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Abstract: This study showcases the Mathematical modeling of elastic surface waves and the analysis of dispersion relations of Rayleigh type
of wave in an initially stressed homogeneous porous magneto-elastic material having corrugated and impedance boundary exhibitions.
Adoption of the classical harmonic method of wave analysis, non-dimensionalization of the resulting equations of motion, and
corrugated-impedance boundary conditions produced by the modeled problem are also captured. The dispersion equation was
analytically and graphically presented. Effects of the contributing physical quantities, such as impedance and corrugated boundary
parameters, on Rayleigh waves for the chosen material are analyzed. The magnetic field’s influences and the wavenumber associated
with the corrugated boundary surfaces on the material increase the dispersion relations of the Rayleigh wave profile on the material. In
addition, we noted that the dispersion relations of the wave increase for increasing phase velocity and some parameters of voids. Also, a
void parameter triggered a decrease on the dispersion profile of the Rayleigh wave when increased while noting some uniform
exhibitions from other void coefficients. This work holds the potential to provide more insights into studies involving displacement
distributions in earthquake sciences, stress-strain analysis in Structural Engineering materials, among others.
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1. Introduction

Dispersion relations of Rayleigh wave relate the wavelength or
wavenumber of the wave to its frequency through which the phase
velocity of waves in a material could be calculated. Rayleigh waves
and Love waves are some typical examples of surface waves which
are guided by the free surface of the earth. They come after P-wave
and Sv-wave had gone through the body of a material and usually
involves horizontal particle motion. Thus, the examination of
disturbances which occurs naturally (for instance; earthquakes)
and artificially, in solid mechanics, is still much in vogue; based
on insights from models that describe these occurrences. Civil
engineering, geophysics and geotechnical, Mathematics of waves,
etc., are important areas of specializations where the knowledge of
these models on materials or structures is paramount. Spencer [1]
studied known composite materials like the fiber-reinforced
composites and depicted its light weight and stiffness
characteristics which have endeared them to some wide range of
applications in areas such as the fields of engineering and
architectural designs. Despite this, some given physical properties
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and parameters such as initially stressed material like the earth [2],
magnetic fields, etc., are sometimes incorporated in the material
makeup [3], to make sense of behaviors linked with materials that
are subjected to disturbances especially on surfaces where elastic
surface waves like the Rayleigh-type wave could propagate. Also
opined by similar view is Cowin and Nunziato [4], whose works
dealt on volume fraction fields as a useful generalization to
mechanical characteristics of materials. Voids or pores on
materials have no dimension in material sciences. It unarguably
results from poor manufacturing processes which oftentimes are
deemed undesirable to the mechanical and lifespan attributes of
materials. Although, it has wide range of applications in
mechanical and aerospace engineering, and most especially as it
inculcates the degree of freedom and sensitivity of the
applications to the composites.

Furthermore, boundary surfaces of some materials are entirely
of different geometry in nature, for example, the grooved boundary
surface. This grooved shape could be seen as a series of parallel
furrows and ridges on materials [5]. Also, observing from a 3D
point of view, a corrugated metallic media is an anisotropic
boundary surface. And the surface waves excited on any metallic
corrugated surface possess a phase velocity which is dependent on
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the propagation direction and so many other characterizations of
plane waves in a 2D anisotropic material configuration. Usually,
most surface wave fronts produced by a point source close to a
corrugated metallic boundary yields complicated curves as
compared with that produced by elliptical wave front of a point
source in 2D anisotropic martial configurations. Corrugation is
seen as an age long means of obtaining lightweight material
media embedded with considerably high anisotropic behaviors
and stability under load buckling. In modern times, advanced,
ingenious, and innovative corrugated geometries are being sought
after, for example, the morphing media which tend to seek the full
use of the extreme anisotropy of grooved sheets, by adopting
flexible degrees of freedom. Thus, all these could contribute and
attest to the causations of dispersions relations and in hitherto the
geometric boundary conditions or by wave’s interaction with the
transmitting medium. Hence, it suffices to add that when
dispersion relation occurs on material media, a wave does not
move with an unchanging waveform. This undoubtedly will
produce distinct frequencies. It is to be noted that matter waves,
even in the absence of these geometric conditions, possess a non-
trivial dispersion relation. Be that as it may, impedance boundary
conditions are a linear combination of unknown functions and
their derivatives prescribed on the boundary [6]. While impedance
on the other hand is a measure of the opposition that a system
possesses to the acoustic flux due to an acoustic pressure applied
to the media. This type of boundary conditions may provide some
relevant applications where a given electromagnetic field
penetrates only at short coverage outside the given boundary and
in turn providing an approximation to this penetration to avoid
including another form of domain in the modeled problem. These
are often utilized in various fields such as in electro-magneto-
acoustics occurrences like the electromagnetic acoustic imaging in
some biomedical appliances, etc.

