitions of multisets and multiset

operations and multiset groups and rings.
Definition 2.1. (Knuth, 2014) Let S be a nonempty set. A multiset
M taken from S is given by a function C,, defined as
Carr: S — NU{0}. Foreach s € S, Cy4(s) is the characteristic value
of s in M and denotes the number of occurrences of s in M.

Let M be an mset from S with s; coming k, times, s, coming k,
times, and so on s, coming k, times. Then M is denoted
as M = {k1|51>k2|527 Tt 7kn‘sn}'

A multiset M is empty if C,(s) = 0,Vs € S.s €” M denotes
the element s appearing » times in a multiset M. The term multiset
is often shortened to mset.

Definition 2.2. (Girish & John, 2009) Let M be a multiset taken
from a set S. The root set of M is defined as,

M*={s€8:Cp(s) > 0}.

Definition 2.3. (Girish & John, 2009) The multiset space S” is the
set of all multisets whose elements are in S so as no element in the
multiset takes place more than » times.

Operations on multisets: Let M, and M, be two msets taken from
a set S.

(1) Sub-multiset: (Yager, 1986) M, is a sub multiset of
My(M; C M,) if, Cuy, (s) < Cpy, (s)Vs € 8.

(2) Equal: (Yager, 1986) M, and M, are equal, denoted by
M1 —Mz, lfM1 Q Mz and M2 g Ml.

(3) Union: (Knuth, 2014) The M; U M, is defined by,

Cat,um, () = m {Cpy, (5),Cag, (5) }, Vs € S.

(4) Intersection: (Knuth, 2014) M, N M, is defined by,

Cp,m, () —m {CM1 (s),CMZ(s)},Vs €S.

(5) Addition: (Knuth, 2014) M, + M, is defined as

Caam, (8) = Cpg, (8) + Cag, (5), Vs € S.

(6) Subtraction: (Knuth, 2014) M, — M, is defined as

Crty—m,(s) —m {CMI(S) — CMZ(S),O},VS € Ss.

(7) Addition in S" : (Girish & John, 2009) Addition of two multisets
M, and M, in §" can be modified as;

Cat, 1, (5) = m {n,Cpy, (s) + Cay,(s) },Vs € S.

(8) Complement: (Girish & John, 2009) For any multiset M € §",
the complement of M, denoted by M/, is given by,

Cou(s) —n
Example 2.4. The operations of multisets are illustrated in this
example. Let S be N and,
M, —{2/5,3]3,1)2,4]1}, M, — {1]6,1]5,2]4,4[2,2 | 1} and
M; —{2|5,1|3} are msets drawn from S.
(1) M; €M,
(2) M, UM, —{1]6,2/5,24,3|3,4]2, 4|1}
3) M, NnM,={151)2,2 |1}

—Cp(s),Vs €8.
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(4) My +3—{2|54/3,1|2,4|1}
(5) My —3—{25,2|3,1/2,4|1}
(6) M, + M, —{16,3|5,2|4,3|3,5/2,6|1}
(7 My — M, —{1]5,3[3,2| 1}

(8) If we are considering S'°, the complement,

M = {8]5,7/3,9/2,6 [ 1}.

Multiset groups are msets with their elements taken from a group and
the characteristic function of the mset satisfying certain conditions.

Definition 2.5. (Nazmul et al., 2013) Let (G, %) be a group and M
be an msel taken from G. Then M is a multiset group (mset group) if,
(1) Ca(s*t) > min{Cp((s),Cprq(t) : 5,1 € G}

(2) Cpi(s) — Crq(s7')Vs € G where s7! is the inverse of s in G.

From a ring structure, an mset ring is generated. The two operations
used in mset ring are the same as those in the ring from which it
is drawn.

Definition 2.6. (Suma & John, 2020) Let (R, +, x) be a ring and
M be an mset taken from R. Then M is a multiset ring (mset ring) if,
(1) Capg(s+ 1) > min{Cpy(s),Cpq(t) : s, € R}

(2) Cp(s x t) > min{Cpy(s),Cpq(t) :s,l € R}

(3) CM(*S) — CM(S)7VS € R.

