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Abstract: Toppling accidents of heavy machinery such as pile drivers, cranes, high-altitude work vehicles, and jacks have been recurring in
the world. In the past, researches focused to find the overturning moment that causes toppling. However, it is believed that the toppling
accidents are related to structural stability issues, in which cases the accidents could possibly occur without any overturning moment.
Accidents involving the structural instability are difficult to predict as the directions of load and deformation are different. This
unpredictability is considered as a fundamental contributing factor to accidents recurring. Theoretical studies by static and dynamic
analyses have been performed by the authors. It was found that not only static deformations but also dynamic inertial forces influence
the increased risk of toppling. In the cases of structural instability, dynamic inertial force might amplify angular displacement beyond the
critical stability angle, leading to rapid toppling and often resulting in significant disasters. Factors leading to toppling as a trigger
include unexpected movement onto weak ground, increased magnitude of load and height, and greater ground incline. Taking those
factors into consideration, this paper attempts to elucidate the mechanism of pile drivers’ toppling by comparing static and dynamic
analyses and providing essential information for preventing accidents. From both static and dynamic analyses, toppling behavior will be
described in the load—deformation and the support stiffness—deformation relations. Furthermore, a role of temporal element is illustrated
as a quick movement of the machines results in increased risk of toppling.
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1. Introduction

There have been a number of instances on toppling of heavy
machinery with high centers of gravity, such as pile drivers, cranes,
high-altitude work vehicles, and jacks in Japan [1-4] and other
countries [5-7]. In order to prevent recurring such accidents,
researches were conducted and reported from different points of
view in Japan [8, 9], in the United States [10, 11], in Europe
[12], and in India [13]. Mainly, the researches focused on
comparing the overturning moment induced by horizontal and/or
eccentric vertical forces and the resisting moment induced by the
ground support. However, according to the theory of structural
stability, the toppling could possibly occur without any
overturning moment. From early years, these toppling accidents
were attributed to structural stability issues by Toma [14]. Since
the toppling accidents of pile driving machines, etc., have been
recurring subsequently, researches are reported based on static
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analysis [15, 16]. Although insufficient support by ground or
foundation is a critical cause of these toppling incidents, it is
believed that the recurring nature of such toppling accidents is
related to the complex and difficult-to-predict structural
instability issues. The instability is induced by lack of support
force, together with miscellaneous reasons such as increased
load, extension of the boom (resulting in higher center of
gravity), move onto weak ground, and move onto sloped terrain,
among others. In addition, recent research by dynamic analysis
has highlighted the role of inertial forces, which results in
increasing the risk of toppling [17].

This paper describes static and dynamic analyses of toppling
from the perspective of structural stability, comparing and
investigating various factors that contribute to the instability of
pile drivers. In dynamic analysis, the influence of inertial forces
becomes relevant, introducing a temporal element that was not a
concern in static analysis. If the duration of instability onset is
sufficiently long, static analysis can be applied. In dynamic
analysis, the magnitude of inertial forces varies based on the
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Figure 1
Structural models (a) Static analysis and (b) dynamic analysis

Static Analysis
ecos0|Lsinb

Lcos 6

duration time of transition to instability. The inertial force amplifies
the magnitude of displacement angles more than in static analysis,
implying an increased risk of toppling. By comparing the
differences in toppling behavior between static and dynamic
analyses, this paper aims to elucidate the mechanism of pile
drivers’ toppling and provide fundamental information for
preventing toppling accidents.

2. Structural Models and Governing Equations

2.1. Structural models

In this paper, in order to compare and investigate the structural
stability issue, the overview of static analysis and dynamic analysis
is outlined first. Figure 1 illustrates the structural models for static
and dynamic analyses. In Figure 1(a) of static analysis, P represents
the total weight of the pile driver (kN), with its application point
being the center of gravity L [17]. On the other hand, in
Figure 1(b) of dynamic analysis, three masses of the pile driver
components are considered: the main body M,, the auger at the
top M;, and the boom m. Here, M, and M, are concentrated
masses (kg), while m is a distributed mass (kg/m) with a length
h [17]. It should be noted that the units differ between the static
and the dynamic analyses. In these figures, the initial inclination
6o, the rotational spring stiffness Ks, and the load eccentricity e
are indicated. Additionally, for the case of jack toppling, the
structural model simplifies to a single point load at the top,
making the structural model depicted in Figure 1(a) applicable to
both static and dynamic analyses. Since dynamic analysis of the
jack toppling is simpler than the pile driver, it is omitted in
this paper.