2. Literature Review

Consequently, some authors have made contributions to this
concepts of impedance and corrugated boundaries and other
related wave propagation phenomena [7-22], as an individual or
part considerations of the interacting physical quantities rather
than in combined effect as presented in this investigation. Also,
Zghal et al. [23] dealt on free vibration analysis of porous beams
with gradually varying mechanical properties. Also, Kundu et al.
[24] contributed to field by investigating the effect of initial stress
on the propagation and attenuation characteristics of Rayleigh
waves on a media. Moreover, Singh et al. [20] worked on
dispersion of love waves while considering Influence of
corrugated boundary surfaces, reinforcement, hydrostatic stress,
heterogeneity, and anisotropy of the material without porosity and
impedance characterizations on Rayleigh type of waves.

Subsequently, the current investigation is centered on deriving a
Mathematical model that would account for the analysis of surface
waves and in particular the dispersion of Rayleigh waves in
porous magneto-elastic material. The equations of motion are
analytically presented after the formulations of the model with the
characterized physical quantities of initial stress, magnetic
influences, corrugation, and impedance. Owing to these combined
physical quantities incorporated in the model, some comparable
degrees of uniqueness and innovations are achieved. The normal
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mode analysis utilized in solving the problem is well suited as a
usual classical approach for wave analysis in continuum
mechanics of materials. Computational solutions for the effects of
these physical quantities on the dispersion relations of the
Rayleigh wave were equally depicted using Mathematica Software
for a particular chosen material. Thus, this study also points to the
fact that the nature of surfaces of materials with corrugation must
have negligible initial stress for the occurrence of a mathematical
dynamic response of dispersion relation of Rayleigh-type wave.

3. The Mathematical Model and Formulations

The constitutive equations for an initially stressed porous fiber-
reinforced composite with magnetic influence [1-3, 9, 25] are
specified by:

i = —P((SU + w',]) + Aekk&j + 2“«T£ij + Ot(SkSmEkmSij + 8kk5i5j)

+2(up — 1) (siseeij + 5eeki) + B(SkSmEmSis;) + 850,
(1)
F; = o H} (e,l — & Molly, €3 — &g Moliz, 0)7 (2)

a; represents the stress tensor, ¢;; is the strain tensor, §; is the Kro-
necker delta function, A is Lames constant, (e, B, (u; — pr))are
the fiber-reinforced parameters, u; displacement components, ¢ is
the volume fraction fields, P is the initially stressed parameter, @;;
is the rigid body rotation also called spin tensor and F; is the magnetic
force i =j =1,2,3. Also, e = (uy; + u,) @y = 3(u;; — u;;) and
&; = 3(ui; + uj;). We consider H; = Hyd;3 + h;, such that h; is
the induced magnetic field; h;(x;, x,, X3) = —uy48;3. €, is electric per-
meability such that the solid medium lies in the x,x, — plane. H; is the
magnetic vector field while 1, is the magnetic permeability as adapted
from Maxwell’s equations of electromagnetism. Considerations were
made such that s = (s;,s,,s;) stipulates the fiber directions and
assumes the values s = (1,0,0). Thus, in the presence of magnetic
influences and porosity, the fields’ equations take the forms:

a; ; + F = pi;, (3)

§1(di) — w9 — wp— E(u;;) = K. (4)