Theorem 2.7. If M is msel ring drawn from a ring (R, +, x), then
M* is a sub ring of R.

Proof. 1f s,t € M*, then C,(s) > 0 and Cy,(t) > 0.
Camls = 1) =Cumls+ (=t)) = m{Cum(s),Cra(t)} > 0.
Which means s — t € M*.

Similarly, Cp(s) >0 and Cy(t) >0 will
Cap(sxt)>0.1ie.,sxt € M* So M*is a subring of R.

imply

Example 2.8. Let R = (Zg, +¢, Xg) and M = {3|0,2]2,2 | 4}.
Then M is an mset ring and M* = {0, 2,4} is a subring of R.

3. Multiset Modules

Definition 3.1. Let R be a commutative ring with unity and

(M, +, x) be an R-module. A multiset £ drawn from M is defined

as R-multiset module (R-mset module), if

(1) Ce(s+1t) > min{C,(s),Cc(t)}s,t € M.

(2) C.(s) = Cr(—s) forall s € M where —s is the additive inverse
of s in M.

(3) Cp(rxs)>Cp(s)Vr € R,s € M.

Example 3.2. Let M = Z¢, which is a Zg-module under the
operations +4 and x4. Then the mset £ = {3]0,2|2,2 | 4} drawn
from M is an Zg mset module.

Notation: MS[RM] denotes the set of all msets drawn from an
R module M. ML[RM] denotes the set of all mset modules drawn
from an R-module M.

Proposition 3.3. Let £ € ML[RM]. Then, the root set L* of L is a
submodule of M.

Proof. For any two elements s,t € £* and r€ R, Cp(s) >0
and C.(t) > 0.
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Ce(s—1) =Cels+ (=t) > m{Cr(s),Cc(—1)}
=m{C,(s),C.(t)} > 0.

This gives that s — t € £* and so L* is a subgroup of M.
Now, C(r x s) > C,(s), by condition (3) of definition 3.1.
So, C.(r x s) > 0, implies that r x s € L*.

Therefore £* is a submodule of M.

Proposition 3.4. Suppose L € ML[RM]. Then the level
set L, ={s € M :C(s) > r}, where r is a positive integer, is a
submodule of M.

Proof. If L, = ¢, then it is trivially a submodule of M.

If £, has only one element, then it is the identity element of
M and is again a submodule.

Otherwise, let s,te€ L,
and C.(t) > r.

Now, Cp(s —t) > min{C;(s),C.(—t)}

and s€R. Then Cp(s)>r

=min{C,(s),C.(£)} > r

Thuss—t € L,.
Similarly Cp(s x s) > Cp(s) >r=sXxs€ L,.
So L, is a submodule of R.

Definition 3.5. Let K and £ be two mset modules drawn from
the same R - module M. If I C L, then K is said to be sub-mset
module of L.

Proposition 3.6. The finite or countable intersection of mset
modules is an mset module.

Proof. Let L,,L,,- - are mset modules drawn from an R-module
M and let

Take any two elements s and ¢ from L.
Then,

(1) Cp(s+1t) = min{Cﬁj(s),Cﬁj(t)} forj=1,2,---
So,

Ce(s+1t) =minCp (s +1)
i

> mjn{m{Cﬁj(s),Cﬁj(t)}}, by 1

J

- m{mjin(cﬁj (s)),rryin(caj(t))}

= m{Cr(s),Cc ()}
ie, Co(s+1t)>m{C,(s),C. (1)}

Thus we have the first condition of the definition 3.1
Now,

Ce(—s) = min{Cp, ()} = Cc(s)

which is the second condition of the definition 3.1.

(2) Cg(rxs) =Cpls)

Cr(rxs) = rryincﬁj(r X s)

> nyin{Cﬂj (s)}7 by (5.2)
=Cr(s)

This gives the third condition of the definition 3.1 and this completes
the proof.

Note: Union of mset modules does not necessarily be an mset
module.

Example 3.7. Let Then M is
under +4 and xg.