2.2. Equilibrium equations for static analysis

In static analysis, the governing equation expressing the
displacement behavior of the pile driver is derived from the
equilibrium of forces shown in the structural model of Figure 1(a),
as follows [18]:

Ks(6 —6,) — P(Lsin® + ecosf) =0 (1)

(b)

Dynamic Analysis

0o
<«

Jicos 6

Mo+mh+M;

From the above equation, the load—displacement angle relationship
can be obtained as:

P/P, = (6—0,)/(sinf + ecosH/L) (2)
Here, P, represents the critical elastic load and is given by:
P, = Ks/L 3)

When calculating the load—displacement angle curves for varying
initial inclination angles using Equation (2), the result is shown in
Figure 2. The curves in Figure 2 were certified by numerical
computer analysis [15, 19]. In addition, Figure 3 illustrates the
relationship between the rotational spring stiffness Ks and the
displacement angle 0 for a pile driver with certain parameters,
obtained from Equation (1). From these figures, it is evident that
an increase in the initial tilt angle 8, leads to larger displacement
angles and a higher susceptibility to toppling.

The stability limit 8, shown in Figures 2 and 3 is defined as
the toppling angle where the restoring force disappears,

Figure 2
Load—displacement angle curves (static analysis)
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Figure 3
Rotational spring stiffness—displacement angle curves
(static analysis)
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Figure 4

Stability limit angle 6,

as represented in Figure 4. It is defined by the following
equation:

6, = tan~1(S/2L) (4)
where S is the track spacing, and L is the height of overall center of
gravity.

It should be noted that Equation (4) is determined by the
dimensions of the pile driver and is independent of the magnitude
of load. When the inclination angle of the pile driver exceeds the
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toppling angle (stability limit) ,, as shown in Figure 2, the load—
displacement angle curve slopes downwards, indicating instability.

2.3. Equations of motion for dynamic analysis and
its solutions

In dynamic analysis, the governing equation describing the
displacement behavior of the pile driver is derived from the structural
model in Figure 1(b), leading to the following equations of motion [17]:

d?e do .
IF—i-yE— Tsind + K,(6 — 6,) =0

(©)
Here, the first term represents inertia moment; the second is damping
moment; the third is overturning moment; and the fourth is righting
moment. The moment of inertia (second-order moment) / and the
first-order moment of the pile driver’s weight 7"are calculated as follows:

I— (Ml + %mh) 1 4 M, ©)

T= (M1 +%mh)gh + Mgl (7)

where g is the acceleration due to gravity, £ is the height of gravity center
to My, and 4 is the boom length (see Figure 1(b)).

The relationship among L, 7, and P is given by L = T/P. It is
important to note that an increase in the center of gravity height L
not only leads to a smaller critical elastic overturning load P, of
Equation (3) in static analysis, resulting in larger displacement
angles as shown in Figure 2, but also causes the toppling angle to
decrease, making the system more prone to toppling, as per
Equation (4). In dynamic analysis, however, the second-order
moment of inertia term in Equation (5) increases as the overall
center of gravity of the pile driver or crane rises, contributing to
the increased susceptibility to toppling.

Solving Equation (5) with damping force set to zero (damping
coefficient y = 0), the following displacement response equation is
obtained [17]:

o(t) = %Sin(a)t) + (6y — 6,) cos(wt) + 6, (8)

For the case of initial velocity o = 0, the equation simplifies to:
0(t) = (69 — 6.) cos(wt) + 6, 9)

in which the angular frequency of vibration w and the central angle 6.
are expressed as follows:

K,—T 6,
l—«o

(> 6,) (10)

in which, the parameter a = 7/Ks = P/P..