Owing to the above formulations, we hinge our investigation in the
x,x,— plane. This entails that x; = 0 and x; # x, # 0, whereas the
displacements u; # u, # u3 # 0. u3; are uncoupled whereas
u, # u, # 0 are coupled. Hence, the component forms of Equations
(3—4) are given below:

Biuy 11 JFBz“z,zl + Bs“l,zz = {p + SOM%H(%}M.I - 5¢,17 (5)
Byuy 15 + Byty 11 + Bsuty 2 = {p + gou§H} Yii, — £¢ 5, (6)
£ (di) — w,p — wd — E(u;;) = prc. (7)

By = (A + 2+ 4p; — 2ur + B+ poHg),
By = (@ + X+ pup + poHg + P/2),
By =y —P/2,By = iy — P/2,Bs = (A + 2u1 + poHy).
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We introduce the following dimensionless constants as a
convenience to the above equations of  motion;
(t)=ct, ¢' = b, (x)', %", ', wy) = o (01, %0, wy, )T = T/ P,
& = A,/p, into Equations (5-7). If the sign “’ is removed, Equa-
tions (5-7) results to:

u 1+ Bty o1 + Bisuy » + By = {1+ eougHg / pliiy, (8)

Biyuy 12 + Biguy 11 + Bisty 2 + By, = {1+ eoudHg / pliis,
)

Bs(¢,i) — B¢ — By — By (u;;) = By (10)

(3121B137B147B157B67387Bll) = (B27B3uB47357¥17w7§)/Bl7
(B77B9) = (wopvglo)/B%vBlO =K.

4. Analytical Solution

In this section, we make considerations such that the normal mode
analysis or harmonic wave approach be adopted for the impedance and
grooved boundary of the initially stressed fiber-reinforced solid in the
half-space with porosity under magnetic fields. Owing to this, the
wave displacements are considered as;

(1, 0) = {i1;(x;), $(xz) b+ j = 1,2. (1

Substituting Equation (11) into Equations (8—10) yields the equations
below:

(B13D? — 0% — (1 + goudH2/ p)a? )ity + (iB1,bD)it, + bByip = 0,
(12)

(iB1,bD)ity + (BysD* — Byyb? — (1 + gouiH3/p)w?)it, + DBy = 0,
(13)

— Byibit; — ByDit, + (BeD* — (Bsb” + B; + Bgw — Byow*))p = 0.
(14)

A non-trivial solution of Equations (12—-14) yields:
(G\D° + GyD* + G3D* + Gy) ity i1, ) = 0 (15)

G;,i=1,2,3,4 (See Appendix) represents complex coefficients
which possess characteristics of the physical constants of the given
material. Given that v;, i = 1,2, 3 gives positive real roots of the
Equation (15), normal mode wave method prescribe the following
form of solutions;

) 3
(i, §) = > (M, My, My, )e "% (16)
n=1

M, M,,, and M,, are functions of the wave number b in the direc-
tion x; and the complex frequency w of the waves. Putting Equation
(16) into Equations (12—14), the relations are thus given;

Mln = Vlan (17)

M,, = VoM, (18)

Vin = {(=Bb*v,) — (vu(Bi3v; — b* — K;))IM,, /i{ (—By,bv;)
+ b((Bisv; — Bisb®> — Ky))},

Vau = {Bo(=v,Hy, + ib) }M,, /{((Bs — Bygw)) + Bs(v; — b*) + B},
Ky = (1 +eousHg/p)a’, n =1,2,3.

The solutions of the total displacement component functions and
stresses on the material in the dimensionless form are as follows:

U = Mne—vnxz+wt+szl Uy = Mn Vlne—u,,xz+a)t+zhx, ,

¢ — Mn VZnefvnx2+wt+ihxl ,

ay = {ib(1 — (uoHZ/B1)) — v, V1,Bis + Vi } M€ i tettibn
- P/Bh

ay = {ibBys — v, V,Bi; + V, }M, e tettib —_ p/p,
Oy = {ibVInB31 — ]),1B13}MnE_U"XZ-*-wH—ibxl7
ay = {ibVy,Bi3 — v, By JM, e etertibn iy — 1 2,3,

Big = (A +a)/By,By; = (A + 2ur)/By, B3y = (4 P/2)/By.