Let £; = {3]0,2/2,2 | 4} and £, = {2]0,1]3}.
Then £, and £, belongs to ML[ZM)].

But £, U £, = {3[0,2]2, 1|3, 2[4}¢ML[ZM].

M = Zs. a Zg-module

Definition 3.8. Let K, L € ML[RM]. An operation @& between
IC and L is defined as

Cror(s) = max{min(Cx(t),C. (1)) : s =t +u},s,t,u are ele-
ments of M.
Proposition 3.9. Suppose K,L € ML[RM]. Then

K@ L € ML[RM,.

Proof. The proof is directly obtained from definition 3.1 and
definition 3.8.

Example 3.10. Let M = Zg. Then M is a Zg-module under +
and x;.

Let £, ={3|0,2|2,24} and £, ={2[0,1|3}. Then £, and L,
belongs to ML{ZsM].

L, ® Ly ={2[0,1]1,22,1|3,24,1|5} € ML[ZgM].

Proposition 3.11. ML[RM]is a semigroup under &.

Proof. From proposition, ¢ is a binary operations on ML[RM].
The associative property of @ follows from the definition of @
and the fact that M is a module. So, & is an associative binary oper-
ation on ML[RM] and hence, ML[RM] is a semigroup under &.

Definition 3.12. Let X and £ be two R-mset modules drawn
from the R-modules M, and M, respectively. An R-module homo-
morphism f : M; — M, is said to be an R-mset module homomor-
phism, if C:(s) = C(f(s)), Vs € M.

Definition 3.13. An mset module homomorphism f : £ — L is
said to be an R-mset module isomorphism, if f : M; — M, is an
isomorphism. In this case, we say K is isomorphic to £ and write
itas == L.

Definition 3.14. Let K,£L € ML [RM] and f: K — L is an
‘R-mset homomorphism. Kernel f(denoted as Ker f) is an mset con-
sisting of those elements s of M with f(s) = e, the identity element
of the underlying group of M, with Cye, ¢(s) = Cc(s).

Definition 3.15. Let K and £ be two mset modules drawn from
an R - module and f: K — £ is an R-mset homomorphism.
Image f (denoted as Im f) is the mset consisting of those ¢ with
f(s) =t,s € root set of K, and Cp, ¢ (t) = Cr(t).
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Theorem 3.16. Let K and £ be two mset modules drawn from an
R - modules M, and M, respectively and f : L — L is an R-mset
homomorphism. Then Ker f’is an sub-mset module of I and Im f is
an sub-mset module of L.

Proof. Lets,t € M, and r € R. Then by definitions 3.1 and 3.14,

Ciaf(s+1) = C(s+1)
> m{Cx(s), Cx(t)}
= lTl{CKE,rf(S)7CKe{f(t)}7

Crerf (=) = Cic(=s) = Crc(s) = Carf (5)
Cierf (r X s) = Cxe(r X )

x(s)

Kerf(s)'

(A2 ||

a0

So, we have all the three conditions of definition 3.1 and hence,
Ker f'is a submodule of M.

Now, by putting Imm f in place of Ker fand mset module £ in the
place of K in the proof, we obtain that Imf is a submodule of M,.

Theorem 3.17. Let K and £ be two mset modules drawn from the
‘R - modules M, and M, respectively andf : L — Lbean R - mset
module homomorphism. Then

(1) f(A) is a sub-mset module of £ for all sub-mset module 4 of
(2) f~1(B) is a sub-mset module of K for all sub-mset module B of L.

Proof. Let A be sub-mset module of IC. To show f(A) is an sub-mset
module of £, let a, b € f(A). So there is ¢,d € A such that f(c) = a
and f(d) = b.
Cray(a+b) = Ca)(f(c) +£(d)) = Cay(f(c +d))
= C(a)(c + d) (By definition 3.12)
> m{C,(c),C4s(d)} (Since A is mset module)
= m{Craf (0), Craf (d)} = m{Cra (@), Cria (b)}

Now,

Cay(a) = Cy(a)(f(c)) = Ca(c)(By definition 3.12)

= Ca(—c)(Since A is mset module)

= Cya) (f(—=¢)) = Cya)(—a).