Equation (9) represents the free oscillation with the center of
oscillation at 6. and the single amplitude (6 — 6,.). In this context,
hereinafter dynamic analysis is conducted without considering
damping forces. Now, by using Equation (9) and considering the
initial condition of initial inclination angle 6 (t=0) = 6y, an
example of the displacement angle-time curves can be plotted as
shown in Figure 5 [17]. In this example, it is found that the pile
driver will overturn at approximately 7=3.8 s with the
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Figure 5
Displacement angle-time curves
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overturning angle (stability limit) 6,=0.367 rad., just after the
displacement angle exceeds the center of the oscillation ..

Next, when we derive expressions for the displacement angular
velocity and the acceleration from Equation (9), they become as follows:

do

== (6c — Bo)wsinwt (11)
2
% = (Ac — Ho)w?coswt (12)

When plotting the inclination angular velocity and acceleration from the
above equations for the case of Figure 5, they are shown in Figure 6. In
this case, as evident from Figures 5 and 6, the inclination angular velocity
starts from zero at the initial condition (# = 0), reaches its maximum when
the displacement angle is at the center of oscillation at around t=3.2 s,
and returns to zero at the maximum displacement angle at around ¢ = 6.4
s. In this example, it can be found that when the overturning occurs at
around 7= 3.8 s, the inclination angle velocity is still significant while
in static analysis the inclination stops at the center of oscillation, i.e.,
around 7= 3.2 s, before reaching the overturning angle (stability limit)
6,. The relationship between displacement inclination angle, angular
velocity, and acceleration becomes clear when examining the tangent

Figure 6
Displacement angle velocity and acceleration curves
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angles of the curves shown in Figures 5 and 6, as they are related
through differentiation and integration.

2.4. Behaviors of displacement angle in dynamic
analysis

Next, when using Equation (9) with the initial condition set as an
initial inclination angle 8(¢ = 0) = 6y, the load—oscillation center angle
curve can be obtained as shown in Figure 7 [17]. This figure looks the
same as Figure 2 in static analysis, but the horizontal axis in Figure 7
represents the displacement angle with respect to the center of
oscillation 6, while it is merely the displacement angle in static
analysis. The figure illustrates example of total amplitude (6,,,, —
6,in) or single amplitude (6, — 6y) centered at 6. In dynamic
analysis, the center of oscillation is the point where the angular
velocity is at its maximum, this differs totally from static analysis,
where it corresponds to the equilibrium stopping point. Additionally,
when comparing initial inclination angles 6, =0.05 and 0.1, it is
evident that larger initial inclination results in larger amplitude.

Figure 7
Load-displacement angle curves (dynamic analysis)

Amplitude of Inclination (Dynamic Analysis)
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For a pile driver with certain parameters, the rotational spring
stiffness—displacement angle curves from dynamic analysis results are
shown in Figure 8 [17]. In this figure, a comparison of amplitudes is
shown for initial inclination angles 6,=0.05 and 0.01. Similar to
Figure 7, it can be observed that larger initial inclination angles result
in larger amplitudes. As stated before, the free oscillation shown in
Figures 7 and 8 assumes zero damping, and when damping force is
considered, the oscillation amplitudes become smaller. In cases of
high damping, there is a possibility that the system returns to
equilibrium without oscillating (overdamping). However, in general,
for heavy machinery like pile drivers that undergo slow inclined
oscillations, it is expected that damping forces are relatively small.

In past accidents, it was reported that attempts were made to
reposition the inclined pile driver in a direction to reduce the
tipping moment, but these attempts eventually led to toppling
incidents [20]. A possible reason for this outcome is that the
inertial moment was larger than the reduction in the tipping
moment. In such cases, once the heavy machinery starts to tilt due
to factors like hidden insufficient support, it becomes difficult to
restore it to its original position. Hence, cautious consideration
must be taken when dealing with weak ground conditions.
Furthermore, in scenarios where the load is increased rapidly, as
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Figure 8
Rotational spring stiffness—displacement angle curves
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with cranes or jacks, there is a risk of toppling due to the influence of
inertial forces once tilting begins. In the next, the discussion will
explore the temporal changes in these dynamics.