5. Corrugated and Impedance Conditions

The corrugated boundary of'the fiber-reinforced half-space with
voids is assumed to be denoted by x, = n(x;), where n(x,) obeys the
trigonometric Fourier series and presented as:

o0
n(x) = Y (e 4 g_e ) (19)
n=1

Following Asano [5], n(x,) = a cos bx,, where a is the amplitude of

the grooved boundary and b is the wavenumber linked to the grooved

boundary surface with the wavelength being 27/b.Thus, the boun-

dary conditions of the model are as follows:

1) Corrugated and impedance boundary conditions for the initially
stressed medium w.r.t x, and mechanical force becomes:

ay — 1 (%)) + Gy + @Zyu, + P = Pe it
oy — 1 (%1 )y + wZyuy + Pary, = 0,

X, = n(x;), forallx; andt.

2) Voids and its associated void source boundary conditions
become:

Ep, = Pre®t at x, = n(x,), respectively.

P, is the mechanical force and P, is the void source parameter. &, is
an added stress on the material due to Maxwell’s theory, Abd-Alla
etal. [3] and Anya et al. [9]. The combination of the stresses and the
grooved boundary conditions of the porous fiber-reinforced
material, tangential, and normal displacement components multiply
by the frequency, respectively, the initial stress components
and as applications [26] yields (i) above when subjected to
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mechanical force. Z, and Z, are the impedance parameters. Apply-
ing the boundary conditions (i—ii) gives the system of equations
below which are non-homogeneous linear equations:

{{ibBys — v,F\,By; + Fy,} + absin bx, {(ibBy3Fy, — v,B3)}
+ {wF”’ZZ + I’LOHg(ib - vnFln)}}Mneiu"n(x')

= Pl /Bl7
(20)
{{ibViy — v} Bi; + absin bx, {ib(1 — (1oHG/B1)) — v V1uBis
+ Vo } + {@Z )} M, e vnnla) tettibe
= (abP/B,) sin bx,,
(21)
{(=vaV2u) }Mye 700 = Py /B, (22)

BTS :/"/L/Bla n= 17273'

6. Rayleigh Wave

Equations (20-22) yield the solution of the displacement
components of the waves and stresses on the material when
M,,n=1,2,3 are solved for. If P, = P, = P = 0, the traction-free
grooved boundary conditions are recovered. When the mechanical
force and void source are removed from the material, the shear stress
boundary condition which is in its free boundary state is said to be
non-homogeneous due to the initial stress on the material and the
choice of the corrugated boundary surfaces. In accordance with this,
anovel equation called the dispersion relations for the Rayleigh wave
in a porous fiber-reinforced half-space material with grooved and
impedance boundary characteristics influenced by magnetic fields
is obtained for the model if P, = P, = P = 0, and for a non-trivial
solution of the resulting homogeneous system of Equations (20-22),
that is |t;| = 0,for the column matrix |M;|, # 0,i =j = 1,2,3.

7. Computational Results and Discussion

The physical parameters [25] of fiber reinforcements and other
constants as given below are used in studying the characteristics of
the dispersion relations of the modeled problem as it relates to the
effects of magnetic fields, grooved, and impedance boundary
exhibitions on the material. These effects are shown in Figures 1—
5 and in line with the solutions of the equations of motion and
dimensionless boundary conditions contained therein.

Uy =245 x 100 kgm~Ls2 ur = 1.89 x 10%kg m~1s7%;
L=94x100kgm s a0 =—1.28 x 10%kgm 5%
B=032x10°kgm s % =—1.28 x 10%a = 0.1;b = 0.3;
® = (—0.3 +i0.1)rad/s; Hy = 500A/m;t = 0.3s;

Kk =1.753 x 10715, P, = 0;P, = 0; P = 0;€ = 1.13849 x 10'};

£ =3.668 x 1074 = 0.0787 x 107%;Z; = 0.5;Z, = 0.7.

wy = 1.475 x 10'%; p = 1.7kg m™>.