Forr€ Rand a € f(A),

Cf(A)(V X a) = Cf(A)(T Xf(C)) = Cf(A)f(r X C) = CA(V X C)

> Cy(c) (Since A is mset module)

= Cra)(f(0)) = Cya)(a).

All the three conditions of definition 3.1 are satisfied for f(A), and
thus, it is a sub-mset module of £. Hence, (1) is proved. Similar to the
proof of (1), we can prove (2).

Definition 3.18. Let £ € MS[RM] and m € M. The left coset
mL of the mset module £ are the msets characterized by
Cpur(s) = Cp(m — s)Vs € M. The right coset Lm is given by the
characteristic value C,,,(s) = C.(s — m)¥s € M.

Note: If £ € ML[R M|, then the left coset is equal to the right coset
for a particular a € M. i.e., al = LaVa € M.
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Notation: M /L denotes the set of all cosets of an R-mset module
L drawn from an R-module M.

Proposition 3.19. Let M be an R-module and £ € ML[RM].
Then M/ L is a group under the operation

Caconc(s) = Clatpyc(s),Va, b,s € M.

Proof. Ifal and bL are two cosets, aL & bL is also a coset and thus
operation is closed. Since M is a module, it is associative and so
M/ L. eL is identity element of M /L where e is identity element
of underlying group M. For al € M/L,(—a)L € M/L is the
inverse. Thus M /L is a group.

Proposition 3.20. Let M be an R-module and £ € ML[RM)].
The group M /L is an R - module by admitting the scalar multipli-

cation Cyyar(s) = Clrxayz (5)-

Proof. From Proposition, M /L is a group and it is abelian. For
reR,aec M,r xae M and also distributive. Since M is a mod-
ule. If 1 is the unit element of R,Cy.4r(s) = Cl1xa)z(s) = Car(s)-
Hence M /L is an R - module.

Definition 3.21. Let M be an R-module and £ € ML[RM].
The R module M /L is known as quotient module.

Theorem 3.22. Let K and £ be two mset modules drawn from
an R module M and f : £ — L is an mset onto homomorphism.
Then, M /Ker f is isomorphic to Im f.

Proof. Consider a function ¢ from the root set of M /Ker f to the
root set of Imf by ¢(aKetf) = f(a), for a € M.

By letting, Cy/Ker f (aKerf) = Cpu¢p(aKerf), we have ¢ is an
mset homomorphism from M /Kerf to Im f. The proof of this is
as follows.

¢(a Ker f + b Ker f) = ¢((a + b) Ker f
fla+b) =f(a)+f(b)
¢(a ker f) + ¢(b ker f)
¢(r x a Ker f) = ¢((r x a) Ker f)
f(rx @) =rx f(a)

r x ¢(a Ker f)
CKcrf(a Ker f) = CKerf(a)

= Cx(a) = Cc(f(a)

=Cx(a) = Cc(f(a)

= Cruy (f(a)

= Cpyr(p(a Ker f).

Now, to show that ¢ is one to one, let ¢(a Ker f) = ¢(b Ker f),
for some a,b € M. Then, f(a) = f(b) = ab~! € Kerf. Hence,
a Ker f = b Ker f. So, M/Ker f is isomorphic to Im f.

Proposition 3.23. £ € ML[M] if and only if £ is an mset abelian
group drawn from Z.

Proof. The proof follows straightaway from the definitions of
ML[ZM)] and mset abelian group.
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4. Conclusion

Multiset modules are introduced and studied in this paper. One
can further consider modules over a semi-ring structure. It is well
known that modules over rings are abelian groups, but modules
over semi-rings are just commutative monoids. Exploring these in
a multiset context needs to be carried out, which may eventually
advance further generalization of the concept of vector space
incorporating the semi-rings structures, which are multisets with
many applications in theoretical computer science. Modules over
near-rings, a non-abelian generalization in a multiset context, are
another area that needs attention. Over near-rings, one can consider
near-ring modules, a non-abelian generalization of modules.
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