3. Toppling Behaviors in Load—Displacement
Angle Relationship

3.1. Behaviors in instantaneous movement

Toppling of pile drivers and similar machines often occurs
when there is an imbalance, such as increased load during
operation, elevated load height, or movement onto weak ground.
These factors can all be considered as direct triggers for
overturning of pile drivers. As a result, it can be inferred that
increasing the value of o = P/P,., leads to structural instability,
which is a fundamental factor in toppling. Explaining this state
through static analysis, as shown in Figure 9 the equilibrium point
A moves directly above to the imbalanced point B’ if assumed
this transition occurs instantaneously (in a very short time). Then,
when transitioning back towards the equilibrium direction C’, if

Figure 9
Toppling behavior in instantaneous move (static analysis)
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the overturning inclination angle (stability limit) 6, is exceeded,
the machinery will tip over. This toppling mechanism is referred
to as “the equilibrium transition type” [17].

A similar movement can be explained using dynamic analysis in
Figure 10 [17]: starting with the state of B’ as the initial condition, free
oscillation represented by Equation (9) begins. Unlike the scenario in
Figure 9, the motion does not come to a halt at equilibrium point C’;
rather, due to the influence of inertial force, the displacement angle
further increases until reaching D’. Thus, dynamic analysis reveals
that in this way the risk of toppling increases significantly.

Figure 10
Toppling behavior in instantaneous move (dynamic analysis)
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3.2. Behaviors in gradual movement

In the previous section, the transition from balanced state A to
imbalanced state B’ was assumed to occur instantaneously (in a very
short time). However, if this transition happens slowly enough, the
displacement angle would gradually move along the equilibrium
curve in a static manner. Real changes in displacement angles are
likely to occur over a certain period of time, placing them
between instantaneous and gradual transitions. In other words, as
shown in Figure 11, the change from A to B’ involves a certain

Figure 11
Toppling behavior in gradual move (static analysis)
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increase in displacement angle and moves in an upward diagonal
direction. Then, it is considered to move from the momentarily
paused imbalanced point B’ to the equilibrium point C* and stops,
as envisioned in static analysis.

In dynamic analysis, when using B’ as the initial condition, the
phenomenon becomes oscillatory, and as seen in the previous
section, the displacement angle increases up to the return point D’
beyond the equilibrium point C’ (the center of oscillation). This
behavior is illustrated in Figure 12, and comparing it to the case of
instantaneous movement (Figure 10), it is evident that the position of
the maximum inclination angle D’ is smaller. In other words,
dynamic analysis reveals that when moving instantaneously (in a
very short time), the amplitude becomes larger, and the maximum
inclination angle also increases compared to when moving slowly.
For instance, when the load is increased quickly, this sudden change
is more likely to lead to instability.

Figure 12
Toppling behavior in gradual move (dynamic analysis)
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4. Toppling Behaviors in Rotational
Stiffness—Displacement Angle Relationship

4.1. Behaviors in instantaneous movement

In the context of the load—displacement angle relationship, the
behavior when moving onto a weak ground was discussed in the
previous section. Now, we examine the case of a pile driver with
certain parameters moving onto a weak ground in the context of
the rotational spring stiffness—displacement angle relationship.
Moving onto weak ground implies a reduction in rotational spring
stiffness. If this reduction occurs instantaneously, then, as shown
in Figure 13, the transition from the balanced point A to the point
B or B’ directly below will take place. In static analysis illustrated
in Figure 13, when attempting to return from these imbalanced
points to the balanced point C or C', the system becomes unstable
if it surpasses the stability limit angle [17].

On the other hand, as depicted in Figure 14 in dynamic analysis,
the phenomenon becomes oscillatory when using B or B’ as initial
conditions [17]. Due to the inertial forces, the displacement angle
may increase beyond the balanced point C or C', making it more
prone to toppling over. According to these behaviors of
displacement, it can be found that the shaded regions in

Figure 13
Instantaneous move onto soft ground (static analysis)
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Figures 13 and 14 indicate the range of instability. In the case of
static analysis shown in Figure 13, the required rotational stiffness
is the intersection between the equilibrium curve and the stability
limit. On the other hand, in the case of dynamic analysis in
Figure 14, it is determined such that the maximum displacement
angle reaches the stability limit, or as to have the same amplitudes
on both sides centered at the equilibrium curve. It is obvious that
dynamic analysis has a wider range compared to static analysis.