Figure 1 shows the variations occasioned on the dispersion relation
|V| = |t;| of Rayleigh wave versus x, coordinate for varying ampli-
tude of the corrugated boundary a, when the impedance Z;,i = 1, 2,

wavenumber b, and magnetic fields H, parameters are constant on
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Figure 1
The variations of dispersion relation |V| = [¢;] of
Rayleigh wave versus x;(m) for distinct values of amplitude of
grooved boundary a
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the material while P; = P, = P = 0. Hence, Figure 1 demonstrates
that the dispersion relation of the Rayleigh wave attains maximum
amplitude near x; = 1.5., while the minimum distribution profile
of the dispersion relation of the Rayleigh waves exists in the range
0 < x, < 1.15. However, an increase in the amplitude a of the
grooved boundary of the material decreases the distribution of the
dispersions of the Rayleigh wave. This physically showed that the
grooved boundary characteristics of the material will damp the
dispersion relations of the Rayleigh wave on the material.

In a similar manner, Figure 2 shows the behavior of the
dispersion relation |V| = [t;| of Rayleigh wave versus x; coordi-
nate for varying impedance Z; when the magnetic fields H, imped-
ance Z, and amplitude of the grooved boundary a, and the wave
number b are constant on the material while P; = P, = P = 0.
The dispersion relation |V| = [t;] attains maximum amplitude near
1.5. Increasing the impedance Z; depicted neither increase nor
decrease in the amplitudes of the dispersion profile as it fast attained
uniform behavior between 0 < x; < 1.5, i.e., all through the length
of the material. The minimum amplitudes for the profile hold for
0 < x; < 0.4. This shows that the impedance Z, has demonstrated
a mechanical resistance to change for the given dispersion relations
which will in turn be characterized by the material.

Figure 2
The variations of dispersion relation |V| = || of Rayleigh
wave versus x,(m) for distinct values of impedance Z,
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Consequently, Figure 3 stipulates the effects on dispersion
relation | V| = |t;;| of Rayleigh wave versus x; coordinates in meters
for distinct values of magnetic fields H, when the impedance
Z;,i=1,2 and grooved parameters are constant on the material
while P, = P, = P = 0. The dispersion relation at this instance
attains  its maximum amplitude of distribution near
x, = 1.5.Furthermore, an increase in the magnetic fields H,
increases the dispersion relations, sequentially. This physically
shows that the magnetic field is acting as a push to the dispersion
relations of the wave’s distributions on the material.

Figure 3
The variations of dispersion relation |V| = |z, of Rayleigh
wave versus x,(m) for distinct values of magnetic fields H,

0.0006 T T T T T
0.0005 .
0.0004

& 0.0003
0.0002f

F

o 1000. b

0.0001

0.0000}+
0.0

Figure 4 demonstrates the effects on the dispersion relation
|[V| = |t;| of Rayleigh wave versus x; coordinate for varying wave-
number b which is linked to the grooved boundary when the mag-
netic fields Hj, impedance Z;,i= 1,2, and amplitude of the
grooved boundary a parameters are constant on the material while
Py =P, =P =0. Thus, it is conspicuous from Figure 4 that the
dispersion relation attains maximum distribution in its variation
for x; =1.5. Uniform behaviors were felt in the range
0 < x; <0.85 where the minimum amplitude of the dispersion
holds. Be that as it may, increasing the wavenumber b associated
with the grooved boundary, increases the dispersion relations of
the Rayleigh wave on the material after uniform characteristics were
observed in the range 0 < x; < 0.85.