Figure 14
Instantaneous move onto soft ground (dynamic analysis)
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4.2. Behaviors in gradual movement

When a pile driver with certain parameters gradually moves
onto a weaker ground, as the displacement angle during the
movement process gradually increases, it is presumed that the
displacement will also increase diagonally downward, similar to
the previous section, as depicted in Figures 15 (static analysis)
and 16 (dynamic analysis). In static analysis, the displacement
comes to a halt along the equilibrium curve, whereas in dynamic
analysis, it continues to increase further, making the system more
prone to toppling over. As can be seen in Figures 14 and 16 of
dynamic analysis, the intersection of the maximum displacement
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Figure 15
Gradual move onto soft ground (static analysis)
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Figure 16

Gradual move onto soft ground (dynamic analysis)
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angle and the stability limit indicates the required rotational stiffness,
which is the upper line of the shaded area.

5. Cases of Increasing Initial Slope Angle

5.1. Instantaneous increase of initial slope

Here, we consider the case where a pile driver moves onto
sloped terrain. Let us consider a case as shown in Figure 17,
where the pile driver, starting from point A with an initial tilt
angle 6,=0.02, instantaneously moves to point B at 0.05.
In static analysis, since inertial forces are not considered the
displacement stops at equilibrium point B. However, in dynamic
analysis, as depicted in Figure 18, the displacement angle
increases up to point C, which has the same amount of
displacement as between points A and B (neglecting damping).
During this interval, if the pile driver exceeds its overturning
stability angle (stability limit), it will topple over.
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Figure 17
Instantaneous increase in initial slope (static analysis)
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Figure 18

Instantaneous increase in initial slope (dynamic analysis)

Effect of Initial Inclination
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5.2. Gradual increase of initial slope

Next, considering the scenario where the movement onto the
sloped terrain is taken place gradually, in static analysis, similar to
the instantaneous movement case shown in Figure 17, the
equilibrium point B on 8, =0.05 is reached and also stopped
there as shown in Figure 19. On the other hand, in dynamic
analysis, it is anticipated to exhibit an intermediate behavior
between Figures 17 and 18. In other words, as shown in
Figure 20, the displacement between points B and C would be
smaller than the displacement between points A and B. The
magnitude of displacement between B and C becomes larger
with higher moving velocity. Consequently, according to
dynamic analysis, the speed of movement onto the sloped terrain
affects the degree of toppling risk, with a greater increase of the
risk as the slope becomes steeper at a faster rate. Naturally, with
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Figure 19
Gradual increase in initial slope angle (static analysis)
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Figure 20

Gradual increase in initial slope angle (dynamic analysis)

Effect of Initial Inclination
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greater differences in slope, the movement from A to B to C
becomes larger, making toppling more likely.

6. Evaluation for Toppling Safety

In this section, the evaluation of safety considering dynamic
analysis is discussed. To maintain toppling safety, the maximum
inclination angle must not exceed the toppling inclination angle
(stability limit), as shown in the inequity:

O nax < 0, (13)
The maximum inclination angle is obtained from Equation (9) as
follows [17]:

emax = 296 - 90 = (1 + a)ec (14)

By substituting Equations (14) and (4) into Equation (13), the
toppling safety evaluation equation becomes as follows:

(14 )b, < tan™! (%) (15)

When plotting the maximum inclination angle from Equation (14), it
becomes as shown in Figure 21, which must not exceed the toppling
inclination angle (stability limit). The critical load at that moment is
indicated by the red dashed line in Figure 21. The ratio of 8, to ,,,,, is
defined as the safety factor ¢, which can be used as an evaluation

criterion to ensure safety:

&= eu/emax > Sf (16)

Figure 21
Maximum inclination angle (w¢=0)

Amplitude of Inclination (Dynamic Analysis)
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As a suggestion for the safety factor, it might be recommended to use
S,=1.2 to 1.5, depending on the site conditions. The maximum
inclination angle 6, in Equation (14) is based on the
assumptions that movement is instantaneous and damping forces
are ignored. Considering that the oscillation amplitude is
maximized by these assumptions, if a smaller value like 1.2 is
adopted for S; then the critical load value (red dashed line) in
Figure 21 would decrease by a factor of 1.2. Additionally,
Figure 21 illustrates three different oscillation amplitudes for the
case of an initial inclination angle 6, = 0.05. It is also evident that
as the load increases, the oscillation amplitude becomes larger.

7. Case of Initial Angular Velocity wy # 0

In dynamic analysis conducted so far, an assumption was made
that the initial angular velocity w, is zero. However, in scenario
where sudden gusts of wind occur or prestressed force is released,
it is plausible to have a non-zero initial inclination angular
velocity, i.e., @y#0. In these cases, the maximum inclination angle
can be expressed by the following equation [17]:
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emax = \/(90 - 06)2 + (wO/w)z + 96 (17)

From the above equation, it can be observed that the oscillation
amplitude relative to the oscillation center Oc increases due to the
presence of wy. An example of this behavior is illustrated in
Figure 22. Naturally, when compared to the case without initial
inclination angular velocity as shown in Figure 21, the oscillation
amplitude increases and the critical load value (indicated by the
red dashed line) decreases. Consequently, the risk of toppling
becomes greater.

Figure 22
Maximum inclination angle (v, # 0)
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8. Evaluation of Rotational Stiffness

Throughout the previous discussions, it has become evident that
the rotational spring stiffness Ks plays a significant role both in the
equilibrium equations for static analysis and the equations of motion
for dynamic analysis. While these governing equations assume
linearity for Ks, the actual behavior is likely more complex. A
more precise approach would involve conducting computer-aided
structural analysis with a nonlinear consideration, particularly
from a geotechnical engineering perspective.

The evaluation of rotational spring stiffness can be theoretically
assessed, but in this context, let us consider an approach based on
field measurements. As depicted in Figure 23, the rotational
spring stiffness can be determined by measuring the inclination
angle @ and the toppling moment. From the definition, the
rotational spring stiffness Ks can be expressed using the following
formula:

Ks = PL sin 6/6 (18)

During these measurements, it is crucial to ensure that they are
performed within an angle range that sufficiently guarantees
safety against toppling. By determining the rotational spring
stiffness through practical measurements, the assurance of safety
can be more robust. This method is effective for conducting the
model tests to verify the analytical results presented in this paper.
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Figure 23
Measurement of rotational spring stiffness

9. Conclusions

Heavy machinery with a high center of gravity, represented by
pile drivers and cranes, is prone to toppling accidents. So far,
researches have been conducted by the authors to elucidate the
toppling mechanism from the perspective of structural instability.
In this context, it has been shown that the initial incline angle has
a significant impact, and recent dynamic analyses have indicated
that they are more prone to toppling due to dynamic inertial
forces. Based on these research findings, this paper further
examined the toppling mechanism by comparing static analysis
and dynamic analysis.

The results revealed that rapid increases in the magnitude and
height of the load led to a greater inertial force and a larger
displacement inclination angle, thereby escalating the risk of
toppling within a short period. For instance, when a pile driver
moves onto weak ground or when the load on a crane increases,
the shorter the duration of these changes, the greater the inertial
forces become, making them more prone to tipping. Furthermore,
since inertial forces involve a second-order moment, the influence
of height of gravity center becomes more pronounced in dynamic
analysis compared to static analysis. By examining the toppling
behavior of machinery like pile drivers from both static and
dynamic perspectives, the toppling process has become clearer.

In order to verify the theoretical work given in this paper,
numerical computer analysis and/or experimental research are
expected in the future. Also, the theoretical results such as load—
displacement curves in static analysis and the inertial force in
dynamic analysis should be examined by using actual data taken
from the toppling accidents in the past. Furthermore, since theory
of structural stability used in this paper is limited within elastic
analysis, the future investigation should contain nonlinearity of
the materials, especially for ground strength. Nevertheless, it is
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believed that the elastic analysis provides valuable information for
the toppling mechanism and can serve for making safer
precautions against toppling accidents, which have been recurring
in the world.

Postscript

It is worth noting that although not directly addressed here,
incidents involving the fall of bridge girders during construction
are also recurring. The authors believe that the fundamental cause
lies in the instability of portal frame structures leading to the
toppling of jacks. The underlying mechanism is fundamentally the
same as that of pile driver, making the findings presented in this
paper applicable. If a bridge girder supported by jacks were to tip
over during their operation, the dynamic effects driven by inertial
forces, as addressed here, might be influencing the outcome.
Structures with large loads and high centers of gravity, like the
jacks supporting bridge girders, require careful consideration for
structural stability, similar to pile drivers.
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