Figure 4
The variations of dispersion relation |V| = || of Rayleigh
wave versus x;(m) for distinct values of wavenumber b
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Accordingly, Figure 5 depicts the behavior of the dispersion
relation [V| = |t;| of Rayleigh wave versus x, coordinate for vary-
ing impedance Z, when the magnetic fields H,, impedanceZ, and
amplitude of the grooved boundary a, and the wave number b param-
eters are constant on the material while P, = P, = P =10. The
dispersion relation |V| = |t;| attains maximum profile near 1.5.
Increasing the impedance Z, depicted neither increase nor decrease
in the amplitudes of the dispersion profile as it fast attains uniform
behavior between 0 < x; < 1.5. The minimum amplitudes for the
respective distributions hold for 0 < x; < 0.4. This shows that the
impedance Z, has demonstrated a mechanical-like resistance to
change for the given dispersion relations which will in turn be exhib-
ited by the material.

Figure 5
The variations of dispersion relation |V| = |¢;;| of Rayleigh
wave versus x;(m) for distinct values of impedance Z,
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Furthermore, Figure 6 stipulates the behavior of the dispersion
relation |V| = |t;| of Rayleigh wave versus x; coordinate for vary-
ing phase velocity @ of the wave when the magnetic fields H,,
impedances Z,,Z,, amplitude of the grooved boundary 4, and the
wave number b parameters are constant on the material where
P, = P, = P = 0. We deduce that an increase in the phase velocity
w of the wave depicts a corresponding increase in the amplitudes of
the dispersion profile of the Rayleigh wave and vice versa on the
material along 0 < x; < 1.5.

Figure 6
The variations of dispersion relation |V| = ¢, of Rayleigh wave
versus x;(m) for distinct values of phase velocity
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Subsequently, Figure 7(a—d) showcases the effects on the
dispersion relation |V| = [t;| of Rayleigh wave versus x; coordinate
for varying void parameters wy; £;; k; @, when the magnetic fields H,

Figure 7
The variations of dispersion relation |V| = |¢;;| of Rayleigh
wave versus x;(m) for distinct values of void parameters
wo; & 16 @
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impedance Z;, i = 1, 2, and grooved parameters a, b are constant on the
material such that P, = P, = P = 0. An increase in the void parameter
w, leads to a simultaneous decrease on the Rayleigh wave distribution
on the material while the void parameter £; tends to increase the distri-
bution of the Rayleigh wave profile on the material for increased values.
Both void parameters « and @ maintained uniform behaviors for the
chosen values of the respective varying void parameters, that is, increase
in the void parameters @ and « depicts neither increase nor decrease of
the Rayleigh wave distribution, especially at this given values.

8. Conclusion

A novel model to investigate elastic surface waves and analyze
the dispersion relation of Rayleigh-type wave on a magneto-elastic
material with corrugated and impedance boundaries possessing
initial stress and voids was carried out. The solutions of the
displacement and stress components on the material were
developed, and it showed that they depend on all the considered
physical quantities. Sequel to this, observations were made on the
contributing physical constants or fields on the material such that
Rayleigh waves became visibly possible for the choice or nature
of the boundary surface of the material only if P, =P, =P =0,
i.e., mechanical force, void source, and initial stress are negligible.
Furthermore, an increase in the amplitude of the corrugated boundary
surface decreases the dispersion relations of the Rayleigh wave.
Also, increasing the wavenumber associated with the corrugated
boundary increases the dispersion relations of the Rayleigh wave
while noting some uniform behaviors. The magnetic fields increase
the dispersion relation of the Rayleigh wave profiles on the material,
whereas the impedances Z, and Z, depicted neither increase nor
decrease in the profile of the dispersion relation for the respective
chosen values as observed at these points. This shows that the imped-
ances acted as a mechanical resistance to the dispersion relations of
the Rayleigh wave at every point on the material, especially for the
chosen values. Subsequently, it is noted that the dispersion relations
of the wave increase for increasing phase velocity and some param-
eters of voids. Also, a void parameter could trigger a decrease on the
distribution profile of the dispersion relations of the Rayleigh wave
when increased while noting some uniform exhibitions from the
other varying void parameters.

Recommendations

The authors are recommending some future works and deductions
on the attenuation and velocities associated with Rayleigh wave
propagation on the material as regards the considered model. Thus,
this study would be helpful in the fields where Mathematics of
waves, stress-strain fiber analysis, geophysics, civil and structural
engineering analysis, among others are paramount.
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